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Everything is vague to a degree 
you do not realize till you have tried 
to make it precise . 



Bertrand Russell 



Nature has never attended a course in probability theory . This poignant philo- 
sophical statement underlines the fact that the phenomenon of uncertainty cannot 
be described by means of probability theory alone. Data and models encountered 
in the natural sciences and engineering are more or less characterized by 
uncertainty. With the inclusion of interval variables and random variables classical 
mathematical models are available for the treatment of uncertainty. 

In recent years work on the formulation of new mathematical models for 
describing uncertainty has intensified. This work is based on chaos theory, convex 
modeling, fuzzy set theory, and fuzzy randomness. The aim of these uncertainty 
models is to handle data exhibiting, in particular, nonstochastic properties and 
informal uncertainty. 

Fuzzy randomness is a generalized uncertainty model that permits the 
simultaneous consideration of stochastic, lexical, and informal uncertainty. Initial 
drafts for the uncertainty model "fuzzy randomness" were developed about 25 
years ago. This book considers these developments and enhances fuzzy 
randomness in such a way that it may be applied in the fields of civil engineering 
and computational mechanics. These further scientific developments are based on 
the results of research work carried out under the supervision of the leading author 
at the Institute of Structural Analysis of Dresden University of Technology with 
the much-appreciated financial support of the "Deutsche Forschungsgemeinschaft 
(DFG)" ( German Research Foundation ). 

Uncertainty models are the topic of controversial discussion in scientific circles. 
For this reason the phenomenon of uncertainty is introduced in the first chapter. By 
way of examples an attempt is made to promote an understanding of uncertainty 
and to guide readers from a deterministic way of thinking towards the acceptance 
of uncertainty. The mathematical fundamentals of fuzziness and fuzzy random- 
ness are then introduced in Chap. 2. Particularly with regard to applications, the 
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sections dealing with fuzzy functions and fuzzy random functions are certain to be 
of special interest. The reader is expected to be in command of the knowledge 
gained in a basic university mathematics course, with the inclusion of stochastic 
elements. 

A specification of uncertainty in any particular case is often difficult. For this 
reason Chaps. 3 and 4 are devoted solely to this problem. The derivation of fuzzy 
variables for representing informal and lexical uncertainty reflects the subjective 
assessment of objective conditions in the form of a membership function. 
Techniques for modeling fuzzy random variables are presented for data that 
simultaneously exhibit stochastic and nonstochastic properties. 

The application of fuzzy randomness is demonstrated in three fields of civil 
engineering and computational mechanics: structural analysis, safety assessment, 
and design. 

The methods of fuzzy structural analysis and fuzzy probabilistic structural 
analysis developed in Chap. 5 are applicable without restriction to arbitrary 
geometrically and physically nonlinear problems. The most important forms of the 
latter are the Fuzzy Finite Element Method (FFEM) and the Fuzzy Stochastic 
Finite Element Method (FSFEM). 

Fuzzy randomness may also be combined with a variety of methods based on 
reliability theory. This is demonstrated in Chap. 6 by considering the further 
development of the First Order Reliability Method (FORM) to obtain the Fuzzy 
First Order Reliability Method (FFORM). As a result of the safety assessment the 
existing uncertainty is evident in the fuzzy failure probability, which now becomes 
an uncertain parameter. A general design concept for uncertain structural param- 
eters is finally developed in Chap. 7. 

Writing a book always requires the assistance of colleagues. The authors wish 
to thank Professor Wolfgang Graf for many fruitful discussions, and the research 
coworkers at the Institute of Structural Analysis, Dr-Ing. Andreas Hoffmann, Dr- 
Ing. Nguyen Song Ha, Dipl.-Ing. Martin Liebscher, and Dipl.-Ing. Jan-Uwe Sickert 
for their valuable support in the preparation of the manuscript. We are also grateful 
to Dr Ian Westwood (PhD, Civil Engineering) for translating Chaps. 1, 3, and 4, 
and for his assistance in the formulation of additional parts of the manuscript in 
English. 

Finally, we wish to thank the publishers " Springer- Verlag" for their much- 
appreciated editorial work and printing of the book. 
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For quantifying physical parameters such as geometry, material, or loading 
parameters, real numbers or integers are mainly applied, i.e., a deterministic data 
model is applied. In order to describe randomness resulting from imprecise 
readings or fluctuating ambient conditions, measurements are repeated and lumped 
together in a concrete data sample. Mathematical statistics offers methods for 
describing data samples with the aid of random variables. A common approach for 
this purpose is to specify a probability distribution function in order to obtain a 
stochastic data model. 

With a deterministic and stochastic data model at his disposal, does the engineer 
have an adequate instrument for quantifying data? 

If the term uncertainty is introduced and defined according to [22] as the 
gradual assessment of the truth content of a proposition, doubt arises as to whether 
the truth content may be stated with sufficient accuracy using each of the data 
models in all cases. For example, each measurement is more or less uncertain. This 
uncertainty can neither be accounted for by the deterministic nor the stochastic 
data model [194] owing to the fact that each sample element is considered as a 
crisp (real or integer) number in stochastic mathematics. This uncertainty is 
unavoidable and may always be made evident by the correct choice of scale. Viertl 
[194] thus introduces nonprecise numbers and nonprecise vectors. 

Only vague information is often available concerning the magnitude of a 
physical parameter, e.g., in the form of lexical descriptions such as ’’very large", 
"average", or "weak". Also, the truth content of such descriptions cannot be 
accounted for by either the deterministic or the stochastic data model. It is thus 
clear that an extension of the data models is necessary. 

Just how difficult it is to correctly state the truth content of a set of measured 
values using the methods of statistics is demonstrated by the following numerical 
experiment. 

The universe X is given with an expected value E(X) = 3 and a variance 
VAR(X) = 1 for a theoretically exact normal distribution. 40 000 data samples, 
each containing n = 100 elements, are drawn; this represents a relatively large 
sample size for engineering problems. Although the distribution type for the 
universe is known, a normal distribution (ND), a logarithmic normal distribution 
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(LND), and a Gumbel distribution (GD) are assumed as alternatives for the data 
samples drawn. 

For each data sample the parameters of the three assumed distributions are 
estimated by means of the maximum likelihood method and the expected value, 
variance, and quantile values are finally computed. 

The 40 000 data samples yield 40 000 realizations for the parameters of the 
distribution function. These are classified and yield an approximation for the 
unknown density functions of the expected value, variance, and quantile values 
according to the Glivenko theorem. As may be seen in Figs. 1.1 and 1.2, the 
assumption of different types of probability distribution functions alone leads to 
different moments and quantile values. 





Fig. 1.2. Distributions of the 95 %- (a) and 99% -quantile values (b) 

This result is naturally of no surprise to mathematicians. The results clearly 
demonstrate the preconditions that must be satisfied in order to correctly account 
for uncertainty using the stochastic data model. 

An attempt is now made to improve the distribution parameters by means of a 
Bayesian estimation. The parameter distributions obtained from the 40 000 data 
samples are chosen as prior distributions for a Bayesian estimation. For the 
assumed normal and logarithmic normal distributions 10 000 data samples, each 
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containing n = 100 elements, are drawn again. As shown in Fig. 1.3 the variance 
of the distribution of quantile values reduces. The frequently applied modal values 
of these distributions only change very slightly. 

Before Bayesian update 




Although the important precondition of constant reproduction conditions is 
complied with in this numerical experiment, it is evident that considerable 
informal uncertainty exists if the distribution type of the universe cannot be 
correctly stated. 

In civil-engineering applications, however, only small data samples are 
available in general. Reproduction conditions frequently change when sample 
elements are generated. This is the case, for example, when specimens for 
determining concrete strength collected from different construction sites are 
lumped together to form a single sample. 

On the basis of these considerations it follows that under nonconstant 
reproduction conditions, small sample sizes, uncertain and non-numerical data, or 
noncompliance with the i.i.d. (identically independently distributed) paradigm, 
considerable uncertainty exists, which may only be described using extended 
uncertainty models. 

The development of extended uncertainty models and their practical application 
in civil engineering form the subject matter of this book. 

Besides the phenomenon of data uncertainty, the phenomenon of model 
uncertainty also exists in civil engineering. In algorithmic terms, model uncertainty 
is far more difficult to account for, and is interpreted as a separate concept. 

As a criterion for distinguishing between data uncertainty and model uncertainty 
the assignment of uncertainty to the input parameters of a computational model or 
to the model itself is adopted. A distinction is realized by the introduction of the 
model concept. 

A model may be interpreted as a set of elements and rules that maps input 
variables onto result variables. A model is thus a self-contained entity that 
processes information. 
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Model uncertainty is uncertainty in the mapping. This is induced by uncertain 
parameters (structural parameters) that act exclusively within the model and are 
thus referred to as uncertain model parameters. Uncertain model parameters are 
not explicitly mapped onto result variables; they only influence the mapping. 
Model uncertainty arises in the abstraction process, the result of which is the model 
itself. A model possessing model uncertainty is referred to as an uncertain model. 
Such a model is characterized by the fact that crisp input parameters lead to 
uncertain model responses (Fig. 1.4). Uncertain models may also be interpreted as 
uncertain algorithms. 




Fig. 1.4. Model uncertainty 



Data uncertainty is uncertainty in the input variables. All uncertain variables 
(structural parameters) that are explicitly introduced into a model as input variables 
are referred to as uncertain input variables. As input variables external to the 
model , they have no influence on the model itself, but are mapped onto result 
variables with the aid of the model. Data uncertainty is not accounted for in the 
abstraction process of model construction (Fig. 1.5). 

The problem lies in the choice of the model for a specific case. The speci- 
fication of model limits is a subjective decision based on objective information. A 
model may be comprised of several submodels and may also be a submodel of a 
superordinate model system. The models of a model system are ranked hierar- 
chically, whereby interactive relationships may exist (Fig. 1.6). 
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Fig. 1.5. Data uncertainty 
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Fig. 1.6. Model system with hierarchically ranked and interactively coupled submodels 



In civil engineering, mathematical descriptions of real objects and relationships 
of varying degrees of mathematical complexity may be described in the form of a 
model. Examples of models in civil engineering are: 
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- Reliability models 

- Structural models 

- Numerical models 

- Geometrical and physical models 

- Material models 

- Error-estimation models 

Uncertain parameters are model dependent, i.e., depending on the specification 
of the model limits, these must be subdivided into uncertain input variables and 
uncertain model parameters. For example, the uncertain tensile strength of 
concrete may be an uncertain model parameter of a material model, provided the 
material parameter is interpreted as being effective within the model itself. If, on 
the other hand, the tensile strength is considered to be external to the model in 
respect of the material model, it then becomes an uncertain input variable. 

Probabilistic safety assessment leads to an additional interpretation of the terms 
data and model uncertainty. In this type of safety assessment the original space of 
the basic variables is subdivided into a survival region and a failure region by the 
limit state surface. The selected mechanical model in each case solely influences 
the limit state surface. 

Uncertainty in the limit state is thus model uncertainty, whereas uncertainty in 
the structural parameters selected as basic variables is data uncertainty. All 
uncertain structural parameters, which are not basic variables, are uncertain model 
parameters; all uncertain basic variables are uncertain input variables. 

The various mathematical formulations for uncertainty are also lumped together 
under the term imprecise probability. In this book the extended uncertainty models 
fuzziness and fuzzy randomness (Chap. 2) are introduced in such a way that 
structural analysis (Chap. 5), safety assessment (Chap. 6) and dimensioning (Chap. 
7) may be carried out using arbitrary linear and nonlinear algorithms under 
consideration of uncertainty. Fuzzy randomness is formulated as a superordinate 
uncertainty model, which includes fuzziness and randomness as special cases. By 
this means it is possible to take into account fuzziness, randomness and fuzzy 
randomness simultaneously. 



In accordance with [22] uncertainty is defined as a gradual assessment of the truth 
content of a proposition, e.g., in relation to the occurrence of an event. Uncertainty 
may be classified according to its type (Fig. 1.7). 



1.2 Definition and Classification of Uncertainty 
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Fig. 1.7. Classification of uncertainty 

The type of uncertainty may be 

- Stochastic 

- Informal, or 

- Lexical 

in nature. 

Stochastic uncertainty is present when the random results of an experiment 
under identical boundary conditions may be observed almost indefinitely and may 
be described deterministically with regard to its occurrence. 

Informal uncertainty results from an information deficit. This occurs, e.g., when 
only a small number of observations are available, the boundary conditions 
(apparently) are subject to arbitrary fluctuations or the system overview is 
incomplete. 

Lexical uncertainty is uncertainty that is quantified by linguistic variables. In 
order to take account of this in models the linguistic variables must be transformed 
onto a numerical scale. 

Different methods are available for the mathematical description and quantifi- 
cation of uncertainty. Possible methods include, e.g., probability theory [15, 107], 
interval algebra [2, 129], convex modeling [14, 49], the method of subjective 
probability [41, 202], chaos theory [84], fuzzy set theory [10, 212] and the theory 
of fuzzy random variables [90, 96]. In a mathematical formulation a characteristic 
is assigned to the uncertainty. 
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The uncertainty characteristic is described by 

- Randomness 

- Fuzziness, and 

- Fuzzy randomness 

Randomness is solely concerned with stochastic uncertainty. Uncertainty with 
the characteristic randomness (not concerned with subjective probability approach) 
satisfies statistical laws and possesses a purely objective information content; 
subjective influences are not taken into account. Randomness is described and 
investigated using methods of probability theory. 

Fuzziness results from informal and lexical uncertainty. It is characterized by 
nonstatistical properties and subjective influences and is dealt with on the basis of 
fuzzy set theory. Fuzziness always possesses a subjective information content and 
often an objective information content as well. 

Fuzzy randomness is present when the observed uncertainty does not fulfil all of 
the preconditions of stochastic uncertainty, but does exhibit partial stochastic 
properties. For example, the observed event, the boundary conditions or the 
observations may possess informal or lexical uncertainty, or the number of 
observations is insufficiently large for a statistical evaluation free of doubt. The 
treatment of fuzzy randomness is based on the theory of fuzzy random variables. 
The information content of uncertainty with the characteristic fuzzy randomness is 
mainly objective, although subjective influences may be simultaneously taken into 
account. 

Each characteristic of uncertainty may occur in a discrete as well as a 
continuous form. The numerical treatment of the mathematical-mechanical model 
for structural assessment depends on the characteristic of the uncertainty. 



A consideration of data and model uncertainty and the application of realistic 
simulation models make it possible, e.g., to fully exploit the load-bearing reserves 
of constructions, to take account of additional aspects in safety assessment, or to 
obtain more comprehensive information regarding load-bearing behavior. 

The following examples from different fields of civil engineering illustrate 
where and how data and model uncertainty may occur in existing and planned 
constructions. 



Geotechnical Engineering. The nonhomogeneity of the subsoil and the removal 
of soil samples only at particular points may lead to a considerable uncertainty in 
the definition of soil parameters, which thus exhibit informal uncertainty. Knowl- 
edge based on experience must often be drawn upon in design considerations, e.g., 
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in the form of linguistic assessments such as "high load-bearing capacity" or 
"prone to subsidence". 

Although uncertainty may be reduced by more extensive investigations, it 
cannot be eliminated altogether. For example, the expert valuation of the 
foundation soil for a planned construction site with an area of 47 230 m 2 was 
based on the results of 19 boreholes, five trial borings, and four light and eight 
heavy exploratory piledrives. Although this is indicative of a very meticulous soil 
investigation, intervals rather than crisp numbers were stated for foundation soil 
parameters. The stiffness modulus, for example, was stated to lie in the range 
80-200 MN/m 2 , and the layer thicknesses were also provided in the form of 
intervals. The engineering consultants were obviously aware of the existing 
informal uncertainty and adopted the interval as the data model. 

Considerable uncertainty was also apparent in the size and distribution of earth 
pressure, the position of slip surfaces as well as in the load-bearing capacity and 
load-bearing behavior of anchors, piles, sheet piling, and other preconstruction 
measures. The prognoses for subsidence, settlement, and load transfer in the soil 
are uncertain. 



Assessment of Existing Structures. Structures are subject to time-dependent 
effects such as material damage, system modification, or a change in loading, 
which result in time-dependent changes in the load-bearing capacity and structural 
reliability. These time-dependent processes exhibit pronounced data and model 
uncertainty. The changes in loading that occur during the service life of a structure 
are difficult to predict and are thus uncertain. 

The assessment of time-dependent damage or the time-dependent level of safety 
is characterized by considerable uncertainty. In addition to the choice of a suitable 
model to account for uncertainty, the structural- mechanical effects must be 
described with sufficient accuracy in the numerical simulation. 

The geometry of existing structures is essentially only measurable on the basis 
of the exposed structure; parts of the structure covered remain unaccounted for. 
The arrangement and cross sections of reinforcement are not fully verifiable. 
Support conditions can only be approximately estimated, while only vague 
assumptions may be made in many cases concerning foundations. Boundary and 
coupling conditions for structural components cannot be determined with sufficient 
accuracy, while degrees of constraint or local subsidence behavior may often only 
be determined on the basis of poorly founded assumptions. 

Only a small number of material specimens are often available. Material 
damage resulting from the removal of samples remains unaccounted for, and the 
historical design documents only provide a limited insight into actual material 
properties. The load history and the change in material properties over the service 
life of the structures are generally unknown. 

Old arched bridges made of natural stone are good examples of the latter. For 
the safety assessment of a natural stone arched bridge for road-traffic loading based 
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on the First Order Reliability Method (FORM), it was required, e.g., to determine 
the masonry strength from only three mortar and four stone specimens and to 
model the latter as a random variable. Due to the fact that the bridge is designed as 
a rubble stone masonry construction, its strength is mainly determined by the 
compressive strength of the mortar. Only the cohesive strength was measured, 
however. By means of an approximate conversion three values were determined 
for the cube compressive strength of the mortar. The uncertainty in this case is 
based on the extremely sparse information content of only three measurements as 
well as the approximation values for the compressive strength. The uncertainty 
resulting from the information deficit becomes apparent when interval estimates 
are carried out under the assumption of a normal distribution for the expected 
value and the standard deviation of the mortar compressive strength. For a 
confidence level of 90% the actual expected value is found to lie in the interval 
[12.0, 19.8], and the standard deviation in the interval [1.3, 10.3]. On the basis of 
six additional mortar specimens and a direct measurement of their compressive 
strength the informal uncertainty of the expected value reduces to the interval 
[12.9, 16.8] and to [1.6, 4.9] for the standard deviation. Considering the high 
sensitivity of the results of probabilistic safety assessments in relation to the 
distribution assumptions for the basic variables, the residual uncertainty is still 
considerable, and, if neglected, may lead to erroneous estimates. 



Numerical Simulation of Blasting Processes. The numerical simulation of 
blasting processes relates to multibody systems and contact problems. The 
prediction of a blasting process by a priori simulation involves data and model 
uncertainty. Uncertain observations, measurements, information deficits, opinions, 
and expert valuations determine blasting scenarios. Uncertain input data include, 
e.g., the position of the demolition charge, the charge quantity, the detonation 
sequence, the arrangement and quantity of reinforcement, or structural weakening. 

The collapse process possesses model uncertainty. The collapse mechanisms, 
involving cascaded impact, contact, deformation and rupture processes, may only 
be realistically assessed when material, geometrical, and external load parameters 
are accounted for in the multibody system model. The uncertain results, e.g., drop 
radius, distance from neighboring buildings, degree of demolition or spread areas, 
also possess data uncertainty. 

Textile Strengtlhieemg of Structures. The introduction of new materials and 
technologies is also accompanied by data and model uncertainty. In the develop- 
ment of textile-reinforced concrete and wood an awareness of the governing un- 
certainty, e.g., regarding the bond between filaments in textile yarn (model uncer- 
tainty) or the determination of sensitive material parameters (data uncertainty), 
requires enhanced uncertainty-dependent safety concepts. 

In the case of textile-reinforced plane structures multidimensional uncertainty 
dependent on the position vector also arises, which must be accounted for using 
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uncertain functions. The uncertain material behavior of new materials requires the 
formulation of uncertain processes. 



Urban and Pavement Engineering. The construction and maintenance of almost 
all infrastructure constructions are characterized by inherent uncertainty. Uncer- 
tainty is a characteristic of, e.g., the state of supply and sewer lines, demand 
forecasts for drinking water, gas and district heating, forecasts of rainwater runoff 
as well as the interaction between cost trends for media and consumption. This is 
of importance for, e.g., pipeline dimensioning and service-life predictions of 
pipeline systems. The mechanical behavior of road constructions also exhibits 
uncertainty, e.g., with regard to rubble layers and their anticipated loading. 



Hydraulic Engineering. The uncertainty of water levels, precipitation quantities 
and distributions, water-catchment areas, flow velocities, flow conditions, as well 
as the behavior of transported material and bank defenses or ice pressure on 
hydraulic structures has an effect on, e.g., the dimensioning of dams or runoff 
channels as well as flood water forecasts. 



Further Examples. Examples of uncertainty may be quoted for all disciplines of 
civil engineering. Without comment, the following key words are given: damage 
forecasts, earthquake effects, wind effects, risk assessment, pollution transport in 
water and air, and terrorist attacks. 



Uncertainty models are gaining increasing importance in engineering sciences, and 
the intensive research in this field worldwide is a sure sign of wider application in 
the future. Developments so far are outlined under the three aspects (1) modeling 
of uncertainty, (2) quantification of uncertainty, and (3) structural analysis and 
safety assessment. 



Modeling of Uncertainty. The usefulness of computational results not only 
depends on the quality of the computational model for a particular purpose but also 
on the appropriate, mathematical modeling of uncertainty [7, 8, 137, 169, 170]. 

The remarkably advanced state-of-the-art of uncertainty modeling is clearly 
illustrated, e.g., by publications [6, 52, 177]. The most highly developed model to 
date is the probabilistic uncertainty model. In combination with methods of 
mathematical statistics [21, 128] the established techniques of probability theory 
have found wide application in this field [171]. With the introduction of subjective 
probability [202], developments have extended beyond classical statistics and the 





12 1 Introduction 



objectivity of the probability measure. Using Bayesian methods [16] in particular, 
an attempt is made to include subjective information and expert valuations in 
probability calculations [61, 156, 195]. Extensions have also been investigated in 
order to account for nonstochastic uncertainty [34, 83]. Interval mathematics [2, 
43] and convex modeling [14, 50] offer additional modeling techniques, although 
these only permit a binary assessment of the membership of elements to a set. 
More effective is the theory of rough sets [143], which takes into account the gray 
zone between membership and nonmembership. Fuzzy set theory [10, 22, 155, 
205, 212] additionally permits the assessment of gray-zone elements of a set based 
on a normalized scale ranging between zero and unity. The comprehensive 
modeling of uncertainty was first made possible by the development of the theory 
of fuzzy random variables [90, 96, 97], see also [87, 88, 91, 204]. Randomness 
and fuzziness are thereby taken into consideration simultaneously; real- valued 
random variables and fuzzy parameters are included as special cases. Chaos theory 
[3, 84] follows a different model concept of uncertainty, in which nonpredictable 
system behavior is investigated (for stable systems within specific margins). 
Generally speaking, the starting point for uncertainty modeling is a classification 
of the various types of uncertainty [51, 139, 191]. 

Fuzzy set theory and the theory of fuzzy random variables are presently the 
subject of controversial discussion in the scientific literature [52] and are often 
judged very conservatively. The literature sources [14, 33, 43, 54, 86, 89, 105, 1 10, 
130, 131, 135, 181, 192] bear testimony, however, to increasing acceptance. 



Quantification of Uncertainty. Depending on the characteristic of uncertainty, 
different types of information are required for quantification purposes. 

For the purpose of defining the membership functions of fuzzy variables , i.e., for 
fuzzification, generally valid algorithms and methods do not exist; a subjective 
assessment is made under consideration of objective information [17, 22, 24, 25, 
37, 39]. Fuzzification is a problem-specific quantification method, which is essen- 
tially based on estimations by experts. A number of remarks on fuzzification are 
given, e.g., in [194]. 

A precondition for the reliable statistical description of a random variable is the 
availability of extensive data in the form of samples [40, 128]. The parameters and 
the type of the probability distribution of a random variable are determined and 
evaluated using the methods of mathematical statistics. Estimation theory provides 
a well-developed basis for the specification of probability distributions and param- 
eters [21, 128]. Test methods for hypothetically assumed distributions may be 
found in the wide range of literature on test theory [21, 128]. 

Statistical estimates are based on the properties of an observed sample and 
extrapolate on the statistical properties of the universe from which the sample was 
taken. A wide range of point and interval estimators are available for this purpose, 
which operate parametrically or nonparametrically. A distinction must be made as 
to whether or not a priori information is included in the estimation. 
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If no a priori information is available on the random variable to be described, an 
estimation may be made, e.g., on the basis of the method of moments, the 
maximum likelihood method, or the empirical distribution. The choice of a 
suitable method is problem specific and is based on the essential properties of the 
estimator (unbiasedness, consistency, and efficiency). Point estimations only yield 
a crisp number for the value sought (e.g., parameter of a distribution, probability, 
or quantile value). A disadvantage of the latter is that no information is obtained 
concerning the accuracy of the estimation. Especially for small sample sizes, 
considerable deviations from the actual value (e.g., of a parameter) may result [40, 
128], see also [111]. An interval estimation on the other hand provides additional 
information concerning the accuracy of an estimation. 

In the case of a prescribed confidence level (probability) an interval is computed 
for the variable to be estimated, which includes the actual value of this variable 
with the desired probability. It should be mentioned, however, that a confidence 
interval is not uniquely defined by the specification of the confidence level. In 
addition, it is also necessary to define the interval type, e.g., as a one-sided or 
special two-sided interval. Numerical-estimation methods are preferably applied 
for interval estimations as these avoid the complicated and frequently nonreal- 
izable analytical determination of the distribution of an estimator. Reference is 
made here to the resampling methods bootstrap [48, 179] and jack-knife [64, 179]. 
Further developments and solutions for selected problems of estimation and test 
theory are given in [30, 44, 74, 78, 213]. 

Estimation methods based on a priori information concerning a random variable 
(e.g., with regard to the distribution type and the range of values of parameters), 
and that improve the latter on the basis of an up-to-date sample, may also be 
applied for point and interval estimation. The estimation is based on Bayes 
theorem, i.e., conditional probabilities are used [195]. A comprehensive account of 
Bayesian methods is given in [16]. Bayesian methods are essentially applied for 
parameter estimations. A priori information and subjective evaluations are hereby 
included as prior distributions of the parameters to be determined or improved. On 
the basis of an up-to-date sample the prior distributions - analogous to the 
maximum likelihood estimation approach - are improved, i.e., converted into 
posterior distributions. On the basis of the latter the improved parameters are 
computed as crisp numbers (point estimation, e.g., as an expected value) or as a 
confidence interval (interval estimation). The foregoing comments on point and 
interval estimations also apply in this case. The confidence intervals may be 
determined directly from the posterior density. In addition, it is also possible to 
compute predictive distributions for the random variable from the posterior 
distribution. The analytical determination of the posterior distributions is problem- 
atic, however, as these cannot be assigned to a particular type of distribution in 
many cases. In order to solve this problem analytically, conjugate prior distri- 
butions are adopted [16, 58]. A prior density corresponding to the density structure 
of the attribute (of the random variable) is hereby adopted. This means that the 
posterior density also exhibits this structure and may thus be described analyti- 
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cally. In many applications the numerical determination of the posterior density as 
an empirical distribution is considered to be advantageous. 

The further development and application of Bayesian methods underlines their 
importance for probabilistic-based uncertainty modeling [138, 140]. For example, 
resampling methods in combination with Bayesian estimations [28, 29] are sug- 
gested for this purpose. In [214] a Bayesian estimation method based on [213] is 
presented, which operates without information on the shape of the sought 
distribution and may be applied to small as well as large sample sizes. This method 
is extended to two-dimensional distributions in [215]. Applications of Bayesian 
methods may be found, e.g., for service-life estimations in [193], especially under 
consideration of fluctuating boundary conditions (partial repair) [148]. A Bayesian 
method for the probabilistic assessment of the state of pipeline systems (in town 
infrastructure) based on limited and incomplete data is given in [31]. A Bayesian 
method for quantifying uncertainty in the choice of mechanical and statistical 
models is outlined in [209] and applied for reliability analysis in fatigue problems. 
An application of Bayesian inference for estimating system reliability under 
consideration of expert valuations is published in [156]. A method for the Bayesian 
estimation of the elasticity modulus of concrete is given in [61]. Special mention 
is made of the development of robust Bayesian analysis [81]. A large number of 
prior distributions are thereby included in the Bayesian estimation, thus permitting 
the consideration of a realistic spread of results. The set of prior distributions is not 
limited independently of data. The subjective nonprobabilistic quantifiable un- 
certainty in the specification of the prior distributions is accounted for in the analy- 
sis according to the principle of a worst-case study; the reliability of the results 
improves. 

Statistical estimation methods with and without consideration of a priori 
information are also characterized by a range of problems. A precondition in many 
cases is that the distribution type of the universe or individual parameters of the 
sought distribution are already known. These preconditions are included in the 
estimation as assumptions, the validity of which cannot be generally verified or 
only verified with uncertainty. A disadvantage of Bayesian estimation methods is 
that (often very uncertain) assumptions must be made for the prior distributions of 
the parameters, and hence highly subjective uncertainty based on valuations by 
experts are irreversibly lumped together with objective information obtained from 
samples. An essential problem of statistics, which cannot be accounted for by 
randomness, but which is clearly nonprobabilistic in character, is highlighted in 
[196]: "Model choice is a fundamental problem in data analysis." 

All statistical estimation methods are restricted to uncertainty with the charac- 
teristic randomness; randomness is also exclusively presumed for estimated and 
assumed parameters. This precondition for statistical estimation methods is formu- 
lated as an assumption for the mathematical model; its validity for specific 
applications cannot be verified. Systematic errors and nonstochastic uncertainty in 
the data and boundary conditions cannot be taken into account. Examples of the 
latter are dealt with, e.g., in [30, 1 12, 141, 142, 21 1]. A probabilistic safety assess- 
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ment with limited information on the adopted random variables is described, e.g., 
in [42]. 

The results of a statistical parameter estimation are generally only approxi- 
mation values for the sought parameters; all prognoses derived from the latter, e.g., 
regarding structural behavior or structural reliability, contain nonquantifiable in- 
accuracies. These criticisms are highlighted in [56] as an incentive for future 
research. 

Major advancements are anticipated through the extension of statistical methods 
in order to take account of nonstochastic uncertainty. The rapidly expanding 
research in this field bears testimony to this conjecture [7, 11, 93, 194, 195]. The 
increasing application of fuzzy methods combined with statistical approaches 
based on a selection of publications is discussed in [177]. 

Initial methods already exist for the analysis of uncertain data [11, 194]. The 
application of resampling methods is also being followed; in [199] a bootstrap 
method is applied for the evaluation of fuzzy data. A method for evaluating fuzzy 
data with the aid of a generalized histogram is presented in [18]. In [66] and [67] 
fuzzy parameters are applied for hypothesis testing in order to fuzzify the transition 
between the rejection and acceptance of a hypothesis for a given significance level. 
Investigations on the testing of fuzzy hypotheses are also being carried out [4]. 

Fuzzy probabili sties still comprises the essential subject matter of fundamental 
research [88, 90, 91]. Characteristic values and parameters of fuzzy random 
variables are defined in [87, 204]; statistical laws and time-dependent problems are 
investigated in [98, 160] and [151], see also [197]. A fuzzy random variable may 
be described by its fuzzy probability distribution function. A method for deter- 
mining uncertain distribution functions is given in [194] and [195]. 

Bayesian methods have also been extended by the inclusion of fuzzy variables. 
A contribution to Bayesian statistics including uncertainty is given, e.g., in [177]. 
Basic considerations relating to Bayesian methods for uncertain data are dealt with 
in [194] and [195]. Methods are proposed in the latter that lead to uncertain 
posterior distributions and uncertain predictive distributions. Uncertain prior 
distributions are also discussed. A Bayesian estimation yielding uncertain confi- 
dence intervals is also presented for the evaluation of uncertain distributions. 

Only a limited number of contributions may be found in the literature con- 
cerning applications that make use of a coupling of fuzzy and Bayesian methods. 
In [34] a fuzzy Bayesian method is proposed for the reliability analysis of 
structures, in which the functional values of the inputted conditional probability 
distributions are interpreted as probabilities of occurrence of fuzzy events. 
Although this enables nonstochastic uncertainty to be accounted for, it is not 
possible to map the latter onto safety prognoses; the failure probability and 
reliability index are crisp numbers. In [83] the structural reliability of existing 
constructions is assessed with the aid of a Bayesian method, in which observations 
(e.g., cracks in the concrete) are quantified using fuzzy numbers and introduced as 
a fuzzy data set into the Bayesian theorem. A combination with kriging, in which 
a priori information is accounted for with the aid of the Bayesian theorem and 
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uncertainty is described using fuzzy variables, is described in [9] (kriging = an 
interpolation technique based on the theory of regionalized variables, which, 
besides the domain of values to be estimated, also yields information on its local 
quality). A Bayesian test of fuzzy hypotheses is discussed in [188], while in [159] 
the application of a fuzzy Bayesian method for decision making in control 
problems is presented, in which the results are defuzzified. A consideration of the 
uncertain loading of a mechanical system for the purpose of system control is dealt 
with in [94]. 

Although the fundamental principles and applications of statistical methods and 
associated problems are dealt with in the very wide range of literature on 
mathematical statistics, the effects of uncertain results are not discussed. Due to 
the fact that the effects of input parameters cannot be estimated a priori in 
nonlinear problems, the a priori choice of a suitable (e.g., conservative) 
quantification method is nonrealizable, i.e., all possibilities must be examined. 

It is the task of the engineer to interpret statistical results and to apply his 
findings to the formulation of reliable input and model parameters for structural 
analysis and safety assessment. This also applies to fuzzification methods; the 
specification of the membership function is the task of the engineer. Structural 
analysis and safety assessment are only capable of yielding realistic results, 
provided uncertainty is comprehensively, appropriately, and reliably quantified 
[170]. 



Structural Analysis and Safety Assessment Considering Uncertainty. In 
structural analysis and safety assessment the existing data and model uncertainty 
may be taken into account using models based on probability theory, fuzzy set 
theory or the theory of fuzzy random variables [1, 73, 99, 104, 135, 170]. 
Technical codes base on the semiprobabilistic safety concept with partial safety 
factors. 

Numerous high-performance algorithms are available for probabilistic safety 
assessment and structural analysis [57, 108, 144, 145, 152, 167, 168, 169, 170]; a 
wide range of basic literature dealing with this topic is available for engineers, e.g., 
[107, 166, 182]. Uncertain variables are described as random variables, random 
fields, or random processes. Their probability distributions are either presumed to 
be known or are estimated using statistical methods. In the case of multidimen- 
sional random vectors, stochastic fields, and processes, additional relationships 
must be analyzed and described. Generally speaking, care must be taken to 
determine which structural parameters possess uncertainty [170]. Uncertainty is 
generally not only present in parameters external to the model such as, e.g., 
applied loads, but also in parameters included in the computational model, i.e., in 
resistance values (e.g., material and geometrical parameters). For this purpose the 
method of stochastic finite elements [23, 185] offers an appropriate modeling tool. 
Basic principles of this method are given, e.g., in [62, 63, 65, 79, 80, 101, 172, 
183]. With regard to the solution of probabilistic problems, a basic distinction must 
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be made between analytical methods and simulation methods [168]. According to 
current developments, simulation methods (Monte Carlo simulation and further 
developments thereof) [170, 173, 174] are clearly favored, especially due to the 
considerable amount of computational effort required by analytical methods. 

Basic considerations regarding the Monte Carlo simulation are given in [55, 71, 
157]. Further developments comprise the subject matter of entire conference 
proceedings [173]; the contributions [53] and [146] are worthy of special mention. 
Further important work in this field may be found in the contributions presented in 
[174]. An overview of new developments is given in [171] while a comprehensive 
collection of publications may be found in [167]. Problems dealt with in the wide- 
ranging literature include, e.g., dynamic problems [100, 163, 170, 184], eigenvalue 
problems [187], service-life analyses [147], and stability investigations [165]. 

The further development of simulation methods is essentially aimed at reducing 
the numerical effort, as measured by the number of necessary deterministic calcu- 
lations. An increase in computational efficiency is a precondition for the appli- 
cation of simulation methods in the linear and nonlinear analysis of real structures 
with many degrees of freedom; this promotes the acceptance of simulation 
methods in engineering practice [108, 171]. For the safety assessment of systems 
exhibiting nonlinear behavior a wide range of publications exists, in which, e.g., 
the response surface method is applied [26, 167]. Moreover, several variance- 
reducing methods have been developed for efficiently estimating failure probabil- 
ity. These include, amongst others, importance sampling, adaptive sampling, 
directional sampling, stratified sampling, Latin hypercube sampling, and 
combinations of the latter [5, 55, 170, 175]. 

Intensive research has been carried out in recent years to take account of 
nonstochastic uncertainty in civil engineering. Various algorithms have been 
developed for fuzzy structural analysis based on fuzzy set theory. Most of the work 
in this field is based on the vertex method [45, 130, 131, 135]. Due to the fact that 
only the interval bounds or comer points of the inputted a -level sets are taken into 
consideration in the analysis, these applications are restricted to monotonic prob- 
lems. If the solution is determinable by a boundary search of the a-level sets, the 
gradient method may be applied [19, 20]. Further applications are described in [1, 
73, 136], combinations with finite element approaches are discussed in [132, 153]. 
A knowledge of special properties of the mapping is always a precondition in such 
applications. In [72] a transformation method is presented as a further develop- 
ment of the vertex method. Although this method is no longer restricted to mono- 
tonic problems, it may lead to an underestimation of the uncertainty of the fuzzy 
results due to the a priori specification of the points to be analyzed in the space of 
the input values. In this method the numerical effort increases exponentially with 
the number of fuzzy input variables. 

In safety assessment different techniques are used to take account of fuzzy 
values; a general overview is given in [82]. On the basis of possibility theory [47] 
fuzzy variables may be treated as basic variables. The possibility measure or the 
necessity measure are thereby applied for the quantitative description of the safety 
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level [32, 39]. Fuzzy limit states resulting from fuzzy variables are dealt with, e.g., 
in [36, 104] and [161]; these may be computed with the aid of fuzzy models and 
may be evaluated on either a possibilistic or a probabilistic basis [47, 212]. In [99] 
fuzzy methods are considered in combination with the finite element method. 
Fuzziness and randomness are modeled separately and are coupled through a 
common integral evaluation to yield an uncertain safety prognosis. An application 
of fuzzy set theory for safety assessment in stability problems is presented in [162], 
a fuzzy model for life prediction considering fatigue is dealt with in [12]. Fuzzy 
methods have been successfully applied in many fields for the purpose of opti- 
mization [105, 181] as well as system and process control. In [164] decision- 
making models are applied in structural design. These applications are based on 
the principle of approximate reasoning, which is applied to construct inference 
mechanisms for decision-making purposes. Approximate reasoning is dealt with 
comprehensively in the basic literature on fuzzy set theory [10, 22, 52, 68, 155, 
207, 208]. 

Only a few examples of the application of fuzzy probabilistic s are available in 
the literature. A concept for fuzzy probabilistic safety assessment is presented 
in [104]. An optimization method using random sets, which may be considered to 
be a-level sets of fuzzy random variables, is outlined in [192]. A proposal for 
determining fuzzy-stochastic system responses in linear dynamic problems is 
presented in [210]. A further application is discussed in [70]. 





In this chapter some selected theoretical basics and enhancements concerning the 
definition and the treatment of uncertainty are stated and explained. These 
explanations do not represent an overall and detailed mathematical overview but 
only summarize fundamentals that may be helpful for understanding the developed 
methods and engineering applications considered subsequently. 



2.1 Fuzziness - Oefinilioinis and AritlhmelDC 



The set theoretical description of fuzziness stated in the following is based on a 
variety of fundamentals [10, 22, 40, 60, 139, 155, 205, 212]. Regarding the appli- 
cation to engineering problems special properties of fuzzy sets are considered. For 
improved clarity only the one-dimensional case is treated, an extension to 
multidimensional problems can be realized in an elementary way. 



2.1 .1 Crisp Set and Fuzzy Set 

In [60] the term set is defined using the formulation stated by Cantor. After this a 
set is a combination of particular, well-distinguishable objects (which are called 
" elements " of the set ) to an ensemble . 

In classical set theory the membership of elements in relation to a set is assessed 
in binary terms according to a crisp condition. An element either belongs or does 
not belong to the set, the boundary of the set is crisp. As a further development of 
classical set theory, fuzzy set theory permits the gradual assessment of the 
membership of elements in relation to a set; this is described with the aid of a 
membership function. A fuzzy set is defined as follows (Fig. 2.1): 

If X represents a fundamental set and x are the elements of this fundamental 
set, to be assessed according to an (lexical or informal) uncertain proposition and 
assigned to a subset A of X, the set 

A = {(x,|i A (x))| xeX} 



( 2 . 1 ) 
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is referred to as the uncertain set or fuzzy set on X. p A (x) is the membership 
function (characteristic function) of the fuzzy set A . The fuzzy set A is also 
referred to as a. fuzzy variable x,or in the multidimensional case as fuzzy vec- 
tor x. 

The membership function may be continuous (the elements of the set are not 
countable), or the set contains only discrete elements assessed by membership 
values (the elements of the set are countable). The following holds for the 
functional values of the membership function p A (x) 



p A (x) >0 VxeX. 



( 2 . 2 ) 



The functional values p A (x) are the greater the more the assessment criterion is 
fulfilled. If 



sup [p A (x)] = 1 



(2.3) 



holds, the membership function (and the fuzzy set A ) is referred to as normalized. 
In this case the membership function describes the mapping of the fundamental set 
X onto the interval [0, 1]. Subsequently, exclusively normalized membership 
functions are considered. 




Fig. 2.1. Comparison of a crisp set and a fuzzy set 

The support S(A ) of a fuzzy set A is a crisp set. This contains the elements 

S(A) = jxeX| p A (x)>0j . (2.4) 

In Fig. 2.2 the support of a normalized fuzzy set is indicated. 

A fuzzy set A is referred to as convex if its membership function p A (x) 
monotonically decreases on each side of the maximum value, i.e., if 

p A (x 2 )> min [ p A (x t ), p A (x 3 ) ] Vx 1 ,x 2 ,x 3 eX with Xj<x 2 <x 3 (2.5) 

applies. 
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Fig. 2.3. Fuzzy set A , not convex and convex 



2.1.2 Fuzzy Number 

A fuzzy number a z is a convex, normalized fuzzy set A c R whose membership 
function is at least segmentally continuous and has the functional value p A (x) = 1 
at precisely one of the x values. This point x is referred to as the mean value of the 
fuzzy number. 

A fuzzy interval a t is a normalized fuzzy set A c R with a mean interval, i.e., 
all elements in this interval x e [x l5 x 2 ] possess the membership p A (x) = 1. Like- 
wise, the membership function p A (x) must be convex and at least segmentally 
continuous. 

According to the definition of fuzzy sets it is distinguished between continuous 
and discrete fuzzy numbers and fuzzy intervals. 

Fuzzy numbers and fuzzy intervals with linear membership functions between 
p = 0 and p = 1 (Fig. 2.4) can be represented by the following simple notation: 

- Fuzzy triangular number a z = <x 1? x 2 , x 3 > 

- Fuzzy trapezoidal interval = <x,, x 2 , x 3 , x 4 > 

Fuzzy triangular numbers are determined by specifying the smallest and the 
largest values and x 3 (interval bounds of the support) as well as the value x 2 
(mean value) belonging to the functional value p A (x 2 ) = 1 . When specifying a fuzzy 
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trapezoidal interval x 2 and x 3 define the bounds of the interval with the functional 
value p A (x) = 1 (mean interval). 




Fig. 2.4. Fuzzy triangular number a z = <x v x 2 , x 3 > and fuzzy trapezoidal interval 
a j = <x 1? x 2 , x 3 , x 4 > with linear branches of the membership function 



2.1.3 a-level Set 

From the fuzzy set A the crisp sets 

\ = {xe x |n A (x)sot k } (2.6) 

may be extracted for real numbers a k e (0, 1]. These crisp sets are called a-level 
sets. All a-level sets A ak are crisp subsets of the support S(A ). For several a-level 
sets of the same fuzzy set A the following holds (Fig. 2.5): 

A^c A a VOj, 0^6(0,!] with a^o^. (2.7) 




Fig. 2.5. a-level sets 

If the fuzzy set A is convex, each a-level set A aic is a connected interval 
[Xa k i, Xa k r] in which 
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= min[xeX 


(2.8) 


\ r = max[xeX p A (x) s aj. 


(2.9) 



2.1.4 Linguistic Variables 




A linguistic variable v, is defined by the quadruple 




v, = i T,X,G,S) 


(2.10) 



with the elements 



- T: set of the terms t of the linguistic variable referred to as the term set 

- X: fundamental set including at least all physically relevant numerical 

elements x 6 X 

- G: set of syntactic rules on whose basis further terms may be deduced 

- S: set of semantic rules that assign fuzzy sets on the fundamental set X 

each to one element t e T (mapping rule). 

For example, the set T may comprise the terms very low , low, medium , high , and 
very high , which could be used to assess the stiffness of a material like, e.g., 
foundation soil or the degree of connections between structural members like, e.g., 
of end-plate shear connections between steel girders at frame corners (Fig. 2.6). 




Fig. 2.6. Terms of the linguistic variable stiffness of the rotational spring at a steel frame 
corner 

For a better manageability of linguistic variables and their application in various 
cases the concept from Eq. (2.10) is generalized. A normalized linguistic variable 
v ln is defined by 

\\ n - {T G , S ), ( 2 . 1 1 ) 

with 

- T c : set of all terms t G of the normalized linguistic variable including the 

syntactic rules 
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- I E : unit interval [0, 1] representing the normalized fundamental set 

- S: set of semantic rules that assign fuzzy sets on I E each to one element 

A normalized linguistic variable is to be understood as being the set of n 
mappings from the unit interval I E with e 6 [0, 1] into the value range of the 
membership functions p* e [0, 1] of the terms h}i with i = 1, n. Each of the n 
mappings represents one term t Gi . The membership function p^e) indicates the 
subjectively assessed membership degrees for the assignment of values e to the i-th 
term. Two examples of normalized linguistic variables are shown in Fig. 2.7. 





Fig. 2.7. Examples of normalized linguistic variables 

The i-th term of a normalized linguistic variable may be stated in the form 

l Gi = {(e, Hj(e))| e e [0, 1]; ^(e) e [0, 1]}; i = (2.12) 

where n denotes the number of terms. 

Each term t Gi is to be transformed into the value range of the crisp set 

\ = {*! x e [x kl , xj} (2.13) 

containing all reasonable values for the fuzzy structural parameter x k .This is 
realized by transforming each element e 6 [0, 1] onto one element x k 6 [x kJ , x kr ] and 
leads to the membership function p(x k ) for the fuzzy structural parameter x k . 

The transformation between e and x k may be given by the linear relationship 

e = ; p.(e) = p(x k ), 

X kr- X kl 



(2.14) 
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or may be described by a nonlinear dependency like, e.g., 



e = 



V 



v 

/ 



Pj(e) = p(x k ) 



v> 0 ; v * 1, 



(2.15) 



as shown in Fig. 2.8. 




2.1.5 Set Theoretical Operations 

Set theoretical operations on fuzzy sets are defined with the aid of their member- 
ship functions p A (x). This represents an extension of classical set theory. 

The inclusion of fuzzy sets is defined as follows. If two fuzzy sets A and 
B specified by their membership functions p A (x) and p B (x) are given on X and 
p A (x) < p B (x) holds for all xeX, then A is contained in B 

A c B. (2.16) 

The complement A c of the fuzzy set A (Fig. 2.9) is defined by 

A c = { (x,m a c (X)) | X e X; |i A c(x) = 1 -|i A (x)}. (2.17) 

Complementation of the fuzzy set A means the negation of the assessment that had 
been used for assigning the elements x to A . In the case that linguistic variables 
are used as valuation scale, the complement must not be developed by using the 
antonym but has to be formed by a preceding "it is wrong that ...". If T s denotes 
the fuzzy set assessing a structure as being safe , then the complementary set 
expresses: "It is wrong that the structure is safe". The complementary set 7f is not 
the set assessing a structure as being unsafe. 
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Fig. 2.9. Fuzzy set A and fuzzy complementary set A c 

The intersection D of the fuzzy sets A and B on X is obtained from 

D = AnB = {(x,p D (x))|xeX;p D (x) = min [p A (x),p B (x)]}. (2.18) 

Thus the intersection of the fuzzy set A and its complement A c - different from 
classical set theory - is not obtained as an empty set (Fig. 2.10) 

A n A c * 0 . (2.19) 

The union V of the fuzzy sets A and B on X results from 

V = AuB = | (x, p v (x)) | x e X; p v (x) = max [ p A (x), p B (x) ]|. (2.20) 

If the union of the fuzzy set A and its complement A c is computed on the 
fundamental set X, then - again different from classical set theory - this does not 
lead to the fundamental set again (Fig. 2.10) 

AuA c *X. (2.21) 





Fig. 2.10. Intersection D and union V of the fuzzy set A and its complement A c 

On the basis of the definitions concerning intersection, union, and com- 
plementation the following laws of classical set theory remain valid also for fuzzy 
sets; whereby A , B , and C denote fuzzy sets on X. 
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- Commutativity: 

A nB = B n A ; 


A u B = B u A 


(2.22) 


- Associativity: 

(A nB)nC = A n(B nC); 


(Anfi)nC = A n(B nC) 


(2.23) 


- Distributivity: 

A n(B uC) = (A nfi)u(AnC); 


A u (B n C) = (A uB)n(AuC) 


(2.24) 


- Adjunctivity: 

A n (B u A ) = A ; 


A u(B nA) = A 


(2.25) 


- De Morgan laws: 

(A nBf = A c uB c ; 


(A u Bf = A c nB c 


(2.26) 


- Idempotence: 

A nA = A ; 


A U A = A 


(2.27) 



- Monotonicity: 



Ac5=>AnCc5nC; A<oB=>AuCqBuC (2.28) 

- Operations with the empty set 0 and the fundamental set X: 

A n 0 = 0 ; A n X = A ; A u 0 = A ; A u X = X (2.29) 

Owing to the noncompliance with the complementary relations in Eqs. (2.19) 
and (2.21) the algebra of fuzzy sets is not a Boolean set algebra. Alternative def- 
initions of the set operations complementation, intersection, and union of fuzzy 
sets, which do not make use of the operators min and max to generate the mem- 
bership functions of the results, are not considered here. Further investigations 
concerning operations with fuzzy sets are discussed in [10, 22, 155, 205, 212]. 



2.1.6 Cartesian Product 

The fuzzy sets A p ...,A n on the fundamental sets X 1? ..., X n form the Cartesian 
product 

K = AjX A 2 x...x A n . (2.30) 

From the fundamental sets X l9 ..., X n the product space X = Xj x X 2 x ... x X n (x- 
space) is formed, whose coordinate axes are perpendicular to one another. The 
Cartesian product K comprises all combinations of the elements x l9 ..., x n of the 
fuzzy sets A v ...,A n . With the aid of the minimum operator membership values 
p K (x) - Pk( x i» •••> x n) are assigned to one n-tuple (x l9 ..., x n ) each. The Cartesian 
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product K thus represents a fuzzy set in the product space X with the membership 
function p K (x) 

K = |(x=(x 1 ,...,xJ,^ K (x)=|a K (x 1 ,...,x n ))|x j eX i ;^ K (x)= j min n [M A (x i )]J. (2.31) 

Figure 2.11 shows an example of the Cartesian product formed by the fuzzy set A { 
and A 2 . 





Cartesian product K of the fuzzy sets A , and A 2 




Fig. 2.11. Fuzzy sets A x and A 2 and their Cartesian product K 



2.1.7 Extension Principle 

The extension principle represents the mathematical basis for the mapping of fuzzy 
sets into a result space. 

The fuzzy sets A v ..., A n on the fundamental sets X l9 ..., X n are linked with the 
aid of the Cartesian product. Thus an n-dimensional space (x-space) with the 
coordinate axes x 1? ..., x n being perpendicular to one another is established. In this 
space the Cartesian product of the fuzzy sets A v ..., A n represents a fuzzy set with 
an n-dimensional membership function p K (x l5 ..., x n ), which is referred to as fuzzy 
input set X (Fig. 2.12). The extension principle specifies the mapping of the 
fuzzy input set X into a new fundamental set Z with the aid of the mapping 
z = f(Xj, ... ,x n ) (Fig. 2.13). On the fundamental set Z the fuzzy set B together with 
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its membership function p B (z) is gained (Eq. (2.32)). The membership values p B (z) 
are computed with the aid of the max-min operator (Eq. (2.33)). 

On this basis the extension principle can be defined: 

Given are: - n+1 fundamental sets X l5 ..., X i9 ..., X n , Z 

- n fuzzy sets A. on the fundamental sets Xj with the 
membership functions p(Xj) = p Ai (x i ); i = 1, n 

- the mapping X! x ... xX,x...xX n -Z with z = f(x l5 ... , x n ) and 
Z 6 Z 



The mapping f( A v ...,A n ) leads to the fuzzy set B on Z (Fig. 2.12) 

B = {(z,n B (z)j| z =f(x | ,...,x n );zeZ;(x 1 ,...,x n )eX | x...xX n | , 
with the membership function 



H(z) = (i B (z) = 



sup min [p(x,),...,p(x n )], if3z = f(x p ...,x n ) 

Z =f(Xj ,...,x n ) 

0 otherwise 



(2.32) 



(2.33) 



Cartesian product K = A i * A 2 




Fig. 2.12. Mapping of the fuzzy sets A { and A 2 onto the fuzzy result set B with the aid of 
the extension principle 



Example 2.1. The application of the extension principle is demonstrated by means 
of the mapping of the two discrete fuzzy sets Aj cX, and A 2 c X 2 onto the fuzzy 
result set B c Z. The discrete elements of the fuzzy sets A l and A 2 are recorded 
together with their membership values p^) and p(x 2 ) in Fig. 2.13. Table 2.1 
contains these value pairs in the first column and in the top line. 

The mapping is determined by the function 

z = f(x p x 2 ) = 3-x l -x 2 + 5. (2.34) 

The therewith described mapping of A 1 and A 2 onto B does not represent a one- 
to-one mapping. The results of the mapping for each possible combination of 
elements from A 1 and A 2 are plotted in Table 2.1. Exactly one element z (element 
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of the fuzzy result set z = B ) is assigned to each combination (x p x 2 ).In the first 
step , the membership values p(z) are computed using the minimum operator. 




13 15 17 19 



Fig. 2.13. Discrete fuzzy sets Xj= A x and x 2 = A 2 

Table 2.1. Discrete fuzzy sets A x and A 2 and discrete fuzzy result set B as value pairs 
(x i9 p(Xj)) and (z, p(z)) with p(z) according to the minimum operator (all plotted values p(z)) 
and according to the max-min operator (marked elements) 



^2 





(3,0.1) 


(4,0.3) 


(5, 0.8) 


(6, 1.0) 


(7,0,7) 


(8,0.2) 


(9, 0.1) 


(12,0.1) 


(2,0.1) 


(5,0.1) 


(8,0.1) 


(11,0.1) 


(14. 0.1) 


(17, 0.1) 


(20,0.1) 


(13,0.1) 


(1,0.1) 


(4,0.1) 


(7,0.1) 


(10, 0.1) 


(13, 0.1) 


(16, 0.1) 


(19,0,1) 


(14,0.6) 


(0,0.1) 


(3, 0.3) 


(6, 0.6) 


(9, 0.6) 


(12. 0.6) 


(15. 0.2) 


(18,0.1) 


(15,0.6) 


(-1,0.1) 


(2, 0.3) 


(5, 0.6) 


(8, 0.6) 


(11,0.6) 


(14, 0.2) 


(17, 0.1) 


(16,1.0) 


(-2,0.1) 


(1,0.3) 


(4,0.8) 


(7, 1.0) 


(10, 0.7) 


(13, 0.2) 


(16, 0.1) 


(17, 0.9) 


(-3,0.1) 


(0, 0.3) 


(3,0.8) 


(6,0.9) 


(9, 0.7) 


(12, 0.2) 


(15, 0,1) 


(18, 0.8) 


(-4.0.1) 


(-1,0.3) 


(2,0.8) 


(5, 0.8) 


(8, 0.7) 


(11,0.2) 


(14, 0.1) 


(19, 0,2) 


(-5,0.1) 


(-2, 0.2) 


(1,0.2) 


(4, 0.2) 


(7, 0.2) 


(10,0.2) 


(13, 0.1) 


(20,0.1) 


' (-6,0.1) 


(-3,0.1) 


(0,0.1) 


(3, 0.1) 


(6, 0.1) 


(9, 0.1) 


(12, 0.1) 



Different combinations of elements from A x and A 2 lead to identical results z, 
e.g., the value z = 3. Thus initially, each of these elements z possesses several, 
mostly different membership values. For z = 3, e.g., the membership values 
p = 0.3, p = 0.8, and p = 0.1 are obtained. 
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In the second step , with the aid of the maximum operator the largest of these 
membership values is assigned to the element z, i.e., the element z = 3 gets p = 0.8. 
In Table 2.1 the according value pairs (z, p(z)) are marked; these form the discrete 
fuzzy result set z = B (Fig. 2.14). 




For some special mappings, like, e.g., addition or subtraction, the curve of the 
membership function p(z) of the fuzzy result set z = B can be computed in a 
closed form (it is presumed that the membership functions of the fuzzy sets 
A v ..., A n can also be stated in a closed form). The (extended) addition of the fuzzy 
triangular numbers x { = <2, 4, 5> and x 2 = <3, 5, 8>, for example, again yields the 
fuzzy triangular number z { = <5, 9, 13>, their (extended) multiplication leads to 
the fuzzy result z 2 with a nonlinear membership function (Fig. 2.15). 




Fig. 2.15. Addition and multiplication of the fuzzy triangular numbers Xj = <2, 4, 5> 
and x 2 = <3, 5, 8> 
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More complicated mappings generally require a numerical determination of the 
membership functions p(Zj). When the fuzzy sets A V ...,A are continuous fuzzy 
sets, the number of points that have to be evaluated in the space of the associated 
fundamental sets X 1? X n (x-space) according to Eqs. (2.32) and (2.33) is 
unlimited. If, in addition, the x-space possesses more than one dimension or the 
mapping is not strictly monotonic, then the mapping Xj x X 2 x ... x X n - Z does not 
represent a one-to-one mapping and is thus not reversible. Thus, in general, a 
quasi-infinite number of points (x l5 ..., x n ) is numerically evaluated. A 
nonmonotonic mapping, for example, is described by the equation 

z =(xj— 3) 2 + (x 2 — 6) 2 + 2. (2.35) 

When introducing the fuzzy triangular numbers x l and x 2 displayed in Fig. 2.15 
this leads to the fuzzy result z in Fig. 2.16. 




The mapping of the extension principle may be given in a closed form as well 
as in a nonclosed form. Nonclosed or implicit mappings, e.g., as usually appearing 
in structural analysis, demand a numerical treatment of the extension principle. In 
the following, the algorithm that describes the mapping f(Aj,...,A n ) of the 
extension principle is referred to as mapping model. 

In structural analysis generally several results are obtained. The definition of 
the mapping model must thus be extended for solving structural-analysis problems. 

The mapping in Eq. (2.32) is replaced by a discrete set of mappings. The results 
are m-tuples (z l5 ... , z m ) of the individual result variables z y Hence the extended 
mapping model reads 

(Zp-.zJ = f (Xp...,x n ). (2.36) 

The individual results Zj represent elements of the fuzzy result sets Z. on the 
fundamental sets Zj. 

The Cartesian product of the fundamental sets Zj forms the space of the fuzzy 
result vectors Z (z- space). The associated coordinate axes are perpendicular to one 
another. The set of all result m-tuples (z 1? ... , z m ) characterizes a subset of Z 
representing - together with the membership values of the (z l9 ... , z m ) - the fuzzy 
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result set Z . Therewith the extension principle is interpreted as being a general 
mapping rule describing the mapping of the fuzzy input set X onto the fuzzy result 
set Z 



X- Z. (2.37) 

When the extension principle is applied to the mapping of a-level sets Ai, ak 
of the fuzzy sets A (with the same a k for each A) into the result space, the fol- 
lowing holds: 

The membership values p(Xj) of each element of the a -level sets A, ak of the 
fuzzy variables x.= A { comply with the condition p(xj) > a k . For each point 
x = {x 1? x n } with Xj e Ai,a k , i = 1, n the minimum operator yields the 
membership value p(x) = min [p(Xj); i = 1, n]. After the computation of the 

elements = fj(x) of the fuzzy result variables z . = B. the membership values are 
determined with the aid of the maximum operator. Consequently, it is ensured that 
p(Zj) > a k also holds. All computed elements Zj belong to the a-level set #j,a k . 

For all points x that contain at least one x } with p(x t ) < a k , i.e., Xj £ Ai, ak , 
follows from the minimum operator that p(x) < a k holds. Each element Zj of the 
fuzzy result z . computed from these points x possesses - before the application of 
the maximum operator - the membership value p(Zj) < a k . Only if the mapping of 
points x with Xj 6 Aj, ak for all i = 1, ..., n yields exactly the same element z j? 
membership values p(zj) > a k are obtained by applying the maximum operator. 

From this it follows that the a-level sets B h a k of the fuzzy result variable z . = B. 
are completely described by the mapping of the a-level sets Ai, ak into the result 
space. The extension principle with the max-min operator may be applied to 
individual a-levels. For each a-level a k the extension principle describes the 
mapping of the a-level set of the fuzzy input set X onto the a-level set of 
the fuzzy result set Z 

X - Z . (2.38) 

a k a k 



2.1.8 Interaction between Fuzzy Variables 

Interaction is defined as being the mutual dependency of fuzzy variables. An 
interactive relationship may be formulated directly (explicitly) or indirectly 
(implicitly). Regarding its cause two types of interaction are distinguished. 

Interaction between fuzzy variables may exist a priori (first type). In this case 
the existing dependencies between these variables must already be considered 
when generating the fuzzy input set. The shape of the membership function p(x) 
of the fuzzy input set X in the product space X, which is developed from the 
Cartesian product K= A 1 xA 2 x...xA n ,is influenced by the interaction relation- 
ships. An interactive dependency between the A v ..., A n affects by constraining X 
in comparison to K (without interaction), because the demands regarding the 
membership functions of the fuzzy variables x . = A must strictly be met. Hence 
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the fuzzy input set X (with interaction) is a subset of K (without interaction) 
(Fig. 2.17) 

X c K. (2.39) 



Cartesian product K- A } xA 2 




Fig. 2.17. Cartesian product of the fuzzy variables A { and A 2 without interaction and fuzzy 
input set X with interaction (first type) 

The second type of interaction occurs within the mapping . If the fuzzy result is 
stepwise computed (more than one step) from the x . = A , then intermediate 
results are obtained in each of these steps. These intermediate results are linked to 
the fuzzy variables x i according to the associated part of the mapping model. In 
the case that several x { affect the intermediate results simultaneously, these inter- 
mediate results are no longer independent of each other, i.e., interactive de- 
pendencies exist between them. 

When the mapping model is stepwise applied, these interactive dependencies 
must be considered. Nonobservance of this interaction leads to the defect that, 
starting from the intermediate results, nonpermissible parameter combinations are 
generated and processed forward. Thereby additional, artificial uncertainty is 
introduced into the mapping in each step. 

With a rising number of mapping steps the uncertainty of the intermediate 
results increases exponentially, the solution "diverges" - the results are deficient 
[19, 20]. Algorithms of structural analysis generally contain such mapping models 
that must be applied stepwise, e.g., solution algorithms for (differential) equation 
systems or eigenvalue problems. 

Example 2.2. The effect of both types of interaction is demonstrated by means of 
the mapping of the two fuzzy triangular numbers x { and x 2 onto the fuzzy result z 
within two mapping steps. 
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Fig. 2.18. Mapping of the fuzzy variables x { and x 2 onto the fuzzy intermediate result y 






— With interaction (correct) 
Without interaction (wrong) 

A priori interaction (first type) 
leads to broken branches at 
p = 0.143 and p = 0.4 

Interaction within the 
mapping (second type) 
affects the whole 
membership function p 



Fig. 2.19. Fuzzy variables x } and x 2 , fuzzy intermediate results y , and y 2 , fuzzy result z 
with and without consideration of interaction 
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The fuzzy variables Xj = <7, 8, 10> and x 2 = <1, 5, 6> are linked by the pre- 
scribed a priori interaction relation 

Xj-2- x 2 < 4. (2.40) 

The mapping onto the fuzzy result variable z is realized by the composite function 

z = f(x i; x 2 ). (2.41) 

In the first step the fuzzy intermediate results and y 2 are computed 

y, = x, + x 2 , (2.42) 

y 2 = Xj-x 2 . (2.43) 

The fuzzy result z is obtained in the second step 

z= 2 -yi + y 2 - (2.44) 

Figures (2.18) and (2.19) show a comparison of the fuzzy intermediate results and 
the fuzzy final results with and without the consideration of interaction. The 
membership functions of the fuzzy intermediate results yj and y 2 are obtained as 
projections of the two-dimensional membership function p(y 1? y 2 ) on the coordi- 
nate planes = 0 and y 2 = 0. 



2.1.9 a-discretization of Fuzzy Sets 

The concept of a -discretization provides an alternative representation of fuzzy 
sets. The elements of a fuzzy set are no longer considered separately one after the 
other, which means a discretization of the support, but the membership scale is 
now discretized, and the assigned a-level sets (Sect. 2.1.3) are considered. For 
this purpose a sufficiently high number of a-levels have to be chosen (Fig. 2.20). 




Fig. 2.20. a -discretization of a fuzzy set with eleven a-level sets 
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The a-level sets Aj,a k , i = 1, n of the fuzzy sets A p ..., ..., A n form the 

n-dimensional crisp subspace X^ of the x-space. For a k - +0 the crisp support 
subspace is obtained. The crisp subspace X^ assigned to the a -level a k is 

illustrated by means of three fuzzy variables Xj = A p x 2 = A 2 and x 3 = A 3 in 
Fig. 2.21. If the fuzzy variables iF are convex fuzzy sets without any interactive 
dependency, they form an n-dimensional hypercuboid. Nonconvex fuzzy variables 
x j lead to a disjoint subset X^. If interaction exists, the shape of the subspace X^ 
generally departs from the shape of the n-dimensional hypercuboid; the formation 
of "voids" in X^ is possible. 



Crisp subspace X a 




Fig. 2.21. Forming the crisp subspace X^ for the a-level a k , no interaction 



Between the two subspaces X^ and X^ for a { and a k the following relation- 
ship holds 

X C x V a, aj a., 0*6(0, 1] , a t > o^. (2.45) 

a i a k 

It follows that all subspaces X^ are contained in the support subspace X^ +0 . 
If a k may take on all real values in the interval (0, 1], the entirety of X^ then forms 
the fuzzy input set X ; a k is equal to the membership values of the subspaces X^- 
For selected values a k e (0, 1] the fuzzy input set X is discretized (Fig. 2.22). 
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Fig. 2.22. Fuzzy input set X and crisp subspace for two fuzzy variables 



2.1.10 Defuzzification of Fuzzy Variables 

The defuzzification of the fuzzy variable z. represents the mapping of z. into a 
subspace which no longer possesses the "dimension fuzziness", the information 
content of z . decreases. This results in the crisp value z j0 . 

For the conversion of the fuzzy value z . into the crisp value z j0 the uncertainty 
of z. is evaluated. For this purpose several defuzzification algorithms are avai- 
lable [22, 155]. Choosing a suitable procedure and necessary specifications is a 
subjective decision that affects the results. In the following, three defuzzification 
algorithms are discussed, which are based on different ideas. 



Centroid Method. This defuzzification method yields the crisp result value 
searched for as the center of the area below the membership function of the fuzzy 
variable z 

j 



jO 



T z j‘^ z P dz j' /i j ( z j) dz 



-i 



(2.46) 
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The crisp result z j0 may be influenced by weighting several chosen a -levels and 
so may be matched to the requirements in the particular case. If, for example, 
the weighting factors are defined increasingly with rising values a k , then the 
defuzzification result tends to the deterministic solution according to the a-level 



Level Rank Method. The concept of this method (after Rommelfanger [155]) is 
based on the a -discretization (Sect. 2.1.9). The membership scale of the fuzzy 
variable z . is discretized with the aid of r chosen a-levels, and then the 
arithmetic mean of the interval centers of the a-level sets is computed as 
defuzzification result (Fig. 2.23) 



jo 



1 r Z ,+Z 

y' rV r a k r 

IN 2 



(2.47) 



Depending on the number and the position of the chosen a-levels the defuzzi- 
fication result varies. A weighting may be introduced here by altering the density 
of the a-levels in certain membership ranges. 




Defuzzification Methods after Jain and Chen. Jain assesses the fuzzy variable z. 
on the basis of a maximizing fuzzy set z. max with the membership function 



u(z ) : 

j,max 7 



z i 



inf 

Z-EZ ■ 



- z jJ 



sup [zj - inf [Zj] 

7. P 7 . J 7.P7. J 



(2.48) 



The positive real exponent k is to be defined depending on the particular 
application. For example, the specification k = 0.5 expresses an aversion to large 
values Zj, whereas k = 2 signals a preference for large values Zj (Fig. 2.24). 

From the maximizing fuzzy set z. ^ the crisp valuation number 

p r (z j ) = supmin[p(z j ),p(z jmax )] 



(2.49) 
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is computed. It lies within the interval [0, 1] and may be interpreted as being a 
membership value stating the degree with which the fuzzy result should be as- 
sessed regarding the large values z- e z. .This is reasonable when large values Zj 
are adverse or dangerous, like, e.g., when assessing fuzzy failure probability, fuzzy 
displacements, or fuzzy internal forces. 




Fig. 2.24. Assessing the fuzzy variable z. with the maximizing fuzzy set after Jain 



In order to enhance Jain’s basic method, Chen has additionally introduced the 
minimizing fuzzy set z . with 



p(z. . ) 

^min' 



sup [z. ] — z 

7..G7. . J J 



sup [z. ] - inf [z.] 

z j ez j z j e2 .i J 

This leads to the crisp valuation number 

h(Zj) = SU P min [ p(zp , (i(z j>n]in ) ] . 



(2.50) 



(2.51) 



The value p,(Zj) expresses the degree with which the fuzzy result should be 
assessed regarding the small values Zj g z.. This provides a proper approach for 
assessing, e.g., fuzzy load-bearing capacity and the fuzzy reliability index. 
Furthermore, Chen suggests a "medium assessment" of z . , which is derived from 
Mr(Zj) and p^) 

M z j) = 0 - 5 [l‘r( z j) + ( 1 -Pi( z j))] • (2.52) 

This modified form represents a suitable basis for assessing, e.g., fuzzy structural 
responses and fuzzy safety measures on serviceability level. 

On the basis of Jain’s and Chen’s approaches the fuzzy variable z. may be 
defuzzifified as follows. The valuation interval [0,1], which comprises all possible 
numbers p/Zj), p^Zj) and pJZj), is mapped onto those parts of the support of z ., 
which lie on the left or on the right side of the mean value z jcc=1 of z.. This leads 



to the defuzzification results 



Z j0r Z j,a=0r' 



" Hr ( Z ; 



J j,a=0r Z j,a=l 



), 



(2.53) 
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Z j 0 1 h( Z j,a=l Z j,a=0l) + Z j,a=01 ’ (2.54) 

Z jOm = ( Z j,a=0r~ Z j,a=0l) + Z j,a=01 * (2.55) 

Alternatively, the values Zj 0 r and Zj 0 19 which are assigned to the valuation 
numbers p r ( z j) and p,(Zj), may be applied as defuzzification results 

Z jOr =Z j I K Z j)=M r ( Z j) > (2.56) 

z j0i = z j I ^( z j)=h( z j) • (2.57) 



Defuzzification of fuzzy variable z . (e.g., intermediate results or final results 
of fuzzy structural analysis or safety assessment with fuzzy variables) may lead to 
a loss of important information. However, it may serve as a helpful tool to derive 
decisions, and it may also be applied to auxiliary variables and intermediate results 
of unimportant influence and may thus simplify computations in the sense of an 
approximation solution. 



2.1 .1 1 Fuzzy Functions 

2.1.11.1 Definition of Fuzzy Functions, Fuzzy Processes, and Fuzzy 
Fields 

A fuzzy function may be explained by extending the definition of a classical 
function. A classical function is a single-valued mapping of the elements t from 
the fundamental set T c M onto the elements x of the fundamental set X c 1. It 
may be denoted by 

x(t): T - X , (2.58) 

where t 6 T represents the arguments of the function and xeX indicates the 
functional values or results. The set T is referred to as argument domain and X 
denotes the range of values of x(t). 

In accordance with Eq. (2.58), the classical function x(t) may also be explain- 
ed as a set of functional values x t e X that belong to specified variables t e T 

x(t) = {x t = x(t) Vt I teT} . (2.59) 

For the enhancement of the classical function fuzziness may be considered in 
different ways: 

- x(t ) crisp mapping of fuzzy variables tcT 

- x(t) uncertain mapping of crisp variables teT 

- x(t ) uncertain mapping of fuzzy variables tcT 

The following definition of fuzzy functions comprises these three cases. Given 



are: 
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- The fundamental sets Tel and XcM 

- The set F(T) of all fuzzy variables t on the fundamental set T 

- The set F(X) of all fuzzy variables x on the fundamental set X 

An uncertain mapping of F(T) onto F(X) that assigns exactly one x e F(X) to 
each t e F(T), respectively, is referred to as a fuzzy function denoted by 

x(t): F(T) - F(X) . (2.60) 

The fuzzy function x(t) leads for each t e F(T) to the fuzzy result x t = x(t) 
with x 1 6 F(X). It represents the uncertain mapping of the fuzzy variables t 6 F(T) 
onto the fuzzy variables x e F(X). 

The fuzzy function x(t) may thus also be interpreted as being a set of fuzzy 
results or fuzzy functional values x t e F(X) belonging to specified t 6 F(T) 

x(t) = jx t = x(t) V t | t eF(T)} . (2.61) 

Therewith the following two special cases are comprised: 



Special case 1. For the crisp mapping of fuzzy variables t 6 F(T) Eq. (2.60) reads 

x(t ): F(T) - F(X) . (2.62) 

The function x(t) describes the crisp assignment of precisely one uncertain 
x 6 F(X) to each uncertain t 6 F(T). Equation (2.61) changes to 

x(t) = {x t = x(t) Vt I t eF(T)| . (2.63) 



Special case 2. Considering the fuzzy mapping of crisp variables t 6 T, Eq. (2.60) 
results in 

x(t): T - F(X) . (2.64) 

The fuzzy function x(t) assigns exactly one uncertain x e F(X) to each crisp 
t e T. From Eq. (2.61) follows 

x(t) = jx t = x(t) Vt | teTj . (2.65) 

A fuzzy function with discrete arguments, i.e., a discrete fuzzy function, is 
defined on a finite or denumerable set F(T). It may be described by a sequence of 
fuzzy variables {xi= x(ti), X 2 = x(? 2 ), ...}. Conversely, each sequence of fuzzy 
variables may be interpreted as being a fuzzy function with discrete arguments. If 
F(T) is a continuous set, x(t) then represents a fuzzy function with continuous 
arguments, i.e., a continuous fuzzy function. In the multidimensional case, i.e., for 
F(T) with T c R m , the properties concerning the arguments may also occur in a 
mixed form, several coordinates of T may then be linked to properties being 
different from the others. 
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In view of a convenient style for common engineering applications and without 
restricting universal validity the following explanations are presented in the form 
of special case 2. 

If the fundamental set T represents the time coordinate, the fuzzy function x(t) 
is referred to as a fuzzy process denoted by x(x) with x e T. 

If the set T comprises exceptionally spatial coordinates, i.e., in the three- 
dimensional case (0j,0 2 ,0 3 )e © c M 3 , the fuzzy function x(t) is called the 
fuzzy field characterized by x(Q). 

In structural analysis the fundamental set T may contain both the time 
coordinate x and the spatial coordinates fi and may thus possess four dimensions. 
In this case the assigned fuzzy function is denoted by x(t)= x (fl, x) with t = (fi,x). 

In general, the multidimensional fundamental set T may comprise further 
dimensions, like, e.g., temperature or moisture degree, in addition to time and 
spatial coordinates. These dimensions are described by the coordinates <Pj and 
incorporated into the vector jt = ( £) , x, (£) of all coordinates. Thereby t represents 
a vector in the parameter space T c M m . 

On this basis fuzzy processes and fuzzy fields may be treated as special cases of 
the fuzzy function x(t). 



Bunch Parameter Representation. A fuzzy function x(t) may be formulated 
depending on fuzzy bunch parameters s and crisp arguments t 

x(t) = x(s,t) . (2.66) 

In the general case Eq. (2.65) then reads 

x(t) - x(s,t) = jx t = x(s,t) V 1 1 teT} . (2.67) 

For each crisp bunch parameter vector s e s with the assigned membership 
value p(s) a crisp function x(t) = x(s, t) 6 x(t) with p(x(t)) = p(s) is obtained. 
In contrast to Eq. (2.61), the fuzzy function x(t) may thus be represented by the 
fuzzy set of all real- valued functions x( t) 6 x(t) with p(x(t)) = p(x(s, t)) = p(s) 

X(t) = x(s , t) = {(x(t) , |i(x(t») I x(t) = x(s, t) ; n(x(t)) = |i(s) Vs £ s } , (2.68) 

which may be generated from all possible real vectors _s e s . For every t e T 
each of the crisp functions x(t) takes values that are simultaneously contained 
in the associated fuzzy functional values x(t) . The real functions or elements x( t) 
of x(t) are defined for all tel, they are referred to as trajectories . 

Trajectories of a fuzzy function with discrete arguments are sequences of real 
numbers, whereas trajectories of a fuzzy function with continuous arguments 
generally represent continuous functions of t. Trajectories of a discrete fuzzy 
function with continuous arguments are described by step functions. 



Example 2.3. The one-dimensional fuzzy function 

x(t) = x(s,t) = a-sin(co 0 t+b) 



(2.69) 
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with the fuzzy bunch parameters a = <0.9, 1.0, 1.1> (fuzzy amplitude), 
co 0 = <0.9, 1.0, 1.1> (fuzzy frequency), and b = <-0.1, 0.0, 0.1> (fuzzy phase 
angle) is considered. Within the fuzziness of the fuzzy bunch parameter vector 
s = (a , co 0 , b) different crisp points s e s with the associated membership values 
p(s) may be chosen to generate various trajectories. As s represents a continuous 
fuzzy set, an indefinite number of trajectories exist. For illustrating the fuzzy func- 
tion in Fig. 2.25 four crisp parameter vectors are determined: = (1.0, 1.0, 0.0) 

with p(Si) = 1.0, s 2 = (0.95, 0.95, -0.05) with p(s 2 ) = 0.5, s 3 = (1.05, 1.05, 0.05) 
with p(s 3 ) = 0.5, and S 4 = (1.1, 1.1, 0.1) with p(s 4 ) = 0.0. 




Fig. 2.25. Some trajectories of the fuzzy function x(s , t) = a • sin(65 0 1 + b) 

The application of fuzzy functions for describing and solving engineering 
problems requires the numerical treatment of these functions. For each crisp 
argument teT the fuzzy result x(t) may be computed by applying the exten- 
sion principle (Sect. 2.1.7) or a-level optimization (Sects. 5.2.2 and 5.2.3). 

As the a -level optimization has proved to be advantageous for engineering 
applications, the idea of a-discretization (Sect. 2.1.9) is adopted and extended to 
fuzzy functions. 

Based on the bunch parameter representation of fuzzy functions in accordance 
with Eqs. (2.67) and (2.68) a-level sets of fuzzy functions may be generated. For 
this purpose, the a-discretization is applied to the fuzzy bunch parameters sf. 
This leads to the a-level sets 5j,a k (Sect. 2.1.9). In general, n s fuzzy bunch 
parameters s 1 , ..., Sj , ..., Sn s exist and the a-level sets 5j,a k form the crisp subspace 
Sa for each a-level a k . This is illustrated in Fig. 2.21, whereby the sketched fuzzy 
sets A are to be interpreted as fuzzy bunch parameters s. and the generated sub- 
space represents 

As can already be recognized in Eq. (2.45), for the subspaces 5^ and the 
relationship 
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\ v a ( , | aj, e (0, 1] ; aj s (2.70) 

holds, and the support subspace S^_ +0 contains all other subspaces 5^. 

For each given value a = a k the bunch parameter vector may now take the 
values s 6 £ a . Evaluating all these s leads to a crisp set of functions, which is 
referred to as o t-f unction set X a (t) 

X a (t) = jx(s,t) Vs| se^; a e (0,1]} • (2.71) 

For a^ +0 the function support 

x o _ 0 (t) = |x(s,t) Vs I s e S a J (2.72) 

of the fuzzy function is obtained. 

Any arbitrary function x(t) contained in X a (t) is a trajectory of the fuzzy 
function on the level a. In the case that all functional values of a fuzzy function are 
fuzzy numbers, the trajectory for a = 1 is referred to as a trend function. 

For a sufficiently high number of a -levels a fuzzy function may be represented 
by the assigned a -function sets X a (t) 

X(t) = x(s , t) = |(x a (t), M(X a ft») I n(X a (D) = a V a e (0, 1]} , (2.73) 

with X a (t) from Eq. (2.71). This denotes a general a-level representation of 
Eq. (2.68). 

Based on a -discretization Eq. (2.73) describes the fuzzy function x(t) as a set 
of the a-function sets X a (t) with the assigned membership values p(X a (t)) = a. 
According to Eq. (2.71) each of these a-function sets represents an assessed bunch 
of functions (function bunch) that possesses at least the assigned membership a 
indicating the assessment result. 

If all fuzzy functional values of x(t) are convex fuzzy sets , X a (t) is then 
represented by an interval x tcc for each crisp t. The functional values x t of the 
fuzzy function x(t) at specified points t may then be characterized by 

x t = x t (s) = {(x ta , n(xj) I X ta = [X ta| , X tar ] ; 

H(x ta )=aVae (0,1]}, 1 

with 

X ta| = min[x t (s) | s e , (2.75) 

x tar = max[x t (s) | s e iS a ] • (2.76) 

This represents the basis for numerically determining fuzzy functional values with 
the aid of the a-level optimization. 

The crisp functions 

X a,(D= {*,al V H tel} (2.77) 

and 

X ar(D = { X tar V l| i e l} 



( 2 . 78 ) 
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constituted by the interval bounds from Eqs. (2.75) and (2.76) are the lower and 
upper bounding functions of the fuzzy function on the level a. If all fuzzy bunch 
parameters are fuzzy numbers, the bounding functions for cl = 1 then coincide and 
form the trend function x a=1 (t) = x a=1 j(t) = x a=1 r (t). In general, bounding functions 
do not necessarily represent trajectories of the fuzzy function. At different points 
tj and ii+l> frequently, different bunch parameter vectors s 6 s, i.e., different 
trajectories, lead to the interval bounds in Eqs. (2.75) and (2.76). 



Example 2.4. The one-dimensional fuzzy function x(s,t) = a • sin(co 0 1 + b) from 
example 2.3 is considered for two different variants of bunch parameters. 

The first variant is characterized by a = <0.9, 1.0, 1.1>, co 0 = o) 0 = 1.0, 
and b = b = 0, for the second variant the bunch parameters coincide with these 
from example 2.3, i.e., a = <0.9, 1.0, 1.1>, <5 0 = <0.9, 1.0, 1.1>, and 
b = <-0.1, 0.0, 0.1>. The obtained curves for the bounding functions on the a - 
level a - +0 and the trend functions are displayed in Figs. 2.26 and 2.27. 

Additionally, Fig. 2.27 shows the trajectories from Fig. 2.25 and indicates their 
assignment to the appropriate a-function sets. For different a-levels various 
trajectories may be chosen: 

- cl - 1 X a= i(t) is the function set that contains exactly one element describing 

the function x(t) = sin(t) as the mean function of x(t). 

- a = 0.5 X a=0 5 (t) represents the function set comprising all functions 

x(t) = a*sin(o) 0 t + b) with arbitrary bunch parameter values within 
the intervals a 6 [0.95, 1.05], o> 0 6 [0.95, 1.05], and b e [-0.05, 0.05]. 

- a - +0 2f a ^ +0 (t) is the function set of all functions x(t) = a*sin(o) 0 t + b) with 

arbitrary bunch parameter values within the intervals a 6 [0.9, 1.1], 
o) 0 e [0.9, 1.1], and b e [-0.1,0.!]. 




Fig. 2.26. Fuzzy sine function, first variant 
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Fig. 2.27. Fuzzy sine function, second variant 



Special Fuzzy Functions. Fuzzy functions possess several properties of particular 
interest, two of which are stated in the following. 

A fuzzy function x(t) with t 6 T is said to be stationary if its fuzzy functional 
values x = x(t.) are identical for all t e T 

x(t ) = x(t + At) = x. Vt , t + At e T. (2.79) 

i i 1 i i 

The trend function as well as the lower and upper bounding functions for all 
a-levels of a stationary fuzzy function is a constant function, i.e., x al (t) = constant 
and x a r (t) = constant. 

A fuzzy function x(t) with t e T possesses homogeneous or stationary incre- 
ments if the fuzzy functional value x(t. + x)+c is equal to the fuzzy functional 
value x(t k +x), namely for all x with x + t| e T, x + t k e T, h ^ an d c = con ' 
stant. Thereby, tj and t 2 are arbitrary but invariant 

x(t +x)+c= x(t +x) Vx | t.^t k ; x + t. 6 T; x+uT; c=constant. (2.80) 

The trend function and the lower and upper bounding functions for all a-levels of 
a fuzzy function with homogeneous or stationary increments represent linear 
functions possessing identical slopes. 



Example 2.5. The fuzzy process x(x) with x 6 T = [0, 5] s is approximated with 
the aid of suitably distributed fuzzy interpolation nodes, as explained in more 
detail in the subsequent section. These fuzzy interpolation nodes are given by crisp 
points in time x- x and associated fuzzy triangular numbers <x a _ +01 , x a=1 , x^ +0r > 
describing identical fuzziness of the functional values x(x { ) for every discrete 
Six fuzzy interpolation nodes are plotted for Xj = 0, 1, 2, 3, 4, 5 s in Fig. 2.28. 
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Between these X; the fuzzy process x(x) is linearly approximated, it represents a 
stationary fuzzy process. 




Example 2.6. For approximating the fuzzy process x(x) with x e T =. [0, 5] s six 
equidistant fuzzy interpolation nodes are chosen (Fig. 2.29). Between the crisp 
points in time x { the fuzzy process x(x) is linearly interpolated. Owing to the 
special fuzzy functional values at the x { the obtained fuzzy process possesses 
linear, homogeneous increments. The special condition 

x(x i )+c= x(x i + 1 ) ; i = 0,l,2,3,4 ; c = constant (2.81) 

is fulfilled. 



V + 0rW 




Fig. 2.29. Fuzzy process with linear, homogeneous or stationary increments 
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2.1.11.2 Point and Time Discretization of Fuzzy Functions 



Numerical processing of fuzzy functions x(t) = x(s,t) demands not only their a- 
discretization but also the discretization of their argument t, which constitutes the 
fundamental set T, if these are continuous. As in structural-engineering 
applications generally continuous fuzzy functions appear, point and time 
discretization are thus necessary in addition to a-discretization. 

Point and time discretization means that the deterministic argument t is 
discretized by choosing interpolation nodes. Each discretized fuzzy function 
may then be represented by a sequence of fuzzy variables. If full interaction is 
presumed between the discrete fuzzy variables at the k 0 points, this leads to the 
sequence 

x(t) = {x(s,t ), x(s,t ), x(s,t ) I t t t el} , (2.82) 

I z K 0 1 1 K o } 

with the fuzzy bunch parameters s . In the case that no interaction is assumed, the 
sequence 



*0)= {xCSj.1,). xG^). .... xd^) I I 1 ,I 2 ,....I ko el} 

containing the fuzzy bunch parameters s , i s,^ is obtained. 

A fuzzy field x(f)) may be described by its values at the points in space 

x(fi)= {xd.fi,). x(§,0 2 ), xd.fi^) I , 



(2.83) 
fie® 

J —* 

(2.84) 



which characterizes the fuzzy field in the form of point discretization . 

A fuzzy process x(x) may be represented by specifying its values at specific 
points in time x- e T 



x(t) = { xd.Xj), x(s,x 2 ), ..., x(s,x ko ) I Xj,x 2 ,...,x^eT} . (2.85) 

This is referred to as time discretization of the fuzzy process. 

In order to describe a fuzzy function x(fi,x), its functional values may be pre- 
scribed at both points in space fi (j = 1, ..., k P ) and points in time X| (i = 1, ..., k z ) 

f xd.fi^Xj), ..., xd,fi.,x,), ..., x(s,fi k .x,) 1 



x(fi,x) = 



x(s,fi ,Xj), 



x(S,fi.,X.), 
J 1 



x(s,fi k ,Xj) 



( 2 . 86 ) 



xd.fi,, x k ), 

1 K z 



x(s,fi.,x k ), ..., x(s,fi ,x k ) 

j K z kp K Z 



Example 2.7. The one-dimensional fuzzy function x(0)= s^ 0 + s 2 with the fuzzy 
bunch parameters Sj = <0.8, 1, 1.2> and s 2 = <-0.2, 0, 0.2> is represented by 
point discretization (Fig. 2.30). 
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If this fuzzy function is additionally variable in time, the point discretization is 
combined with a time discretization. The fuzzy function x(0,t) = sp 0 + s 2 + s 3 t 
with s 3 = <-0.1, 0, 0.2> is then characterized using discrete points in space and 
time (Fig. 2.31). 




Fig. 2.30. Representation of the fuzzy field x(0)= Sj-0 + s 2 by point discretization 







XflH+Q 

Trend function 



T ) 



0 



Fig. 2.31. Representation of the fuzzy function x(0,i) = Sj-G + ^+SgT by point and 
time discretization 
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Consideration of Interaction. In the case of interaction the space of the fuzzy 
bunch parameters s 1? s 2 , s^ introduced in Eq. (2.83) is constrained by 
interactive dependencies I ia prescribed a priori, whereby i denotes the interaction 
counter. Each a -level set of the fuzzy bunch parameters Sj, s 2 , ..., s k forms a 
crisp n-dimensional parameter subspace. If interaction does not exist, this subspace 
is represented by an n-dimensional hypercuboid 

S = {S ,S ,...,£ ). (2.87) 

a [ l,a 2, a k 0 ,aj 

On the other hand, if Sj = s 2 = ... = = s holds, the fuzzy function is 

determined by the same fuzzy bunch parameter vector s for all points in space or 
time. This characterizes full interaction and Eq. (2.83) changes to Eq. (2.82). 



Example 2.8. The effect of a priori prescribed interactive dependencies is 
demonstrated in the two-dimensional space of the fuzzy bunch parameters 
si - <7, 8, 10> and S 2 = <1, 5, 6> (Fig. 2.32). The crisp bunch parameter sub- 
space (support subspace) is constrained by the interactive dependencies 
Ii, a .+o = si- S 2 < 5 and I 2a „ +0 = Si - 1.5 • S 2 > 1. Exclusively, the elements lying in 
the hatched domain of 5 a ^ +0 are to be considered. 





Fig. 2.32. Constraint of the bunch parameter space 5^ +0 caused by a priori interaction 
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2.1.11.3 Approximative Description of Fuzzy Functions 

In fuzzy structural analysis frequently physical input parameters, e.g., geometry, 
material, and load parameters, are only available at discrete points. If the discrete 
structural parameter values are uncertain, and if their uncertainty is described by 
fuzzy variables, these fuzzy variables may then be interpreted as fuzzy inter- 
polation nodes of a fuzzy function. 

With the aid of k s specified fuzzy interpolation nodes x.= x^) with i = 1, ..., k s 
the fuzzy function x(t) may be approximately determined. For this approximation 
common mathematical procedures may be applied. Owing to the fuzzy inter- 
polation nodes, however, special solution techniques like a -level optimization 
(Sects. 5.2.2 and 5.2.3) are required. In the following examples the approximation 
procedure is demonstrated by means of fuzzy approximation polynomials. 



Example 2.9. Provided that the fuzzy interpolation nodes Xj= x(tj) = xd,^) with 
i = 1, ..., k s are given on R 1 , a fuzzy approximation function based on the 
polynomial approach 

k s 

x(s,t) = (2.88) 

m=l 

may be drawn through the x { . 

The fuzzy free values s m in Eq. (2.88) are obtained from the solution of the 
fuzzy equation system 




m=l 



A fuzzy function approximated on the basis of six fuzzy interpolation nodes is 
shown in Fig. 2.33. 




Fig. 2.33. Fuzzy function through six fuzzy interpolation nodes 
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Example 2.10. Starting from k s = kfk 2 predefined fuzzy interpolation nodes 
Xj .= x(s,t .) with i = 1, k, and j = 1, k 2 on M 2 , the polynomial approach 

’j i,j 

k k 

X(l,t,,t 2 ) = EEwC -1 ' 1 "' 1 (2.90) 

m=l n=l 



may be chosen for approximately determining a fuzzy function. 

The fuzzy free values in Eq. (2.90) are computed from the fuzzy equation 
system 



K| K 2 

EE 

m=l n=l 



*t 



ml 
1 , i 



*t 



n- 1 

2,j 



x. • ; 
>0 ’ 



i = 1, ..., kp j - 1, k 2 . 



(2.91) 



A fuzzy function approximated on the basis of Eq. (2.90) is illustrated in Fig. 2.34. 



x = x{§ t t 1t t £ ) i 
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Fig. 2.34. Two-dimensional fuzzy function through 5*5 fuzzy interpolation nodes 



2.2 Elements of Measure Theory 



In order to establish a concept for assessing structural safety, an appropriate safety 
measure must be chosen. For this purpose, some measure theoretical basics are 
considered and discussed in view of their further application. 



2.2.1 Measure and Uncertain Measure of Crisp Sets 

The following explanations regarding measure theoretical foundations are con- 
sistent with [40, 60] as well as [10, 22, 212]. For defining the term measure , the 
concept of the elementary geometrical content represents the most common basis. 
This suggests that a measure serves for determining the content of geometrical 
formations and - in a generalized manner - of point sets. Well-known classical 
measures are the Riemann measure (associated with the Riemann integral), which 
utilizes the Jordan content, and the Lebesgue measure (associated with the 
Lebesgue integral), which is based on the Lebesgue content. 
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In set theory the measure concept is extended for assigning measure values to 
particular crisp sets , which belong to defined systems of crisp sets. A measure is 
thereby defined as being a special function, as explained on the subsequent basis. 

For an arbitrary crisp set, e.g., the multidimensional fundamental set X, with the 
subsets A i? the set $(X) of all subsets A x is referred to as the power set on X. 

Subsets and systems of subsets of a power set $(X) are called families of sets 
W(X). 

A family of sets 3W(X) is referred to as (5-algebra ®(X), if 



X e ®GQ, (2.92) 

A e ®(X) => e @(X) (2.93) 

holds, and if for every sequence of subsets A { 

A { € ®(X); i = 1,2,... - IJA.e ®(X) (2.94) 

is complied with. 

A real or complex function that possesses a family of sets «W(X) as set of 
definition and assigns a real or complex number to each subset A x from the family 
of sets is referred to as set function M OT (Ai) on the family of sets «W(X). 

Starting from the elementary geometrical content, a measure for assessing crisp 
sets may be constituted on the basis of a suitable set function. 

A real-valued set function M 0 (Aj) on the family of sets @(X) that meets the 
following requirements is called (crisp) measure M s @(Aj) on @(X): 

M s s (0) = 0, (2.95) 

A. e @(X) - M S S (A.) * 0 , (2.96) 

A.,A k e ®(X); A.nA k = 0 - M s s (A.uA k ) = M S S (A.) + M s s (A k ) , (2.97) 

A.e @(X); i = l,...,n; A.nA =0 Vi*k -* M s e ( U A ) = Z M s e (A ) . ( 2 -98) 

i = 1 1 i = 1 1 

The measure M s 0 (Ai) is additive. If a maximum value exists for M s 0 (Ai), M s 0 (Aj) is 
then called finitely additive. The triple [X, @, M s @ ] constitutes the (crisp) measure 
space . 

When defining uncertain measures the idea of the elementary geometrical 
content no longer serves as the starting point, but the set theoretical approach 
associated with appropriate requirements represents the basis for uncertain 
measures. 

In accordance with the properties of crisp measures, uncertain measures assign 
real measure values to the elements (crisp subsets) A { of the family of sets @(X). The 
subsets Aj e @(X) may be interpreted as events Ej = A v The assigned family of sets 
®(X) constitutes a space of events on the fundamental set X (space of results or 
observations). The event is considered to have occurred if at least one element 
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from the fundamental set x* G X belongs to the subset A;. Thereby the Xj represent 
realizations, which are observed in consequence of elementary events, which are 
possible results of a trial and exclude each other. If the assignment of Xi to Aj 

cannot be specified in binary terms, i.e., Xj does neither completely belong to A x 

nor to Aj C , the event E x = A x can then be regarded as partly occurred. The intensity 
of the occurrence of the event Ej = A x is assessed with the aid of uncertain measures. 
Uncertain measures describe the degree of membership of the elements x.i of a 
fundamental set X with which the Xj belong to the subset A, from X. They map the 
elements of the fundamental set onto the interval [0, 1]. 

An uncertain measure is a special real- valued set function M u @(Aj) on the 
elements Aj (crisp subsets on the fundamental set X) of the family of sets ®(X). 

M u @(Aj) is normalized by means of 

M u 0 (o) = 0 , (2.99) 

M U 0 (X) = 1 . (2.100) 

If the set Aj is enlarged, the measure value should not decrease but behave 
monotonically in accordance with the enlargement of the set to be measured 

A.,A k 6 @(X); A. c A r => M \(A) < M u 0 (A k ) . (2.101) 



In the case of nonfinite fundamental sets X, additionally, continuity is demanded 
for sequences of the sets Aj, 
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n n-°° * n ® n-"' n 



The uncertain measure M u @(Ai) is not necessarily additive. As also introduced for 
crisp measures, the triple [X, ®, M u 0 ] is referred to as an uncertain measure space , 
likewise. 

Every uncertain measure deduced from this definition complies with 
A., A 6 @(X) - M u 0 (A.uA k ) > max[M u s (A.),M u 0 (A k )] , (2.104) 

A.,A r e @(X) - M\(A.nA k ) < min[MVA.),MVA k )] . (2.105) 

For conveniently describing uncertain measures, distribution functions , which 
possess the properties of set functions, may be established. For this purpose, the 
n-dimensional Euclidian space R n is chosen to represent the fundamental set X. 
The consideration is focused on the system ®! 0 (M n ) of the open subsets 

A. = |t = (t 1 ,...,t k ,...,t n )| x=x.;x,teR n ;t k <x k ;k = l,...,n| (2.106) 

in M n . This family of sets ®l 0 (M n ) constitutes the a-algebra ® 0 (M n ) as Borel 
o-algebra of the M n . $ 0 (^ n ) is a Boolean set algebra . 
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A distribution function V(Aj) is a set function M U 0 (A|) on the open subsets A { of 
the family of sets @ 0 (^ n ) according to Eq. (2.106). V(Aj) represents an uncertain 
measure with the properties 



0< V(A )< 1 VA e ® n (M n ), 

i i u 

A,Ae @ n (K n ); Ac A => V(A ) < V(A ). 

i k u i k i k 



(2.107) 

(2.108) 



A. e @ n (R n ); i = 1, ... ,n ; A c...c A - lim V(A ) 

A. e @ n (R n ); i = 1, ... ,n ; A = ... = A - lim V(A ) 
Furthermore, V(Aj) must be left-continuous for all A, 



V(lim A ) = 1 , (2.109) 

n-~ n 

V(lim A ) =0 . (2.110) 

n-°° n 



lim V(A \ D ) = V(A ) 

D.-0 i i i 



VA 



,D e®A« n ) I D cA ;D * 0. (2.111) 

i i u i i i 



When interpreting the as events E i? Aj may be replaced by Xj. The distribution 
function is then described by 



V(x)=V(A) (2.112) 

for all i without indexing. The association between A = A { and x = Xj results from 
Eq. (2.106). 

Based on the general definitions given above particular uncertain measures are 
considered in the subsequent sections. 



2.2.2 Probability 

The description of the probability measure relates to [10, 22, 40, 47, 60, 155, 212] 
and is based on the axiomatic characterization of probability after Kolmogorov. 

Regarding crisp sets the probability P(Aj) represents an uncertain measure 
M u 0 (Aj) on ®(X). P(Ai) meets the conditions in Eqs. (2.99) to (2.103). The 
requirement of monotonicity according to Eq. (2.101) is replaced by the stronger 
demand of additivity 

0(20; i = l n; A.nA =0 Vi*k - P(UA.) = £P(A.). (2.113) 

1 K 1 1 j 1 

When restricting to finite fundamental sets X, Eq. (2.113) may be expressed in a 
weakened manner 

A i? A 2 g ®(X); A 1 nA 2 = 0 - PG^u A 2 ) = P(A 1 ) + P(A 2 ). (2.114) 

Probability is a special uncertain measure that, additionally, meets the require- 
ments stated for a crisp measure, as P(A ; ) is finitely additive. The associated un- 
certain measure space [X, @, M u 0 ] is referred to as probability space [X, @, P]. 

Frequently, the probability space is also specified by [Q, ®, P]. Thereby Q 
denotes the set of all possible results 0 ) (elementary events) of a random trial that 
exclude each other. For a convenient evaluation, i.e., measurement of the events 
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observed, Q is mapped onto a suitable fundamental set X, here chosen to be X = 
M". The elementary events 0 ) e Q lead to the realizations x e X in M n . The 
fundamental set X comprises all possible realizations that might be observed in 
consequence of the elementary events ox 
The result of the mapping 



X: £2 - X = M n , (2.115) 

characterized by the real-valued function X = g(o)) on Q, which is measurable 
on ®(X), is referred to as random variable or random vector. The functional val- 
ues X thereby represent random values (realizations) x 6 X, which are assigned 
to the elementary events ox 

The probability measure P (Aj) is to be understood as a gradual assessment of the 
proposition X 6 Aj. It expresses the probability with which X takes a value x e X 
belonging to Aj. Interpreting the A { as events the distribution function for describ- 
ing the probability on X is defined according to Eqs. (2.107) to (2.112). 

The probability distribution function F(x) on X = M n is a distribution function 
V(x) that makes use of the uncertain measure probability P(Aj) to assess the 
(possible) events Aj from Eq. (2.106) 

F(i = (x 1 ,...,x n )j = p(x=t = (t,,...,t n ) I x, te X = R n ; t k < x k ; k= (2.116) 

An integrable function f(t) with t = (t L , ..., t n ) e X that belongs to F(x) is refer- 
red to as a probability density function if 

l l =x l l k = X k l n = x n 

F(i) = f ... f ... f f(l)dl (2.117) 

t 1= _oo t k =-oo t n =-oo 

holds. Thereby X is presumed to be a continuous random variable. In the discrete 
case the integration is replaced by summation. Subsequently, f(x) is used instead 

of f(t). 

Probability represents a special objective uncertain measure. When analyzing 
real data, the quality of inferences determined by probability is conditioned by 
statistical laws, which presuppose constant reproduction conditions and prefera- 
bly large samples from the universe. 

In the approach within the scope of this book probability density and probability 
distribution functions f(x) and F(x) on X are exclusively generated on the basis of 
objective information, i.e., observations or measurements of objective physical 
parameters, subjective assessments are not taken into account. For determining the 
open set according to Eq. (2.106) a value Xj is specified. The random vector X 
with its random realizations t = Xj 6 X is observed with regard to the random event 
X 6 Aj! the random vector X takes the value Xj for which every coordinate Xj k 
is less than the assigned coordinate x i>k of the specified value x* e X. Thereby all 
constraints that may influence the results of the "trial" must remain unchanged. 
Influences from an arbitrarily altered process situation cannot be considered. After 
the evaluation of a quasi-infinite number of sample elements x j9 the functional 
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value of the probability distribution function F(Xj) = P(X e AJ is known at the 
specified point x A e X. This functional value F(X;) indicates the probability with 
which the observed event XeAj occurs in consequence of a random realization of 
X that has not yet been observed. The set of the functional values F(Xj) comprising 
all possible values x x e X that might be specified constitutes the sought probabil- 
ity distribution function F(x) = P(X e A;). This function assesses the membership 
of the elements x from the fundamental set X in relation to the crisp sets Aj rep- 
resenting the events X 6 A*; it maps the fundamental set onto the interval [0, 1]. 

The probability measure must be extended if the fuzzy sets A p ...,A n 
characterized by their membership functions pa,( 2L), PA n (x) belong to the family 
of sets being under consideration. When extended by the fuzzy sets A p ...,A n , the 
family of sets ®(X = R n ) no longer constitutes a Boolean a-algebra. The fuzzy sets 
A p ...,A n are interpreted as being fuzzy events X e A i . For this purpose, it is 
presupposed by definition that the membership functions pA^i),. .-,1^(20 must 
be Borel measurable [155, 212]. For measuring the A 1 ,...,A n by means of the 
probability measure, two basic approaches may be pursued; the probability with 
which a fuzzy event occurs may either be computed as a scalar or as a fuzzy set 
[ 212 ]. 

The interpretation of the probability of a fuzzy event as a scalar value traces 
back to [206]. The measure value searched for is defined with the aid of the 
Lebesgue-Stieltjes integral 

P(A j) = Jn Aj (x)dP(x). (2.118) 

E n 

Applying the probability density function f( x) on X Eq. (2.1 18) gives 

P(Aj) = |...|n A (x)-f(x)dx. (2.119) 

X 

The probability P(Aj) for the occurrence of a fuzzy event A { defined by Eq. 
(2.1 18) represents a crisp number in the interval [0, 1]. 

An alternative approach for calculating the probability of a fuzzy event as a 
fuzzy set is proposed in [203]. The measure value searched for is determined by 
means of a -discretization of the A 1 ,...,A n . The event X e A { is investigated for 
all a-levels, i.e., the probabilities P(X e A ia ) concerning the events X 6 A i a are 
computed. Each a-level set A ia yields a crisp value for P(X e A it J. The set of 
these measure values for all a-levels together with the membership values p = a 
leads to the fuzzy probability 

■ «P04 u ).m(P(A u ))) I PMJ.PteeA,.); 

(i«A u »-aVae(0.U} 

searched for. With the aid of the probability density function f(&) on X 
P(Xe4. a ) = j... J f(x) dx 

x I xeA. 

— — i,a 



( 2 . 121 ) 
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holds. The basic idea of this approach is used to introduce the fuzzy probability in 
Sect. 2.3.1. 

Further treatments of the probability measure - like conditional probabilities or 
Bayes theorem - going beyond the fundamentals described above and concerning, 
e.g., dependencies between the events to be assessed are not basically considered 
within the scope of this book. 



2.2.3 Other Uncertain Measures 

According to the definition of uncertain measures, not only does probability meet 
the requirements in Eqs. (2.99) to (2.103), but also other assumptions may be 
established within the margins of this set of conditions. Many other uncertain 
measures, which exploit these boundary conditions, have already been derived and 
exist besides probability. Some of these uncertain measures are the possibility , the 
necessity , and other approaches expressing plausibility , credibility , or belief. 

On the basis of [178] various uncertain measures on finite fundamental sets may 
be deduced by means of the following measure theoretical approach, see also [10, 
46, 47, 155]. On a fundamental set X all subsets A { , i.e., all elements of the power 
set $(X), are assessed by distributing the "weight” w = 1 over the A r The sum of 
the "weights" of all A i is thereby determined by 

E^)=l. (2-122) 

i 

This assessment may, e.g., describe the membership of an element x from the 
fundamental set X in relation to A { . The sets A- possessing a "weight" w(Aj) > 0 
are referred as to focal subsets. All focal sets together with their "weights" w(Aj) 
constitute the body of evidence as being the "entirety of all clues". Due to the 
requirement in Eq. (2.122) the assessment of the A { is called the basic probability 
assignment. The term probability is thereby not linked to its definition according 
to the previous section. The focal subsets do not need to be disjointed nor need 
their union yield the fundamental set X. 

In order to establish an uncertain measure M u 0 (Z?j), a family of sets @(X) is 
defined that comprises all sets that are to be measured. Considering the events 
Aj n = 0 the degree of plausibility Pl(#j) may be determined, whereas analyz- 
ing Aj c fij leads to the degree of credibility Cr (Bf In each case the measure 
values are calculated adding the "weights" of all focal subsets A- x being struck 

Pl(flj) = E w(A,) I A-n B.* 0 , (2.123) 

i 

Cr(Bj) = E W (A) ! A i = B , ■ (2.124) 

i 

The degrees of plausibility and credibility are "extreme" assessments of the sets 
B p they are linked by 

PKBj) = 1 - Cr(B. c ) . 



(2.125) 
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All other uncertain measures M u 0 (#j) that may be deduced from a basic 
probability assignment are bounded by Pl(#j) and Cr(Z?j) 

&(#)< M Pl( B.). (2.126) 

Particularly determining the focal subsets, the uncertain measure probability may 
be derived, for example. If the focal subsets are disjoint singletons, i.e., in the 
dissonant case, the uncertain measure M u 0 (£j) characterizes the probability 
measure 



P(B.)= Cr(B.) = PI (B.). (2.127) 

In this approach the focal subsets represent the elementary events. 

The possibility being another uncertain measure of particular interest is obtained 
if the focal subsets form a nested sequence of sets specifying the consonant case 

Aj c A 2 c ... c AjC ... c A n . (2.128) 

The possibility measure then characterizes a special case of the degree of plau- 
sibility 



n(Sj) = Pl(B.) . (2.129) 

The class of X-uncertain measures M u 0 k {B) introduced in [186] forms a sub- 
set of the uncertain measures that may be deduced from a basic probability assign- 
ment [10, 155]. The M u ® A (Z?j) are considered advantageous regarding both their 
flexibility when being adapted to basic requirements and the simple treatment of 
their formulas [10]. The requirement of monotonicity according to Eq. (2.101) is 
expressed as a "restricted additivity requirement" for A-uncertain measures. 
Considering two disjoint elements B x and B 2 (B { n B 2 = 0) of the family of sets 
@(X) the rule 

m V^iuB 2 ) - MV W M\ x (B 2 ) + X- (2.130) 

is suggested with X > -1. For X = 0 M u @ A (Z?j) characterizes the probability measure 
and Eq. (2.130) then coincides with Eq. (2.1 14). In contrast to the probability, the 
possibility measure does not belong to the ^-uncertain measures. 

Owing to the importance of the possibility measure and its close relationship to 
fuzzy set theory some pertinent basics are discussed in the subsequent paragraphs 
and compared to the probability measure. 



Possibility. The possibility measure is introduced on the basis of the approaches in 
[10, 22, 47, 155, 212]. Its relationship to fuzzy set theory is thereby pointed out. 

The possibility n(Aj) is an uncertain measure M u 0 (Aj) on @(X) in accordance 
with Eqs. (2.99) to (2.103), which may be used to measure crisp sets. The monot- 
onicity requirement in Eq. (2.101) is here substituted by the stronger demand for 
the supremum 

@(X); i = l,...,n - n(UA.) = supn(A ). (2.131) 

i i i 1 
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Regarding finite fundamental sets X this condition may be weakened to 

Aj.^eSOD - IIG^uAp = max[II(A 1 ),n(A 2 )]. (2.132) 

n(4) is not additive. The continuity in the sense of Eqs. (2. 102) and (2. 103) is only 
for finite sets strictly complied with [149]. Equations (2.99) and (2.100) are always 
satisfied. The possibility thus represents a special uncertain measure, the assigned 
uncertain measure space is denoted by [X, @, II]. 

The possibility I I(Aj) characterizes the gradual assessment of the proposition 
x c Aj. II (Aj) expresses the possibility with which x belongs to or - according 
to the set theoretical interpretation - the possibility with which the values x 6 x 
simultaneously belong to Aj. The possibility measure denotes the subjective 
assessment of the possibility of the occurrence of an event, i.e., the epistemic 
possibility, but not the objective physical possibility. 

As already demonstrated for the probability measure, possibility density and 
possibility distribution functions may be defined. The crisp sets Aj according to 
Eq. (2.106) are interpreted as being events and the distribution function describing 
the possibility on X is established starting from its general definition. 

The possibility distribution function 7i(x) on X = M n is a distribution function 
V(x) that assesses the possible events A s according to Eq. (2.106) with the aid of 
the special uncertain measure possibility n(Aj) 

ji(i = (x 1 ,...,x n )) = n(x=I = (tp...,t n )| i,I e X = R"; t k < x k ; k = (2.133) 

The possibility density function assigned to 7t(x) is denoted by p(x). With 
p(x) = p(t) the relationship 

tc(x) = sup p(l) (2.134) 

t k <x k ;k=l,...,n 

holds. 

Both a possibility density function p(x) and a possibility distribution function 
tu(x) are shown in Fig. 2.35 for the one-dimensional case. 




Fig. 2.35. Possibility density function p(x), assigned possibility distribution function te(x) 

The definition of the normalized membership function p(x) of a fuzzy set A. 
(Sect. 2.2.1) permits its direct interpretation as a possibility density function 



p(x) - p(x). 



(2.135) 
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For this purpose, the fuzzy set A { is considered an uncertain constraint for the 
values x [10]. The membership value p(x = Xj) indicates the degree of possibility 
with which the element Xj satisfies the uncertain proposition belonging to A { . The 
membership values "induce” the possibility values. The fuzzy sets A { assessed by 
means of possibility are denoted by X . 

The possibility distribution function tu(x) = II(X < x) assesses the fuzzy vector X 
regarding the event X < x. It indicates the possibility with which a value Xj that has 
not yet been observed occurs in such a way that every coordinate x jk is less than 
the assigned coordinate x k of the specified value xel The functional values 7t(x) 
are a measure for the membership of the elements x from the fundamental set X 
in relation to the crisp sets interpreted as being events X < x, whereby A i e X 
holds. The possibility distribution function 7r(x) maps the fundamental set X onto 
the interval [0, 1]. 

The possibility is a special uncertain measure that may not be linked to 
statistical approaches. Regarding reproduction conditions or repeatability of trials 
no demands are stated. Based on possibility theory, in addition to objective 
physical parameters, also subjective assessments by experts may be taken into 
account. Regarding samples of measured or observed parameter values - in 
contrast to the probability measure considered here - no requirements exist for 
establishing possibility density and possibility distribution functions. Objective 
information is evaluated with the aid of the possibility measure whereby expert 
knowledge is incorporated. Linguistic assessments, e.g., concerning the quality 
of a construction: very good , good , satisfying , suboptimal , bad may be included 
in the evaluation. 

As pointed out for the probability, the possibility measure must also be extended 
if the fuzzy sets A 1 ,...,A n belong to the family of sets considered. The fuzzy sets 
A r ..., A n are interpreted as being fuzzy events E : x 6 A { with x el Based on 
a given possibility density function p(x) on X, 

ndj) = sup min [ja A (x), p(x)] (2.136) 

denotes the possibility with which the fuzzy event E occurs. nOfL) is a crisp 
number in the interval [0, 1]. 

Further relationships for characterizing the possibility measure may be derived 
as analogs to the probabilistic approach. For taking account of dependencies 
between events, for example, the conditional possibility and an analog to the Bayes 
theorem have been introduced [10]. Moreover, the interaction between fuzzy 
variables dealt with in Sect. 2.1.8 represents a special type of dependency. 



Comparison of Probability and Possibility. The basic difference between 
probability and possibility arises from different concrete realizations of the mon- 
otonicity requirement according to Eq. (2.101). The logical operations A and V for 
combining events Ej are realized on the basis of different arithmetic operations 
between the assigned measure values P(Ej) and n(Ej). Whereas, concerning the 
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probability measure the operation V is accomplished by adding the measure values 
P(Ei) for mutually disjoint events Ej, see Eq. (2.113), the operator sup is adopted 
for linking the possibilities Il^Ej), see Eq. (2.131). In probabilistics the operation A 
is represented by the multiplication of the measure values P(Ej) for independent 



events E i? but in possibilistics 




U(E y AE 2 ) = min[n(E 1 ),n(E 2 )] 


(2.137) 


holds for noninteractive events E j and 




U(AnA 2 ) - 


(2.138) 



applies accordingly to noninteractive sets 4 if these are interpreted as events. The 
operator min is thereby used in accordance with the Cartesian product between 
fuzzy sets. 

For comparing the uncertain measures probability and possibility, the event 
is considered: the value x may belong to the set 4- The measure values P(4) and 
11(4) characterizing the membership of x in relation to 4 are compared by 
means of the demand in Eq. (2.104). Applying Eqs. (2.131) and (2.132) the smal- 
lest possible measure value M u @(4) = 11(4) within the bounds of Eq. (2.104) is 
determined. Every other measure value M u @(4) satisfying Eq. (2.104) must be at 
least equal to 13(4) 

M \(A)> n(A.). (2.139) 

The possibility measure thus represents the weakest proposition regarding the 
realization of an event. The possibility concerning the occurrence of the event Ej 
represents the gradual assessment of the proposition: it may happen that Ej occurs . 
In contrast to this, the probability regarding the occurrence of the event Ej assesses 
the proposition: the event occurs in the statistical mean. From this it follows that 
a probable event with P(4) > 0 is also possible with 13(4) > 0 in each case, but a 
possible event need not be necessarily probable too. 

With the aid of the degrees of credibility and plausibility [10, 47, 155] it can be 
inferred that the probabilities P(4) may be considered lower bounds with regard to 
the possibilities 13(4) 

n(A.) > P(A.); VA.eSQD. (2.140) 

The functional values of probability distribution functions F(x) and possibility 
distribution functions 7t(x) are thus associated via the relation 

7i(x) > F(x) ; VxgX . (2.141) 

From Eqs. (2.140) and (2.141) results a weak monotonicity relationship between 
the uncertain measures probability and possibility 

n(A x ) > n(A 2 ) - P(Aj) > P(A 2 ); VA 1 ,A 2 e«QD. (2.142) 

Equation (2.140) together with the probabilistic complementary relationship 

P(A ) + P(A C ) = 1; VA., A c e @(X) (2.143) 

i i i i 
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yields the weak inequality 

n(A.) + n(A. c ) * 1 ; VA.,A. c e@(X) (2.144) 

for the possibility measure. 

Moreover, the characteristic of the possibility measure stated in Eq. (2.144) 
directly results from Eqs. (2.125), (2.126) and (2.129). Additionally, taking 
account of Eq. (2.127) also explains the relationship between the uncertain 
measures probability and possibility in Eq. (2.140). 



2.2.4 Measures of Uncertainty 

In fuzzy set theory, in probabilistics, in possibilistics, and in the theory of fuzzy 
random variables considered subsequently local uncertainty is assessed when 
specifying sets, i.e., the focus is set on the uncertainty concerning the assignment 
of particular elements from the fundamental set to the set of interest. How 
uncertain the set appears as a whole, i.e., how extensive the global uncertainty of 
the set is, has not yet been assessed with the approaches considered so far. For 
assessing this global uncertainty, however, numerous approaches are available, a 
variety of which is presented, e.g., in [139]. Further basic explanations may be 
found, e.g., in [10, 22]. 

A measure of uncertainty may be defined as a special set function that 
represents a crisp measure according to Sect. 2.2.1 that assesses the global un- 
certainty of subsets from a family of sets. It permits comparison of the measured 
subsets with regard to their uncertainty. 

The various measures of uncertainty differ from each other according to 

- The family of sets that represents the reference point for the assessment 

- The specification of the most uncertain set, and 

- The manner in which the sets are compared regarding their uncertainty 

The most important measure systems concerning uncertainty are represented by 
entropy measures and energy measures. In this book, only the entropy measure 
after Shannon is applied to the one-dimensional case. 



Entropy Measure after Shannon. Shannon’s entropy measure has been derived 
to quantify information [60], it stems from information theory. Information 
comprises the elements selected from a declared character set representing the 
fundamental set X. The interpretation of these elements as being events permits 
the assignment of probabilities P(Xj) to the x { and the generation of information 
may thus be described as a random process. The entropy after Shannon is stated 
as being an information measure based on the assessment of possible binary 
decisions. 
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The Shannon entropy H represents the average information content described 
by a number of binary decisions required for characterizing a state if the n objec- 
tively, physically possible elements of the declared character set possess - also 
different - probabilities. Considering discrete information 

H = -£P(x i )-ld(P(x j )) (2.145) 

i = 1 

holds and in the continuous case 

x = +00 

H=- J f(x)*ld(f(x))dx (2.146) 

X = — OO 

applies. The unit of Shannon’s entropy is the bit (binary digit). 

A plausible explanation of the axiomatically determined entropy measure after 
Shannon, which addresses an intuitive imagination of the information content, is 
discussed in [139]. 



Modification of Shannon’s Entropy Measure. On the basis of the Shannon 
entropy the uncertainty of a set can be measured. The elements of the declared 
character set are interpreted as elements of an uncertain set, their membership in 
relation to the considered set is indicated by an uncertain measure. 

For assessing the fuzziness of the fuzzy set A. c X, the functional values of the 
membership function p(x) of A. are applied as measure values of the elements. 
The dyadic logarithm in Eqs. (2.145) and (2.146) is transformed into the natural 
logarithm 



ld(l*(x)) = k-ln(|i(x)) ; k = — 1— (2.147) 

ln(2) 

and the parameter k is released with k > 0. Additionally, the suitable requirement 
that the uncertainty of the fuzzy set A { must coincide with the uncertainty of 
its complementary set A- is introduced. Therewith, the definition of Shannon’s 
entropy for measuring fuzzy sets is obtained, as presented in [10] and [22] for the 
discrete case. 

Shannon’s uncertainty measure of the discrete fuzzy set A { is defined by 

H u Oi) = -k-E^-ln^Xi)) + (l-ju(x i ))ln(l-n(x j ))], (2.148) 

i = 1 L 

and for the continuous fuzzy set A { 

x = +0O 

H (A.) = -k- / [ M (x)-ln(n(x)) - ( 1 - !i(x)) • ln( 1 - |i(x) )] dx (2.149) 

X =-°° 

holds. 

The Shannon entropy represents a measure characterizing the "steepness" of 
the membership function p(x). When assessing the crisp set the measure value 
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H u (Aj) = 0 is obtained. The most uncertain set A { characterized by jli(x) = 0.50 for 
all x 6 A { except at the mean value yields the maximal measure value 
= H max . With increasing conformity of the fuzzy set A { with the crisp set A; 
the uncertainty measure Hj/Aj) converges towards zero. The better the conformity 
of A i with the most uncertain fuzzy set is, the greater H^Aj) becomes. 

For measuring multidimensional fuzzy sets, Eqs. (2.148) and (2.149) may be 
easily extended to these cases. 



When considering major problems in engineering sciences, like damage processes, 
risk assessments, lifetime prognoses for structures, or loading in consequence of 
natural incidents, uncertain data are present. The classical modeling of these data 
using random variables or random processes is problematic if the requirements 
regarding this modeling are not complied with, e.g., if the reproduction conditions 
do not remain constant during the generation of sample elements. Such uncertain 
data possess further uncertainty in addition to their random properties. If this 
additional uncertainty is interpreted as being fuzziness and associated with the 
simultaneously existing randomness, fuzzy randomness arises. 

Definitions and basic terms concerning fuzzy randomness have been introduced 
by Kwakemaak [96, 97] and enhanced, e.g., by Puri and Ralescu [150], Wang and 
Zhang [198], Bandemer and Nather [11], Viertl [194], Nather and Korner [134], 
and Kratschmer [90]. The formal characterization of fuzzy randomness chosen by 
these authors, however, only barely represents a suitable basis for numerical 
simulations in engineering sciences. 

On the basis of a -discretization and with the aid of fuzzy probability distribution 
functions, a more suitable representation of fuzzy randomness may be gained in 
view of numerical simulations. In Sects. 2.3.1 and 2.3.2 the formal characteriza- 
tion of fuzzy random vectors and fuzzy random functions is addressed. Their 
application is demonstrated in Chap. 5 for fuzzy stochastic structural analysis and 
in Chap. 6 for fuzzy probabilistic safety assessment. 

In contrast to the descriptions regarding fuzziness in Sect. 2.1, the uncertainty 
characteristic fuzzy randomness is directly presented for the multidimensional 
case. 

2.3.1 Fuzzy Random Vectors 

2.3.1 .1 Definition of Fuzzy Random Vectors 

In accordance with probability theory, the space of the random elementary events 
Q is introduced. Instead of a real realization, a fuzzy realization of the form 
x(o)) = (x 1 , ..., x n )cX is now assigned to each elementary event a) e Q. The 
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n-tuple x(o>) is constituted from the n fuzzy numbers Xj , x on the fundamen- 
tal set X = M n . Each fuzzy number is defined as a convex, normalized fuzzy set 

Xj = {(x, Mx ,(x))| xeX}, (2.150) 

whose membership function is at least segmentally continuous and possesses 
the functional value p(x) = 1 at precisely one value x. The fuzzy realizations 
Xj= x(o)j), x 6 = x(o> 6 ) on M 1 resulting from six elementary events are illus- 

trated in Fig. 2.36. 

A fuzzy random variable or fuzzy random vector X is the fuzzy result of the 
uncertain mapping 

X: Q-FQD , (2.151) 



where F(X) is the set of all fuzzy numbers on R n . With Eq. (2.151) a vector is 
defined whose elements possess the property fuzzy randomness. 




>q = x{w,): realization of the 

real random variable X 

*(Wi) € xfwO 



Fig. 2.36. Realizations of a one-dimensional fuzzy random variable 



If the realization x of a real random vector X as well as the fuzzy realization x 
of a fuzzy random vector X may be assigned to an elementary event G), and if 
x 6 x holds, this means that x is contained in x . If, for all elementary events 
0 ) e Q, the x are contained in the x, the x then constitute an original X = Xj 
of the fuzzy random vector X. The original Xj is referred to as completely 
contained in X. Each real random vector X (without fuzziness) on X that is 
completely contained in X is thus an original Xj of X, i.e., in the Q-direction each 
original Xj must be consistent with the fuzziness of X. This means that the fuzzy 
random vector X is the fuzzy set of all possible originals Xj contained in X. Fuzzy 
random vectors may be continuous or discrete with regard to both their random- 
ness and fuzziness. The following considerations are primarily devoted to the 
continuous case as the others may easily be derived from this. Realizations of the 
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real random variable X representing an original Xj of X are displayed as black 
points in Fig. 2.36, for these x(co i ) e x(a)j) holds. 

Each fuzzy random vector X contains at least one real random vector X as an 
original Xj of X. It thus follows that each fuzzy random vector X that only 
possesses precisely one original is a real random vector X. The description of fuzzy 
random vectors by means of their originals ensures that real random vectors are 
contained in fuzzy random vectors as a special case. As each realization x of the 
fuzzy random vector X according to Eq. (2.151) is a fuzzy number, the special 
case of a real random vector is uniquely defined by the mean values of the fuzzy 
realizations x (membership level p = 1). By this means it is possible to take 
account of random vectors and fuzzy random vectors simultaneously. 

The fuzzy random vector is referred to as normalized if each realization x of 
X represents a normalized fuzzy variable. 

As in Eq. (2.151) F(X) represents the set of all fuzzy numbers on M n , it is 
ensured that the fuzzy random vector X is normalized. 

2.3.1. 2 Probability Measure for Fuzzy Random Vectors 

Fuzzy random vectors are assessed on the basis of an uncertain probability 
measure, namely a fuzzy probability measure, which admits to reveal fuzziness. 

The fuzzy probability measure is derived from the following treatment: Given 
are the realizations x of the fuzzy random vector X; the x are fuzzy sets on the 
fundamental set X. Moreover, the family of sets XH(X), whose crisp elements 
are treated as events E i? is defined on X. The event Ej is considered to have 
occurred when X e A { . Due to the fuzziness of x the event Ej also possesses 
fuzziness, this becomes the fuzzy event E- . 

Considering X 6 A j three states are taken into account (Fig. 2.37): 

- The fuzzy realization Xj lies completely inside the set Aj. 

- The fuzzy realization x 2 lies only partially inside Aj. 

- The fuzzy realization x 3 lies completely outside the set A { . 

From this it may be inferred that the probability P(X e Aj) does not merely 
represent a crisp value, but rather a set of probabilities. Furthermore, it is obvious 
that the degree of the partial occurrence of X e 4 may be assessed by member- 
ship values induced by the fuzziness of X. 

The fuzzy probability P(Aj) is the set of all probabilities P(X e Aj) with the 
corresponding membership values p(P(X e Aj)), which takes into account all states 
of the occurrence of X 6 Aj. 
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Fig 2.37. Interpretation of X e Aj for the one-dimensional case 

The probability space [X, 0, P] belonging to the real-valued probability is ex- 
tended by the membership values p(P(X e Aj)) to constitute the fuzzy probability 
space [X, ®, P, p] or [X,@,P] . 

Based on a -discretization the determination of P(A.) is accomplished by cal- 
culating a set of real-valued probabilities in the probability space [X, ©, P] on each 
a-level. For this purpose the fuzzy random variable X is also subdivided into 
a-level sets 

X o = {x =x. I |i(X.)>a}. (2.152) 

The X a are crisp random sets. In the one-dimensional case a closed random interval 
[X a „ X a r ] is obtained. 

X k Realizations of the fuzzy random variable X 
x ka Realizations of the random a-level set X p 
• Realizations of the original X al 




Fig. 2.38. Crisp set A- and realizations x of the fuzzy random variable X by applying 
a-discretization 
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As all elements of 2L or [X al , X ar ] are originals Xj of X, the probability that 
the element Xj of the a-level set X a is also an element of A i may now be stated on 
each a-level using the uncertain measure probability according to Sect. 2.2. This 
is illustrated in Fig. 2.38 for the one-dimensional case and the realizations of 
the originals X a { and X a r . 

The approach for determining the fuzzy probability P(A.) by means of a- 
discretization corresponds to the basic idea to calculate the probability of a fuzzy 
event as fuzzy set, which is proposed, e.g., in [203]. In contrast to the extension of 
the probability measure stated in Sect. 2.2 the sets to be measured now do not 
represent fuzzy sets, but the realizations x of the fuzzy random vector X are 
characterized by fuzziness. 

The probability with which elements of a random, not yet observed, realization 
of the fuzzy random vector X and elements of a crisp set A - defined on the 
fundamental set X - coincide is referred to as th e fuzzy probability As the 
realizations of fuzzy random vectors are formed by fuzzy numbers, the fuzzy 
probability always represent convex fuzzy sets. It may thus be calculated by means 
of a -discretization without any requirements 

m.) = {(P a CA.),n(P a (A.))) I p a (d.) = tP al (4.).P ar (A.)]; 

M(P a (4.)) = aVae(0,l]}. 

The right-hand side of Eq. (2.153) is evaluated for each a-level with the aid of 
the uncertain measure probability according to Sect. 2.2. The bounds P a ^4) and 
P a r (4) of the a-level sets P a (4) are obtained by assessing the events 

- "X a is contained in 4 : X« £ A”, and 

- E 2 : "X a and A possess at least one common element: X« n A * 0 " 

These two events are "extreme” interpretations of the proposition X e A i? the basic 
idea of which is also used for bounding probability by other uncertain measures, 
Eqs. (2.123) and (2.124). The event E x yields the least probability P al (4), where- 
as the event E 2 yields the highest probability P ar (4). The events Ej and E 2 
characterize bounds with regard to a partial occurrence of X e 4- The following 
holds 



P al (A.)= P(X a cA i ), (2.154) 

P ar (A.)= P(X a nA> 0 ). (2.155) 

As all elements of X a are originals of X, Eqs. (2.154) and (2.155) also yield 
bounds for the probability of the originals. The intervals [P a ,(Aj), P a ,(4)1 contain 
the probabilities of all possible states describing the occurrence of X e A { . 

The fuzzy probability P(A .) thus represents the set of the uncertain measures 
Pj(Aj) for all originals Xj o^ X with the membership values iXP^Aj))- As the 
dimension fuzziness of the fuzzy probability space [X,®,P] is decomposed by 
a -discretization, for each original of X the probability measure in the probability 
space [X, @, P] according to Sect. 2.2 may be computed. 
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For the special case of real random vectors X, both X a n Ai * 0 and X a c A { 
reduce toXe Aj, i.e., P a ,(Aj) and P a r (Ai) coincide; the event X e Aj cannot occur 
partially. 

The partial occurrence of X e Aj is induced by the fuzziness of X. The 
evaluation of all states, for which X« n Ai ^ 0 is satisfied, but for which X^ c Aj 
does not apply, yields the probability shadow, which exclusively contains the 
fuzziness of the event X e Aj. 

The probability shadow ^(A .) is the probability with which the event X e A { 
exclusively partially occurs, it characterizes the fuzziness of P(A ) in Eq. (2.153) 

P S (A.) = {(P s . a (4 i ),n(^, a (A i )) ) I P s ,„CA.)=[0,P s>ar CA i )]; 

H(P s , a (4 i )) = aVae(0,l]}. 

The a-level sets P s , a (4.i) are determined from 

Ps.aM;) = P(X a nA>0 A X a c A.), (2.157) 

i.e., the following holds 

\ariA) = P ar (A)~ PJAy (2.158) 

Real random vectors X do not possess probability shadows P S (A). A fuzzy 
random vector may thus be considered to be a "real random vector extended by the 
probability shadow". 

The application of Eqs. (2.154) and (2.155) to the one-dimensional sets 

Aj = |x | x e X; Xj < x< x 2 | (2.159) 

leads to 

P aiOi)= max [0, p ( x ar = t r | x 2 ,t r eX; t r <x 2 ) (2.160) 

- p ( x ai =t i I x pt,eX; t,< x,)] , 
and 

P ar(A,) = p ( x ai =t i I x 2 ,t,eX; t,<x 2 )- P(x ar = t r | x p t r eX; t r <x,). (2.161) 

Thereby, the property that the bounds of the random a-level sets [X a j, X a r ] are 
originals of X is used (Fig. 2.39). 

Real random variables with X = X a , = X a r lead to 

P al(A) = P ar( A i) = P ( X=t | X p X 2 ,t6X; X, < t < X 2 ) . (2.162) 

If the set Aj comprises only one element A } = x i5 the fuzzy probability P(A .) 
changes to P(x .) . The event X a n Aj * 0 is then replaced by Xj e Ha and Ha ^ Ai 
becomes X a = Xj- The probability P al (x.j) = P(X a = &) may take values greater than 
zero only if a realization of X a exists that possesses exactly one element X a = t 
with t = Xj and if this element t represents a realization of a discrete original of 
Otherwise, P al (Xj) = 0 holds and the fuzziness of P(x .) is exclusively specified 
by P a r (2Li)- ^ Ha contains only one original, Xj e X a also changes to X a = Xi and 

P ar(Xi) = Pal(Xi) holds. 
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Realizations of the cHevel set 




to determine P a ,(A) 



to determine P ar (A) 





Fig. 2.39. Events for determining P a ^Aj) and P a r (Aj) 

In the one-dimensional case substituting x i = x l ~x 2 in Eq. (2.159) leads to 

P al( X i)= P ( X al =X ar= t| XpteX; t = Xj) , (2.163) 

and 

P ar( X i)= P ( X al =t ll X i ’ l l ^ M X ,)“ P ( X ar = l r I X i> l r £ l r< X i) • ( 2 - 164 ) 

The properties of the fuzzy probability P(A .) result from the properties of the 
uncertain measure probability according to Sect. 2.2 under consideration of all 
a-levels at once. For example, a complementary relationship may be derived for 
P(A ). From the equivalence 



(X cA )« (X n A c =0) 

a i a i 


(2.165) 


for each a-level follows 




P(X cA ) = P(X n A c = 0 ) . 

a i a i 


(2.166) 


Since the complementary event belonging to X a n Af = 0 
for the probabilities of the assigned events it holds that 


reads X* n A? * 0 > 


P(X n A c = 0 ) = 1- P(X nA c * 0 ) . 

a i a i 


(2.167) 


Taking account of Eqs. (2.154), (2.155), and (2.165) 




PJA^l-PJA 1 :) , 


(2.168) 


and accordingly 




P ar (4 i >=l-Pa.^) 


(2.169) 


is obtained. The combination of all a-levels in accordance with Eq. (2.153) yields 


P(A ; )= 1- P(A^). 


(2.170) 
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Further treatments of the fuzzy probability concerning, e.g., the consideration of 
dependencies between the events to be evaluated are not described here. 



2.3.1 .3 Fuzzy Probability Distributions 

The fuzzy probability P(A t ) may be computed for each arbitrary set Aj e @(X). 
If - as a special family of sets 8(X) - the system @ 0 (M n ) of the open sets accord- 
ing to Eq. (2.106) is chosen, the concept of the probability distribution function 
may then be applied to fuzzy random vectors. 



Fuzzy Probability Distribution Function. The fuzzy probability distribution func- 
tion F(x) of the fuzzy random vector X on X = M n is the fuzzy probability P(A .) 
of Aj - Aj according to Eq. (2.106) - for all x- e X (Fig 2.40). For each specified x 
the fuzzy functional value 

F(i) = {(F a G0, M(F a C0)) I F a 00 = [F al (x), F ar G0] ; 

p(F a (x)) = aVae(0, 1]} 

is defined for all a -levels by 



(2.171) 



and 



F al (x=(x 1 ,...,x n )) = 1-max P(X j = t=(t 1 , t n )j x,teX = l n ; 

3 t k > x k ; 1 <k<n) , 



(2.172) 



(2.173) 



F ar (x=(x,,...,x„))= max P(X. =t = (t,,...,t n ) | x, te X=M n ; 

t k <x k ;k = l,...,n) . 

For determining F al (x) the relationship in Eq. (2. 168) is used. All originals Xj of X 
that are contained in X a must be taken into account. The fuzzy probability 
distribution function F(x) of X may thus be interpreted as being the set of the 
probability distribution functions Fj(x) of all originals Xj of X with the mem- 
bership values p(Fj(x)). It represents a fuzzy function in accordance with the 
definitions in Sect. 2.1.11.1 and each original Xj determines precisely one tra- 
jectory Fj(x) e F(x). 

From the fuzzy probability distribution function F(x) of the fuzzy random 
vector X the probability distribution shadow F s (x) characterizing exclusively the 
fuzziness of F(x) may be computed. 

The function 



i;U) = {(F s a (20, p(F S a (x))) I F S a (i) = [0, F s ar (i)] ; 



P( F S,afe)) = aVae (°> 



(2.174) 



on X = M n with 



F S,ar00 = F ar(i)- F a|(i) 



( 2 . 175 ) 
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and F ar (x) and F al (x) from Eqs. (2. 172) and (2. 173) is referred to as the probability 
distribution shadow of the fuzzy random vector X. 

In the one-dimensional case the fuzzy probability distribution function is 



determined by 










Fa,00=P(X or = t r 


x,t r eX; t r <x), 


(2.176) 


and 










Fa r ( X )=P( X a,=t, 


x,tjeX; tj<x\. 


(2.177) 



The probability distribution shadow may also be specified with the aid of the 
functional value P ar (x) according to Eq. (2.164) 



F S,ar( X ) = P a,W- P ( X al =t l I t, = x) . (2.178) 



Fuzzy Probability Density Function. The fuzzy probability density function f (t) 
or f (x) (Fig. 2.40) is a fuzzy function (Sect. 2.1.11.1) belonging to F(x) which 
- in the continuous case in relation to randomness - is integrable for each original 
Xj of X and satisfies the relationship 



l l =X l tk = X k V X n 



F:(X) 



/ - / - / V0*- 



(2.179) 



t=-° 



with t = (tj; ...; t n ) 6 X. This means that for each original Xj the integration of the 
assigned trajectory fj(x) e f (x) leads to the trajectory Fj(x) e F(x). For discrete 
fuzzy random variables - in relation to their randomness - the integral term 
reduces to a sum. 




Fig. 2.40. Fuzzy probability density function f(x) and fuzzy probability distribution 
function F(x) of a continuous fuzzy random variable X 



Bunch Parameter Representation. The fuzzy probability distribution func- 
tion F(x) according to Eq. (2. 171) as well as the assigned fuzzy probability density 
function f(x) represents an assessed function bunch , it may also be stated in the 
parametric form (Sect. 2.1.11.1) 





2.3 Fuzzy Randomness 75 



F(x) = F(s,x). (2.180) 

In Eq. (2.180) the assessment of the included crisp functions is realized by the 
fuzzy bunch parameter s. As an example, the fuzzy probability distribution 
function 

F(s,x) = exp(-exp(-s 1 (x- s 2 ))j (2.181) 

of Ex-Max Type I (Gumbel), with the fuzzy bunch parameters 

s. = —5— (2.182) 

o x -f6 

and 

I 2 = m x “0.45-d x , (2.183) 

is illustrated in Fig. 2.41. 




For introducing the F(s,x) in numerical procedures the a -discretization is 
applied in the space of the fuzzy bunch parameters (Fig. 2.42). For each specified 
x this leads to the fuzzy functional value 

F(x) = F(I,x) = {(F a (x), |i(F(x))) | F o (x) = [F a ,(x), F or (x)] ; 

H(F a (x)) = aVae(0,l]} , 

with 

F al (x) = min [F(&, i0 I & e S.J , 

F ar (2L) = max [F(s, 2 O I & e S.J . 

The a-level set 5 a comprises the bunch parameters of all originals on the level 
a and all S ' M together form the fuzzy input set s = § for the numerical treatment of 
F(s,x). Thereby each element Sj from § determines one specific original Xj of X 
and the assigned trajectory Fj(x) = F(Sj, x) f F(x) with the membership values 
|i(Fj(x)) = p(Xj) = M-(Sj). For each Sj from S a the assigned original Xj belongs to the 



(2.184) 

(2.185) 

(2.186) 
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random a-level set X« and the functional values of the trajectory Fj(x) = F(s j5 x) 
comply with Fj(x) e F a (X) for each xel 





Fig. 2.42. a-discretization of F(s,x) from Eq. (2.181) in the space of the fuzzy bunch 
parameters s { md s 2 



Integrating the Fuzzy Probability Density Function. The fuzzy probability 
P(A.) may also be computed by integrating or summing the functional values f(x) 
trajectory by trajectory 

HA.) = J...Jf(x)dx. (2.187) 

x|xedL. 

Considering the example of the one-dimensional half-closed sets 

A { = jx | xgX;Xj< x<x 2 |, (2.188) 

the fuzzy probability P(A.) is obtained as the set of all a-level sets [P a ^Aj), 
Par (Aj)] with 

P ai(A)= max[0,p(x ar = t r | x 2 ,t r eX; t r <x 2 ) (2.189) 

- P(x a | = tj j x p tj 6 X ; t, < Xj jj , 
and 

^ r (Ai) = P(X al = tj | x 2 ,tj6X; t^x,)- P(X ar = t r |x p t r EX; t r <Xjj (2.190) 

in the style of Eqs. (2.160) and (2.161). The substitution of the probability terms 
with the aid of Eqs. (2.176) and (2.177) yields 

P al( A i) = maX [°’ F al( X 2 )- F ar( X l)]’ (2.191) 

and 

F ar( X 2)- F a,( X ,)- (2-192) 

The combination of all a -levels results in 

P(Aj)= F(x 2 ) - F( X j) > 0, 

in compliance with P(A ; ) concerning real random vectors. 



(2.193) 
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In the case of fuzzy random variables that are continuous with regard to 
randomness, P al (i4j) and P ar (^i) ma Y be determined by means of Eq. (2.179) 



P al (A) = max 



0, I f,(t)dt- / f 2 (t)dt| teX; X,=X ar ; X 2 = X a , 



, (2.194) 



t = X 2 t = X t 

p a A) = / f 2«dt- / f,(t)dt | teX; X, = X ar ; X 2 = X a| . (2.195) 

t =-°o t=-oo 



By converting the left-hand integral terms the fuzzy probability P( A is obtained 
in a form that corresponds to the relationship in Eq. (2.170), i.e., P ( zU) is gained 
by evaluating the complementary event X 6 A { c 







t = x, t = +°° ^ 




P a ,(A i ) = max 


0, 1- 


j f 2 (t)dt + f fj(t)dt 


|teX;X, = X ar ;X 2 = X al 



P aAi)=l- 



f f[(t)dt + j f 2 (t)dt 



t 6 . 



:;X 1 = X ar ;X 2 = X al 



(2.197) 



The computation of P( A } ) by integrating the trajectories fj(t) over A i? as usu- 
ally applied to real random vectors, requires taking account of the dependencies 
between X a , and X a r with the aid of conditional events or probabilities; the direct 
application of Eq. (2.170) is thus more advantageous. 



2.3. 1.4 Parameters of Fuzzy Random Vectors 

Fuzzy probability is based on the special objective uncertain measure probability 
(Sect. 2.2.2), which must be applicable to each original Xj of a fuzzy random 
vector X. The quality of inferences derived from this probabilistic approach is 
conditioned by statistical laws when the probability measure is exclusively applied 
to real data. The uncertainty described by one single original Xj only appears with 
the characteristic randomness. Uncertainty with the characteristic fuzziness is 
accounted for by considering different originals of X. Based on observed, random 
realizations of X (or their subjective assessment) the originals Xj are determined. 
They are gained from the consideration: "Which Xj could have led to the obser- 
vations made?" The detected originals Xj are assessed using membership values. 
The fuzzy random vector X is obtained as the fuzzy set of all originals Xj. The 
corresponding fuzzy probability distribution function F(x) maps the fundamen- 
tal set X onto the interval [0, 1]. In contrast to the probability distribution func- 
tion F(x) of real random vectors, the functional values of the fuzzy probability 
distribution function F(x) are fuzzy numbers. 
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The distribution type and parameters of the fuzzy random vectors must thus be 
determined by evaluating all originals Xj of X; these are obtained in the form of 
fuzzy parameters p t (X). 

Th t fuzzy parameter p t (X) of the fuzzy random vector X comprises the fuzzy 
set of the parameters p t (Xj) of all (real-valued) originals Xj with the membership 
values |i(p t (Xj)) 



P t (X) = {(p t (X.),p(p t (X.))) I X. 6 X; p(p t (X.)) = P(X.) Vj} . 


(2.198) 


By applying a-discretization, p t (X) is determined by 




P t (X) = {(p t>a (X),p(p t , a (X))) | p(p t>a (X)) = aV ae (0, 1]} , 


(2.199) 


with 




Pt , a (X)= [p t , 01 (X),p t , ar (X)] , 


(2.200) 


and 




P t „,(X) = min[p(X.) X e X ] , 

’ j J J a 


(2.201) 


P t , ar (X)= max[ Pt (X.)|X.€X a ] . 

J J J a 


(2.202) 



Qee-dimemsioimal case. On this basis the moments of the fuzzy probability dis- 
tribution of the one-dimensional fuzzy random variable X may be stated. These 
are determined with the aid of a-discretization. The following definitions are 
formulated for continuous fuzzy random variables, in the discrete case the integrals 
change to sums. 

The k-th fuzzy initial moment of the fuzzy probability distribution of X is 
defined as 



X = + OO 

fn k =EX k = | x k - f (x) dx, 


(2.203) 


X =-oo 

with k e N. The evaluation of Eq. (2.203) yields 




A k = {( m k,a> ^Ka)) ! m k.a= Kal- m k,arl; 

p(m ka ) = aVae(0, 1]}, 

in which 


(2.204) 


m kol =min[ J x k - f(x) dx | Xj e XJ, 

X = — oo 


(2.205) 


X = + oo 

m k,ar =m f[ / X k -f.(x)dx|X.6X a ]. 


(2.206) 
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For k = 1 Eq. (2.203) yields the fuzzy expected value 

X = + oo 

m x =EX= | x- f(x)dx (2.207) 



of the fuzzy random variable X . 

The k-th fuzzy central moment of the fuzzy probability distribution of X reads 

X = + °o 

C k =E(X-m x ) k = I (x-m x ) k -f(x)dx (2.208) 

X - — oo 

for k 6 N. The evaluation is carried out analogously using Eqs. (2.204), (2.205), 
and (2.206). 

The fuzzy variance of the fuzzy random variable X is given by Eq. (2.208) with 
k = 2 as 

X = + °° 

= D 2 X = j (x-m x ) 2 • f (x) dx. (2.209) 



The fuzzy standard deviation is obtained by extracting the square root of D 2 X 
in Eq. (2.209) 



6 x 



\/d i Z 



X = + 




(x-m x ) 2 * f (x) dx. 



( 2 . 210 ) 



The laws governing the relationships between the moments of real random 
vectors may be applied in a similar way to the fuzzy moments of fuzzy random 
vectors. The interaction between the fuzzy variables involved must thereby be 
taken into account. 



2.3.2 Fuzzy Random Functions 

2.3.2.1 Definition of Fuzzy Random Functions 

A fuzzy random function is a function whose functional values are fuzzy ran- 
dom vectors. These functional values may depend on the spatial coordinates 
fi = ( 0 ^ 62 , 63 ), the time t, and occasionally further parameters (g = (<p l5 (p 2 , ...) 
from the parameter space T c M m . In general these parameters may represent fuzzy 
variables. With the fuzzy parameter vector t = (f ,0, (j)) | t e F(T), X(I) charac- 
terizes a fuzzy random function defined on the space F(T) x Q. Thereby Q denotes 
the space of the random elementary events and F(T) represents the set of all fuzzy 
vectors on T c M m . Extending the definition of fuzzy random vectors according to 
Eq. (2.151) with the aid of the basic characterization of fuzzy functions from 
Eq. (2.60) the fuzzy random function X(f) is defined as the fuzzy result of the 
uncertain mapping 

X(I): F (DxQ - F(X), 

in which F(X) characterizes the set of all fuzzy numbers on M n . 



( 2 . 211 ) 
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In accordance with the discussion of fuzzy functions (Sect. 2.1.11.1) the 
following explanations focus on crisp parameter vectors t = (t, £, eg) | t e T, as 
these appear in common engineering applications. The definition of a fuzzy 
random function X(t) then reads 

X(t): TxQ - FQQ. (2.212) 

For each specified point tela fuzzy random function represents a fuzzy 
random vector X t = X(I) in accordance with Eq. (2.151). A fuzzy random func- 
tion may thus also be defined as a set of fuzzy random vectors on the parameter 
space T 

XOt) = {X,= Xft) VI | tel}. (2.213) 

According to Eqs. (2.212) and (2.213), for all t 6 T together a fuzzy function 
x(t) is assigned as a realization to each elementary event a) e Q. Two realizations 
x x (t) and x 2 (t) of a one-dimensional fuzzy random function are plotted in 
Fig. 2.43. 




If the realization x(t) of a real random function X(t) as well as the fuzzy 
realization x(t) of a fuzzy random function X(t)may be assigned to the same 
elementary event 0 ), and x t = x(t) e x t = x(t) holds for all t e T, then x(t) is con- 
sidered to be contained in x(t), i.e., x(t) represents a trajectory of x(t) (Sect. 
2.1.11.1). If x(t) is contained in x(t) for every elementary event co 6 Q, the x(t) 
constitute an original function Xj(t) of the fuzzy random function X(t). Each 
original function Xj(t) possesses the properties of a real random function X(t) 




2.3 Fuzzy Randomness 81 



(without fuzziness) on the parameter space T. This means that the fuzzy random 
function X(I) is the fuzzy set of all possible original functions Xj(t) contained in 
X(l). Thereby the original functions possess membership values p(Xj(t)) indicat- 
ing the degree to which Xft) belongs to X(l) • 

In accordance with the treatment of fuzzy random vectors (Sect. 2.3.1), the 
a-discretization is adopted. Referring to Eq. (2. 152) the set of original functions on 
the level a may be denoted by 

X a (t) = {x(t) = X.ft) I M(X .00) > a} , (2.214) 

and is referred to as a random a-f unction set. 

By combining the random a-function sets for all a-levels the a-level represen- 
tation of a fuzzy random function 

XO) = {(x u a),|i(xa») I M(X a (D) =a Vae (0,1]} (2.215) 

is accomplished. 

In the one-dimensional case for each specified t closed random intervals 
[X ta l9 X tar ] are obtained (Sect. 2.3.1) and the random a-function set according to 
Eq. (2.214) may be characterized by the set of these random intervals for all t e T 

X„(l)={[X tal ,X tar ] Vtel}. (2.216) 

The random functions 

X a|(D= { X ta, V lel}, (2.217) 

and 

X ar (t)={X, a[ Viel} (2.218) 

are the lower and upper random bounding functions of the fuzzy random function 

on the level a. In general, these random bounding functions do not necessarily 
represent original functions of the fuzzy random function, they merely envelope 
the random a-function sets X a (t). 



Bunch Parameter Representation. In accordance with the bunch parameter 
representation of fuzzy functions (Sect. 2.1.1 1.1), the fuzzy random function from 
Eq. (2.212) may be characterized by an assessed random function bunch denoted 
by 

X(I) = X(s,t). (2.219) 

The assessment of the individual real random functions included in X(s, t) from 
Eq. (2.219) is again realized with the aid of fuzzy bunch parameters s . The fuzzy 
random function according to Eq. (2.212) may now be defined in the space of the 
fuzzy bunch parameters 

XU) = X(I,D= {(X(D,n(Xa)))| X(l) = X(s, I); 

M(X(t)) = n(s) Vses}. 



( 2 . 220 ) 
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In accordance with Eq. (2.215) the fuzzy random function X(t) may also be 
characterized with the aid of random a-function sets described on the basis of 
bunch parameters 

X a (t) = jx(s,t) Vs I s e £ a ; a e (0,1]}- (2.221) 

The set addresses all original functions Xj(t) = X(s t) with Sj 6 S a on the 
level a. For each a it represents a subspace of s. Each element Sj from S a 
determines precisely one original function, i.e., one real-valued random function 
on the level a. 

Each fuzzy random function X(t) comprises at least one real random function 
X(t) as an original function Xj(t). Thus each fuzzy random function that possesses 
precisely one original function is a real random function X(t). 

Real random functions accordingly represent a special case of fuzzy random 
functions. This special case appears for p(X^(t)) = 1. Both real random functions 
and fuzzy random functions may thus be considered simultaneously in fuzzy 
stochastic structural analysis and fuzzy probabilistic safety assessment. This means 
that fuzzy random functions represent a generalized uncertainty model. 

2.S.2.2 Parameters and Properties off Fuzzy Random Functions 

As the fuzzy random functions according to Eq. (2.213) are defined as a set of 
fuzzy random vectors on the parameter space T, for each specified t e T the fuzzy 
probability distribution function F t Q0 = F(x ,1) characterizing the fuzzy random 
vector X t = X© is known. In accordance with Sect. 2.3. 1.3, these fuzzy functions 
may be described with the aid of the original functions Xj(t) of X(i) . For each crisp 
point t these original functions reduce to originals X tj = Xj(t) representing real- 
valued random vectors belonging to t. The functional values F t (&) of the F(£,t) 
at the specified point t may be determined in accordance with Eq. (2.171), 

F t U) = {(F ta co. n(F ta (i))) | F ; a (x) = [F tal U), F tar (s)]; 

M(F ta (x)) = aV ae(0, 1]}, 

with 

F tai(*) = i-max P(x.= u| X,u G X=R n ; x k ; l<k<n), 

tj — ta 

F tar (x)= max P(X , = u| x, u e X = M n ; u k < x k ; k = 

— tj ~ta 

and x = (x 1? ..., x n ), u = (u 1? ..., u n ). 

The fuzzy probability distribution function F t (x) of the fuzzy random vector 
X t = X(t) at the point t also represents the set of the probability distributions 
F tj (x) of all originals X tj (not of the original functions!) with the membership val- 
ues p(F tj (x)). In compliance with Sect. 2.3. 1.3 the F tj (x) are trajectories of F t (x) . 

If for all t E T the F t (x) represent fuzzy Gaussian normal distributions 
(Gaussian normal distributions with fuzzy functional parameters), the assigned 



( 2 . 222 ) 

(2.223) 

(2.224) 
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fuzzy random function is referred to as a fuzzy Gaussian process. 

Owing to the generally existing dependencies between the X t at different points 
t, the specification of the fuzzy probability distribution functions F t (i) for several 
t is not sufficient. To completely characterize a fuzzy random function the de- 
pendencies in the F t (i) must be taken into account by introducing the multi- 
dimensional fuzzy probability distribution function 

F(x -xft, x = x(i)\ = P(A =A.ft,)A...A 4 = A.(t)\, (2-225) 

in which the A- are to be defined according to Eq. (2.106) and n denotes the 
number of points t in the parameter space T. For fuzzy random functions 
multidimensional fuzzy probability density functions are also defined. The fuzzy 
probability density function f (x,t) is a function belonging to Ffe ,1), whereby - in 
the continuous case - each fj(x, t) belonging to the original function Xj(t) is 
integrable at t and complies with the requirement 



FjlVS^’-’V *(!„)) = 

li -x U. = X. U nr = X_. 

U 11“ X 11 lr l lr l n, n nr n 

/ 



u(t )\du ...du . 

n / n 1 



(2.226) 



In the discrete case the integral is to be replaced by the associated sum. 

In this sense the fuzzy random function X(t) is characterized by an 
r-dimensional fuzzy random vector with the coordinates x n , ..., x lri , x 21 ..., x 2r2 , ...» 
x nl , X nfn and 

k = n 

r= E r k- (2.227) 

k = l 



Enhancing the concept of stochastic processes, the parameters and properties of 
fuzzy random functions may be defined. This enhancement relies on the parame- 
ters and properties of the original functions and on the a -level representation 
according to Eq. (2.215). In compliance with real stochastic processes each 
original function X(t), i.e., each real random function, may be evaluated with the 
aid of parameters. These parameters or characterizing terms like, e.g., the trend 
function, the covariance function, and the correlation function are defined as a 
bunch of functions assessed by membership values and thus represent fuzzy 
functions. 



One-dimensional case. For the one-dimensional fuzzy random function X(t) the 
k-th fuzzy initial moment function m k (t) may be defined as 

X = +oo 

m k (t) = E[X k (t)] = J x k -f(x,t)dx. (2.228) 

X = — OO 

This integral has to be solved as a sequence of integrations of all fj(x, t), which are 
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assigned to the original functions Xj(t) included in X(£) . Applying a -discretization, 
for each specified t 

*k,t = {( m k,ta’MK,a)) I m k,,a= K,tal> m k,tar]; 

^ m k.ta) = aVa6 ( 0 ’ 

with 

x = + oo 

m k,tai =min [ f X k - f tj (x) dx I x tj e x ta ], 

J J 

X — — °° 

X = + OO 

m k,,ar = m f t / Xk ' f ,j( X ) dx I X ,j e X tJ 

x =-00 

holds, in which X ta denotes the random intervals [X ta 1? X ta r ] referred to in Eq. 
(2.216). 

The fuzzy moment functions m k (t) are determined by evaluating all original 
functions Xj(t). They are fuzzy functions that explicitly depend on the parame- 
ter t but not on the Xj(t). 

For k = 1 Eq. (2.228) yields the fuzzy expected value function 

X = + oo 

m x (t) = E[X(t)] = J x-f(x,t)dx, (2.232) 

X =-°° 

which characterizes the trend of the fuzzy random function. As each functional 
value represents a fuzzy number, with p = 1 the transition to the special case of a 
trend function of a real random function may be realized. With 

X = + OO 

l k = E[(X(t)-m x (t)) k ]= f (x-m x (t)) k -f(x,t)dx, (2.233) 

X = — oo 

the k-th fuzzy central moment function of the one-dimensional fuzzy random 
function X(t) is obtained. The evaluation of Eq. (2.233) is carried out cor- 
responding to Eq. (2.229). 

For k = 2 this leads to the fuzzy variance function 

X = +oo 

Var[X(t)] = d x (t) = j (x-m x (t)) 2 - f (x,t) dx. (2.234) 



(2.229) 

(2.230) 

(2.231) 



In view of the applications, moreover, the fuzzy covariance function and the 
fuzzy correlation function are required. The fuzzy covariance function regarding 
the parameter vectors and t 2 reads 

Ka i? t 2 ) = Cov[^),X(t 2 )] = EtC^-m^))* (Xft 2 )-m x (l 2 ))]. (2.235) 



Normalizing Eq. (2.235) with the aid of the fuzzy standard deviation yields the 
fuzzy correlation function 



edi,t 2 ) = 



Kftj.t,) 



A ar(Xa,)) ‘ (/var(X(t 2 )) 



(2.236) 
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The fuzzy covariance function and the fuzzy correlation function are symmetric 
functions, i.e., the following holds 

£(1^)= KCt^tj), (2.237) 

e(l r l 2 ) = Q(I 2 , tj). (2.238) 

In extension to real stationary processes, stationary fuzzy random functions are 
defined. A fuzzy random function is referred to as stationary in strong sense if the 
fuzzy random variable X t is independent of the parameter vector t 

X0)= X t = X Vl el. (2.239) 

This leads to a fuzzy probability distribution function F t (x) of X t that is also inde- 
pendent of t, i.e., F t (x) does not vary for different t e T 

F(x,t) = F t (x) = F(x) Vt el. (2.240) 

This definition also holds for the multidimensional case. 

If the fuzzy random function represents a fuzzy second order process (as a for- 
mally extended real-valued second order process), the previous definition may be 
modified. A fuzzy second order process is considered stationary in wide sense if its 
fuzzy expected value function as well as its fuzzy variance function represents a 
stationary fuzzy function (Sect. 2.1.11.1), i.e., both fuzzy functions are inde- 
pendent of the parameter vector t 

rh x (t) = E[X(t)] - rh x = constant VteT, (2.241) 

&x(!) = Var[X(t)] = S x = constant Vte T. (2.242) 

From this it follows that the fuzzy correlation function and the fuzzy covariance 
function at all points t in the parameter space only depend on the difference 
6 = t 2 - tj in each particular direction. 

As a fuzzy Gaussian process represents a second order process and is, 
furthermore, completely determined by its first two fuzzy moments, a fuzzy 
Gaussian process that is stationary in wide sense is also stationary in strong sense. 

2.3.2.3 Fuzzy Random Field and Fuzzy Random Process as Special 
Cases of Fuzzy Random Functions 

As fuzzy random functions combine both randomness and fuzziness and comprise 
arbitrary parameter vectors t, the following special cases may be introduced: 

- If the parameter vector t comprises only the time coordinate t, i.e., t = x, 
a special fuzzy random function arises as a fuzzy random process. 

- If the parameter vector t is constituted only by the spatial coordinates 
&= (0j, 0 2 ,6 3 ), a fuzzy random field is obtained as a special case of the fuzzy 
random function. 
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- If the uncertainty to be specified exhibits only randomness but no fuzziness, the 
fuzzy bunch parameter vector s in the fuzzy bunch parameter representation 
according to Eq. (2.219) changes to the deterministic, i.e., crisp, parameter s. 
Hence the special case of a real random function is stated. 

- The special case of a fuzzy function is obtained if the uncertainty to be speci- 
fied is characterized only by fuzziness. The uncertain mapping according to 
Eqs. (2.21 1 ) and (2.212) is then exclusively defined on the parameter space T. 

The uncertainty characteristics fuzzy randomness, randomness, and fuzziness may 
be simultaneously considered in the structural analysis, in the safety assessment, 
and in the structural design, since both real random functions and fuzzy functions 
represent special cases of fuzzy random functions. Regarding applications in 
structural engineering, fuzzy random processes and fuzzy random fields are of 
particular interest. 



Fuzzy Random Fields. With the aid of fuzzy random fields, fuzzy randomness 
that is time constant but varying subject to the spatial coordinates fl = ( 0 ^ 62 , 83 ) 
may be described on a domain B c M n . From Eq. (2.213) the special case 



X(0) ={X 0 = X(fi) Vfi|fie5cR"} 

may be derived. 



(2.243) 




Fig. 2.44. Fuzzy realization of a fuzzy random field on a two-dimensional domain 

With Eq. (2.243) the fuzzy random field is defined as a set of fuzzy random 
vectors on the domain B. For a two-dimensional domain a fuzzy realization of a 
fuzzy random field is illustrated in Fig. 2.44. This realization represents a fuzzy 
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function. With the realization o\ ^ x k the fuzzy variable x k is assigned to the 
point Pj. 

For the numerical analysis the bunch parameter representation 

X(fl) = X(£,fl) 

is advantageous. From Eq. (2.220) follows 

X(fl) = X(s,fl) = {(X(G), n(X(fi))) I X(fl) = X(s, fl); 

P(X(fl)) = ji(s) V S el}. 

With the aid of a-discretization this may be described in accordance with 
Eq. (2.215) 

X(fi) = {(X a (0) , M (X a (0))) | b (X a (fi)) = a V a e (0, 1]} , (2.246) 

whereby X a (fi) denotes the random a-function sets 

X a (0) = {X(s,0) Vs | s e S a ; a e (0,1]}, (2.247) 

comprising all original functions on the level a. 



(2.244) 

(2.245) 




x(6) = x(0 ll e a ) 




Pi«i) • P2(e 2 ) 



Fig. 2.45. Realization of a fuzzy random field 

This bunch parameter representation is illustrated in Fig. 2.45. Two points P^flj) 
and P 2 (0 2 ) with the assigned fuzzy random variables X(fi ) and X(fl 2 ) are regarded 
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and the associated fuzzy probability distribution functions F(x(£ )) and 
F(x(£ 2 )) are plotted. Both fuzzy probability distribution functions depend on the 
fuzzy bunch parameter s . All originals that are accounted for by Sj e ^ belong to 
the level a. With a specific value Sj precisely one original of each fuzzy random 
variable X^) and X(fl 2 ) is chosen. These originals are characterized by the fuzzy 
realizations x^) and x(0 2 ). Considering the realizations of the originals for all 
points PiCBj) then leads to one realization of one original function of the fuzzy 
random field. 

A stationary fuzzy random field is called isotropic if the fuzzy correlation 
function and the fuzzy covariance function at all points £ e ® only depend on the 
absolute distance ||8|| = || £ 2 -£ || 

K (£,£+£) - KfllfiH) Vfiefi. (2.248) 



Fuzzy Random Processes. With the aid of fuzzy random processes time-depen- 
dent influences, like, e.g., a water pressure depending on the water level, may be 
accounted for. In the case of fuzzy random processes Eq. (2.213) takes the special 
form 

X(t) = {X x = Xd) Vt| teT} . (2.249) 

According to the bunch parameter representation the following holds 

X(t) = X(s,x), (2.250) 

X(T) = X(s,T)= {(X(T),H(X(T)))| X(T) = X(s,T); 

H(X(x)) = ji(s) Vses} . ' ’ 

The application of the a- discretization leads to 

X(l) = {(x a d) , M (X a (l))j | V (X a (l)) = a V a e (0, 1]} , (2.252) 

with 

XJx) = |x(s,t) Vs | s e 5 a ; a e (0, 1]| • (2.253) 

An example of a fuzzy random process is shown in Fig. 2.46. This process is 
characterized by a fuzzy probability density function f(x) that depends on the 
fuzzy bunch parameters s x = d x (x) and s 2 = m x (t) and represents a time-dependent 
fuzzy normal distribution 

f 

f(x,t) = • e V ° xW ' . (2.254) 

d x (t) • <Jl% 

This is illustrated for three time points t 19 t 2 , and t 3 . 
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The specification of the membership function p A (x) of a fuzzy set A is referred to 
as fuzzification. The result of fuzzification is the fuzzy variable x. 

By means of fuzzification the informal and lexical uncertainty of data and 
model parameters with the characteristic fuzziness is assessed as an uncertain set. 
Uncertainty of this type may occur in physical structural parameters, the param- 
eters of probability distributions, as well as in the processes of design and plan- 
ning, construction, utilization, damage, preservation, and strengthening. These 
processes are characterized by highly subjective factors. These include, e.g., hu- 
man mistakes and errors as well as uncertain boundary conditions. Uncertainty in 
the above-mentioned processes influences the physical structural parameters; the 
effects of uncertainty may be described mathematically by fuzzification [118]. 

The fuzzified variables may be fuzzy input parameters (data uncertainty) as well 
as fuzzy model parameters (model uncertainty). The criterion for distinguishing 
between data uncertainty and model uncertainty is the assignment of the respecti ve 
uncertainty to the input variables or the model, as introduced in Sect. 1.1. In a 
specific case this assignment is linked to the definition of the model. In a safety 
assessment the respective mechanical model and hence the fuzzy model parameters 
exclusively enter the limit state surface. In the fuzzy probabilistic safety concept 
(Chap. 6) fuzzified physical structural parameters are always treated as fuzzy 
model parameters. The fuzzified parameters of the probability distributions of 
stochastic structural parameters form a part of the fuzzy probabilistic basic vari- 
ables and hence a part of the data uncertainty. 

The membership function of a fuzzy variable (Sect. 2.1) is independent of both 
the model and the type of variable to be fuzzified (physical structural parameter or 
parameter of a probability distribution). 

The fuzzification of uncertain parameters is restricted here to the one-dimen- 
sional case, and only elementary fuzzification methods are considered. The fuzzi- 
fication of physical structural parameters is demonstrated in the following. The 
application of the algorithms for quantifying the uncertain parameters of fuzzy 
probability distributions is dealt with in Chap. 4. 
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3.1 Data Uncertainty - Specification of Membership 
Functions 

The specification of a membership function depends on the information available. 
Information on structural parameters may be available in the form of 

- A sample containing only a small number of elements (information type I) 

- A linguistic assessment (information type II) 

- A singular, uncertain result of measurement (information type III) 

- Knowledge based on experience (information type IV) 

The information available generally consists of various types and must be pro- 
cessed by means of a combination of the fuzzification methods described in the 
following. 

The starting point for fuzzification is the definition of the fuzzy set (Sect. 2.1). 
In order to describe the fuzzy set A on the fundamental set X it is necessary to 
formulate a criterion that is more or less satisfactorily fulfilled by the elements 
x e X. This criterion may either represent an uncertain proposition or an event. In 
order to specify the membership function p A (x), all x e X are gradually assessed in 
relation to the formulated criterion. The complementation of fuzzy sets according 
to Eq. (2. 17) must thereby be observed, as the assessment of the membership of the 
elements x 6 X to the fuzzy set A also includes an assessment of their membership 
to the complementary set A c . The fundamental set X is constructed using physical 
structural parameters or parameters of probability distributions. 

The generated membership function reflects a subjective assessment of objec- 
tive conditions. It is appropriate to choose simple functional formulations such as 
linear or polygonal types for the p A (x); complicated or involved descriptions are 
less suitable for this purpose. 



Fuzzification for Information Type I. The membership function is specified on 
the basis of existing data comprising elements of a sample. The assessment 
criterion for the elements x is directly related to numerical values derived from X. 
If more than one sample element is available for the uncertain parameter, the 
fuzzification process may be backed up by the application of simple mathematical 
algorithms. For this purpose the objective information, i.e., the sample elements, 
are represented in a histogram, which provides a starting point for the fuzzification 
suggestion. In this context histograms serve as design aids for the membership 
function. A fuzzification suggestion obtained from the latter is referred to as an 
initial draft of the membership function. This forms a basis for the inclusion of 
subjective aspects for correcting or adapting the initial draft. 

Preparation of the available data (sample elements) is necessary for the initial 
draft of the membership function. The parameter to be fuzzified has a definition 
domain representing the fundamental set X of the sample elements The 
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fundamental set X is subdivided into disjoint crisp subsets X ki in which the 
following holds 

UX k =X. (3.1) 

k K 

The sample elements are assigned to the subsets X k . The result of the assignment is 
plotted in the form of a histogram. The width of the subsets is chosen in such a 
way that an appropriate histogram construction is obtained. The use of different 
subset widths leads to variants of the membership function. 

By way of example, four different types of function are proposed for specifying 
the membership function: 

- A linear function 

- A polygonal function 

- A quadratic parabola, and 

- A function corresponding to the probability distribution function of a normal 
distribution 

The applied functions may be used to represent a fuzzy number or a fuzzy 
interval. For this purpose the functional formulation is matched to the data with the 
aid of the method of least squares. From the previously constructed histogram the 
subset X k containing the largest number of sample elements is selected. All subsets 
containing smaller values of x are used for computing the left-hand branch of p A (x) 
while the remaining subsets are used for computing the right-hand branch. The 
subset X k is taken into consideration in both branches. The branches of p A (x) are 
formulated as functions of x in such a way that their functional values yield the 
number of sample elements contained in the respective subsets as closely as 
possible. A requirement in this respect is that the sum of the squared differences 
between the actual number of sample elements in the respective subset n(X*) and 
the functional value p A (x k J in the middle of the subset (at x k m ) is a minimum 

E [n^-n^J] 2 - min - (3.2) 

k 

The two functions obtained generally have a point of intersection. In the case of a 
fuzzy number this point of intersection represents the mean value of the fuzzy set. 
The two neighboring zeroes of the functions mark the interval bounds of the 
support. The obtained membership function is finally normalized so that the 
functional value at the mean value point is unity. The initial draft is completed 
when the membership function satisfies all the properties formulated in Sect. 2.1. 
Where necessary, the membership function must be matched to further 
requirements or additional constraints by subsequent correction (e.g., variation of 
the subset width). Fuzzy intervals arise when the membership function of the 
computed fuzzy number is multiplied by a factor larger than unity, and finally 
’’truncated" for p = 1.0, i.e., when the a-level set for a = 1.0 is taken to be the 
mean interval. 
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As a supplement or an alternative, additional conditions may be prescribed for 
the shape of the membership function. In the case of fuzzy numbers, for example, 
the mean value may be placed in the middle of the subset containing the largest 
number of sample elements. In the case of fuzzy intervals the mean interval may 
be defined in advance. It is also possible to prescribe the interval bounds of the 
support or the additional consideration of subsets that lie outside the sample 
domain and that contain no elements. 



Example 3.1. The formulation of the initial draft of a membership function is 
demonstrated by considering the determination of the compressive strength of 
sandstone comprising a historical facade. In order to integrate a natural stone 
facade made of sandstone into a new structure it is necessary to check whether the 
facade also complies with safety standards under modified loading conditions. In 
order to determine the load-bearing capacity of the facade it is necessary to assess, 
among other factors, the compressive strength of the existing sandstone. For this 
purpose core drillings were extracted at 16 positions in the sandstone masonry. The 
drillings were performed at right angles to the plane of the wall. The direction of 
loading of the specimens in compressive tests and the in situ direction of loading 
are hence perpendicular to one another. The measured compressive strengths are 
listed in Table 3.1. 

The following proposition holds for the model values: "At right angles to the 
plane of sedimentation an increase in the compressive strength could be possible to 
a certain degree, i.e., the downward scatter of the characteristic values of the 
compressive strength decreases". An inspection of the construction site revealed 
that the state of the historical ashlar stone work was good to very good. 



Table 3.1. Measured compressive strength of sandstone specimens 



Specimens 

labels 


Compressive 

strength 

[N/mm 2 ] 


Specimens 

labels 


Compressive 

strength 

[N/mm 2 ] 


1 


22.3 


9 


27.5 


2 


23.4 


10 


19.8 


3 


28.8 


11 


45.7 


4 


11.4 


12 


32.6 


5 


17.5 


13 


32.1 


6 


22.5 


14 


44.7 


7 


26.5 


15 


41.8 


8 


25.2 


16 


42.1 
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Based on the objective information obtained in the compressive tests and the 
subjective opinion of experts it is necessary to specify the membership function for 
the fuzzy variable compressive strength of the sandstone p D . For this purpose the 
measured values were lumped together in groups and plotted in a histogram 
(Fig. 3.1). 




Fig. 3.1. Histogram of the compressi ve strength of sandstone specimens 

With the aid of different functional formulations different suggestions were 
developed for the membership function p(P D ). A fuzzy number and a fuzzy interval 
with linear branches of the membership function are shown in Fig. 3.2. Due to the 
fact that the fuzzy number significantly weights the lower compressive strength 
values it is appropriate to conduct a subsequent subjective modification. The 
fuzzification suggestions shown in Fig. 3.3 were generated using quadratic 
functions. Initial drafts obtained with the aid of a polygonal membership function 
are shown in Fig. 3.4. The suggestions shown in Fig. 3.5 are based on functional 
formulations corresponding to the probability distribution function of a normal 
distribution. The dashed curves shown in Figs. 3.3 and 3.4 do not fulfill the 
requirements imposed on a membership function. The initial drafts were modified 
by additional constraints and corrections. 
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Pd [N/mm 2 ] (3 d [N/mm*] 



Fig. 3.2. Histogram and fuzzification of the compressive strength of sandstone; initial drafts 
for a fuzzy number and a fuzzy interval with linear branches; non-normalized and nor- 
malized membership functions 
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Without additional constraints 



Number of specimens 





Fig. 33. Histogram and fuzzification of the compressive strength of sandstone; initial drafts 
for a fuzzy number and a fuzzy interval with quadratic branches; non-normalized and nor- 
malized membership functions 
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Number of specimens 




Nonconvex fuzzy set 



Number of specimens 





p D [N/mm 2 ] 




Fig. 3.4. Histogram and fuzzification of the compressive strength of sandstone; initial drafts 
for a fuzzy number and a fuzzy interval with polygonal branches; non-normalized and nor- 
malized membership functions 
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P D [N/mm 2 ] p D [N/mm 2 ] 

Fig. 3.5. Histogram and fuzzification of the compressive strength of sandstone; initial drafts 
for a fuzzy number and a fuzzy interval with membership functions in the form of the 
probability distribution function of a normal distribution; non-normalized and normalized 
membership functions 



Fuzzification for Information Type II. The assessment criterion for the elements 
x of X may be expressed using linguistic variables (Sect. 2.1.4). As numerical 
values are required in order to carry out a structural analysis and safety assessment, 
it is necessary to transform the linguistic variables to a numerical scale. By com- 
bining the linguistic values with the aid of modifiers a wide spectrum is available 
for the purpose of assessment. 



Example 3.2. In order to assess the foundation soil it is possible, e.g., to apply the 
linguistic variable load-bearing capacity. An assessment of the load-bearing 
capacity is carried out by assigning the linguistic values high } medium , and low in 
combination with modifiers such as extremely and very. The combinations of 
linguistic values and modifiers are mapped onto a numerical scale representing the 
sustainable soil pressure. This approach is demonstrated by way of example in 
Fig. 3.6. 
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Fig. 3.6. Assessment of the linguistic variable load-bearing capacity 



Fuzzification for Information Type III. If only a single numerical value from X 
is available as an uncertain result of measurement x m , the assessment criterion for 
the elements x may be derived from the uncertainty of the measurement. The 
uncertainty observed in the measurement is quantified on the assigned numerical 
scale. A distinction is thereby made between the following two cases: 

1 . The measured result marks the uncertain position of the measured value on the 
scale. 

2. The measured result describes the uncertain transition between two comple- 
mentary states, somewhat similar to the gray zone of a black- white transition. 

In case 1 the experimenter evaluates the uncertain observation for different 
membership levels. For the level p A (x) = 1 a single measurement or a measurement 
interval is specified in such a way that the observation may be considered to be "as 
crisp as possible". For the level of the support (p A (x) = 0) a measurement interval 
is determined that contains all possible measurements within the scope of the 
observation. An assessment of the uncertain measurements for intermediate levels 
is left up to the experimenter. The membership function is generated by inter- 
polation or by connecting the determined points (x, p A (x)). 

Example 3.3. An uncertain measurement in the sense of case 1 arises, e.g., when 
the thickness of a structural member with an uneven or rough surface is to be 
determined (Fig. 3.7). For measurements made using an analog measuring device 
a single scale value cannot be assigned without doubt to the thickness of the 
structural member. Uncertainty is attached to each measurement recorded. As 
shown in Fig. 3.7, all values between 210 mm and 215 mm are possible results of 
the measurement; these constitute the support of the fuzzy thickness d. The 
thickness d = 212 mm is chosen as the "best possible crisp" measured value. By 
connecting the three points the membership function for d is obtained as a fuzzy 
triangular number. 
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Fig. 3.7. Fuzzification of the uncertain thickness d of a structural member 

In case 2 the experimenter describes the uncertain observation by means of a 
continuous, monotonically increasing function B(x), which maps the possible 
measurements onto the interval [0, 1]. A suitable numerical scale is assigned to the 
observation. All scale values that may be assigned without doubt to state one are 
assessed with B(x) = 0. For measured values that belong without doubt to the 
complementary state two the functional value B(x) = 1 is adopted. For the un- 
certain transition from state one to state two the function B(x) is specified by the 
experimenter. The membership function p A (x) is obtained by differentiation of 
B(x) followed by normalization. 



Example 3.4. For determining the water level w in a river a measuring staff is 
lowered onto the river bed for a short period of time. The water level is determined 
by noting the scale reading w on the staff separating the wet portion of the staff 
from the dry portion. The lower part of the staff may be considered without doubt 
to be "wet” (state one) and the upper part to be ’’not wet" (state two). As discussed 
in [194], a smooth transition is observed between these two states (Fig. 3.8). The 
function B(w) describes this transition. The membership function p(w) developed 
from the latter describes the fuzzy water level w. 
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Not wet 




^ Wet 




Fig. 3.8. Fuzzification of an uncertain water level w 



Fuzzification for Information Type IY. When specifying the membership 
function it is always necessary to take into consideration the opinions of experts or 
expert groups, experience gained from comparable problems, and additional 
information where necessary. These subjective aspects generally supplement the 
initial draft of a membership function generated from measured values or linguistic 
variables. This also permits a consideration of the effects of the sample size, 
possible errors in measurement, and other inaccuracies attached to the fuzzification 
process. If neither sample elements nor linguistic variables are available, fuzzi- 
fication depends entirely on estimates by experts. 

When considering knowledge based on experience two alternative approaches 
may be adopted. 

1. The fundamental set X is a discrete set containing known elements, or is 
available in a discretized form, e.g., as a set of subsets. A membership value 
must be directly specified for each element x of X. In order to generate the 
membership function of a continuous fuzzy set predefined points (x, p A (x)) are 
connected either by a polygon or by means of interpolation functions. The 
suggested fuzzification algorithms for information type I may be applied for this 
purpose. 

2. For a continuous, i.e., nondiscretized fundamental set X, it is necessary to assess 
a quasi-infinite number of elements. For this purpose a crisp set may initially be 
specified as a kernel set of the fuzzy set. The boundary regions of this crisp 
kernel set are finally "smeared" by assigned membership values p A (x) < 1 to 
elements close to the boundary and leading the branches of p A (x) beyond the 
boundaries of the crisp kernel set monotonically to p A (x) = 0 (Fig. 3.9). By this 
means elements that do not belong to the crisp kernel set, but are located "in the 
proximity" of the latter, are also assessed with membership values of p A (x) > 0. 
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This approach may be extended by selecting several crisp kernel sets for 
different membership levels (a-level sets) and specifying the p A (x) in level 
increments. The branches of the membership function may be described with 
the aid of different functional formulations. 




Fig. 3.9. Fuzzification with the aid of a crisp kernel set 



Example 3.5. The initial draft of the membership function p A (p D ) for the 
compressive strength of sandstone (Example 3. 1) is modified with the aid of expert 
knowledge. The starting point is the fuzzy interval according to Fig. 3.2. 

A requirement is that all sample elements are accounted for by p D . In other 
words the crisp kernel set should contain all test results; the crisp boundaries of this 
set then take on values of p D1 =11.4 N/mm 2 and P Dr = 45.7 N/mm 2 (Fig. 3.10). For 
comparison: the value of the support of the initial draft according to Fig. 3.2 is 
S(P D ) = [9.09, 51] N/mm 2 . As the crisp kernel set is a subset of the support the 
above requirement is fulfilled. The left-hand boundary of the support S(P D ) is 
obtained only slightly below the smallest measured compressive strength in the 
initial draft; a reduction in this value appears appropriate. According to the sub- 
jective opinions of several experts the sandstone compressive strength is consider- 
ed to be good in overall terms. As a compromise, a strength below p D = 5 N/mm 2 
is thus ruled out. The right-hand boundary of the support is raised slightly to 
52 N/mm 2 . As one requirement imposed by the expert group on the mean interval 
has already been realized in the construction of the initial draft, this remains 
unaltered (Fig. 3.10). 
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Fig. 3.10. Fuzzification suggestion for the compressive strength of sandstone 



Fuzzy models are uncertainty models possessing the uncertainty characteristic 
fuzziness. Model uncertainty is generated during the abstraction process of model 
construction (Sect. 1.1). A distinction must be made between two essentially 
different approaches regarding model construction: 

1. Formulation of an explicit algorithm with "free parameters". The parameters are 
linked to the formulated algorithm; the specific assignment of parameter values 
is problem dependent. These rank as model parameters. If the parameters are 
treated as fuzzy variables, the model becomes a fuzzy model. The fuzzy model 
parameters must comply with the definitions for fuzzy variables. Within the 
framework of the fuzzy probabilistic safety assessment (Chap. 6) model un- 
certainty enters the limit state surfaces, thus resulting in uncertain system 
behavior. 

2. Formulation of rules for representing a physical process. The physical process 
to be modeled may only be characterized by a real "data set" comprised of 
observed input parameters and assigned result values. Based on this information 
a complex structure following certain rules is generated incrementally with the 
aid of simple, e.g., logical, combinations. This structure represents a model. 
After evaluating all of the available real data a certain amount of "leeway" 
remains in the established structure for mapping input parameters onto result 
values. This "leeway" represents model uncertainty. It is not possible to ex- 
plicitly state the model parameters responsible for this model uncertainty. If the 
model uncertainty is identified as fuzziness, the structure is then a fuzzy model. 

For the development of fuzzy models following the second approach, in which 
fuzzy model parameters are not explicitly known, information processing and 
control engineering methods may be applied. For example, the method of 
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approximate reasoning [10, 22, 68, 155, 207, 208] may serve as a basis, or a fuzzy 
model may be formulated on the basis of neural networks or genetic algorithms 
[27, 35, 38, 75, 103, 109, 216]. The required real data may be obtained, e.g., from 
test results, from the evaluation of a series of measurements or from sets of points 
determined by an alternative method. 

Only the first approach is demonstrated by way of examples in the following. 
The fuzzy models presented are submodels of a global model for the geometrically 
and physically nonlinear analysis of plane reinforced concrete bar structures [116, 
133]. 



Fuzzy Model for Crack Formation and Tension Stiffening in Reinforced 
Concrete. In the abstraction process for constructing the model it is assumed that 
reinforced concrete is a heterogeneous material. Specific physical processes such 
as crack formation are dependent on a variety of factors that generally exhibit 
uncertainty. Factors that influence crack formation include, e.g., the granular shape 
and granular size of aggregates, the strength of the cement paste, and the bond 
between the aggregates and the cement paste. Exact prognoses concerning the 
location and spacing of anticipated cracks as well as crack widths and crack 
distribution over the cross section are not possible. Moreover, information 
regarding the exact behavior of the crack strain e ctm and crack stress f ctm would also 
be necessary. Crack widths and crack spacing are thus treated as being uncertain. 

The bond between reinforcement steel and the surrounding concrete results in 
tension stiffening, described more simply as the contributory action of the concrete 
between the cracks. Also, in the case of this physical phenomenon the inhomo- 
geneous properties of the reinforced concrete lead to local uncertainty. 

The frequently adopted phenomenological description of crack formation and 
tension stiffening results in the deterministic model presented in Fig. 3.11 for the 
stress-strain dependency in the tensile zone. 




Fig. 3.11. Deterministic model for crack formation and tension stiffening 
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The falling branch of this curve is described by 
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(3.3) 



All variables in Eq. (3.3) are deterministic model parameters. If the uncertainty 
that actually exists is described by the fuzzy variables r), e TS , e ctm , f ctm , and p, 
Eq. (3.3) becomes 



iKm,- 



< g -e ^ 

C TS c 

^ ^TS ^ctm J 



(3.4) 



This equation is a fuzzy function that describes a fuzzy model for crack behav- 
ior and tension stiffening. The fuzzy model is shown in Fig. 3.12. 




Fuzzy Model for a Concrete Material Law. Several deterministic material laws 
are known for concrete that have been developed on the basis of phenomenological 
considerations, and thus exhibit uncertain parameters on this level of abstraction. 
The principle approach is demonstrated by considering the example of the concrete 
material law after Ma/Bertero [106] and Meskouris/Kratzig [113]. 

Using this material law it is possible to simulate monotonic stress-strain 
behavior as well as hysteretical material behavior. The functional curves are 
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thereby dependent on several parameters that are able to account for special effects 
such as, e.g., the effects of the strapping action of stirrup reinforcement, the effects 
of local contact forces during crack closure, or strain softening. 

In [106, 113, 133] deterministic values are assigned to these parameters, even 
though they exhibit uncertainty on closer examination. Empirical values from 
phenomenological observations, which are often small in number, are generally 
adopted as parameters. The limited number of observed results may still be used, 
however, to describe selected parameters as fuzzy model parameters. 

In order to demonstrate this principle, attention is restricted to the initial loading 
curve. This is approximated by the continuous function 
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(3.5) 



This also permits a consideration of the action of stirrup reinforcement. 



The parameters included in Eq. (3.5) denote the following: 

- E c : initial Young’s modulus under initial loading 

fc0 : cylinder compressive strength 

- e c0 : strain on attainment of the cylinder compressive strength 

- f cn : parameter to account for lateral reinforcement in the falling branch of the 

curve 

All parameters may exhibit fuzziness. Dependencies between the fuzzy model 
parameters may be accounted for as interaction between fuzzy variables. In 
Eq. (3.5) the crisp parameters are replaced by the fuzzy variables E c , f c0 , e c0 , f cn . 
The obtained fuzzy function a c (e)is part of the overall fuzzy model for the 
concrete material law. The fuzzy function a (e), which corresponds to the fuzzy 
initial loading curve, is shown in Fig. 3.13. 




Fig. 3.13. Fuzzy model for a concrete material law; fuzzy initial loading curve 
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Fuzzy Model for the Arrangement of Reinforcement. Compliance with the 
prescribed arrangement of slack reinforcement for RC structures depends partic- 
ularly on the care taken when laying the reinforcement steel. In the case of existing 
structures subject to postinspection the actual position of the reinforcement is often 
unknown. 

As a result of human mistakes deviations from the prescribed reinforcement 
positioning often occur, which may exceed the permissible tolerances many times 
over. Uncertainty in the position, length, and shape of reinforcement steel may be 
described with the aid of continuous fuzzy variables. Uncertainty in the quality of 
reinforcement steel already installed as well as the number of placed steel bars and 
their diameters may be quantified using discrete fuzzy variables. Coarse inaccura- 
cies or errors, accounted for in the past in a lumped manner as part of the accepted 
risk in safety assessments, may hence be directly introduced into the structural 
analysis. 

The fuzzy position of a reinforcement bar, as defined by a function of fuzzy 
variables for the geometrical position of its beginning and end point x 2 (xj = 0) and 
x 2 (xj = L) is shown in Fig. 3.14. 
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Fig. 3.14. Fuzzy model for the arrangement of reinforcement steel 

The specification of geometrical and physical parameters for describing the 
reinforcement in RC structural members as variables intrinsic to the model results 
in a fuzzy model for the arrangement of reinforcement, which forms a submodel of 
an analysis model or safety model. 



Fuzzy Model for Geometrical Imperfections. If geometrical imperfections are 
accounted for in the form of fuzzy model parameters, these enter the super- 
ordinate structural model (in a similar way to the arrangement of reinforcement) as 
a submodel. 

The imperfections may be systematized, e.g., as imperfections in cross-sectional 
geometry, imperfections in the bar axis, imperfect bar connection eccentricities, or 
the imperfect position of nodes. 

Besides imperfections that are introduced in the "normal case", e.g., production- 
related tolerances, considerably larger deviations from the design geometry may 
arise as a result of human mistakes. The fuzzy imperfections in the bar axis of a 
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straight bar are represented in Fig. 3.15 in the form of a quadratic fuzzy parabola, 
which is dependent on the fuzzy model parameter f m = f (x t =0.5*L) for the 
imperfection in the middle of the bar. Additional fuzzy model parameters may be 
similarly constructed to describe uncertain geometrical relationships. By this 
means it is possible to describe the overall structural geometry with the aid of a 
fuzzy model. 





Structural parameters that possess the uncertainty characteristic fuzzy randomness 
are modeled as fuzzy random variables [1 19, 124]. For each fuzzy random variable 
it is necessary to generate the fuzzy probability distribution function, the fuzzy 
probability density function, and the associated fuzzy parameters on the basis of 
limited statistical data material. The data material possesses stochastic and non- 
stochastic properties, the latter resulting in particular from informal uncertainty or 
uncertainty due to fluctuating reproduction conditions. 

The reasons for the fuzzy randomness of structural parameters are, e.g., manu- 
facturing-related variations in the quality of construction materials, statistically 
insufficient data material for the quantification of applied loads and system 
resistances, or varying reproduction conditions during the period of observation. 

The description of uncertain structural parameters as fuzzy random variables is 
presented in the following for the one-dimensional case. Analogous to random 
vectors in probability theory, multidimensional fuzzy random vectors may be 
constructed from a combination of one-dimensional fuzzy random variables, also 
under consideration of mutual dependencies. 

First, a general technique is developed for modeling fuzzy random variables. 
The modeling of a fuzzy random variable is finally demonstrated for three typical 
data situations: 

1. A data sample is of limited size, and no information is available on the statis- 
tical properties of the universe (Sect. 4.2.1). 

2. Owing to unknown, nonconstant reproduction conditions the statistical data 
material possesses informal uncertainty (Sect. 4.2.2). 

3. The fuzziness of the sample is due to nonconstant reproduction conditions that 
are known in detail (Sect. 4.2.3). 



4.1 Techniques for Modeling Fuzzy Random Variables 



A fuzzy random variable was defined in Sect. 2.3.1 as a fuzzy set of its originals. 
Its originals are real random variables. If all originals of a fuzzy random variable 
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as well as the membership values are known, the fuzzy random variable is com- 
pletely described by the fuzzy set of the originals. The problem consists in the 
determination of the originals from the available data material and their lumped 
description as a fuzzy set. Especially for fuzzy random variables that are con- 
tinuous with regard to their fuzziness, i.e., which possess an infinite number of 
originals, an appropriate representation is necessary. Techniques for modeling 
continuous fuzzy random variables are presented in the following. These permit 
the formulation of fuzzy probability distribution functions including their param- 
eters. 

The fuzzy probability distribution function F(x) of a fuzzy random variable X 
can be described with the aid of the probability distribution functions Fj(x) of their 
originals Xj in accordance with Eq. (2.171). A systematic computation of the Fj(x) 
is possible by introducing a -levels. For each a -level the originals determine the 
interval F a (x) = [F al (x), F ar (x)]. The computation of F al (x) and F ar (x) is carried out 
in accordance with Eqs. (2.172) and (2.173), and for the one-dimensional case, in 
accordance with Eqs. (2.176) and (2.177). 

The entirety of the originals yields a bunch of functions, which, together with 
the membership values, represent the fuzzy probability density function and the 
fuzzy probability distribution function. 

In order to describe the probability density function and the probability 
distribution function of each original the distribution parameters and the 
distribution type must be known. The set of parameters forms the fuzzy bunch 
parameters of the bunch of functions sought. The fuzzy bunch parameters and the 
distribution type define the originals of the fuzzy random variable. 

Because, by definition, the realizations of a fuzzy random variable have already 
been defined as fuzzy numbers (Sect. 2.3.1), the sought parameters of the 
distribution and the numerical parameters for describing the distribution type as 
well as the parameters occurring in the functional equations must also be fuzzy 
numbers. Precisely one original of the fuzzy random variable then exists for the 
membership level p = a = 1.0. This original represents the special case of a real 
random variable. 



4.1.1 Fuzzy Probability Distribution Function for Known Fuzzy 
Parameters 

If fuzzy parameters such as the fuzzy expected value or the fuzzy standard 
deviation are known and the type of the probability distribution of the originals is 
also specified (e.g., as a logarithmic normal distribution), it is then possible to 
directly compute the unknown parameters of the fuzzy probability distribution 
function. These fuzzy functional parameters are fuzzy input variables of the sought 
fuzzy probability density function f(x) and the fuzzy probability distribution 
function F(x). The functional values of f (x) and F(x) may be computed with the 
aid of the extension principle or by a -level optimization (Sect. 5.2). The respective 
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functional equation of the fj(x) and Fj(x) of the originals is thereby applied as the 
mapping model. Interaction between the fuzzy functional parameters must be taken 
into account. 



Example 4.1. The fuzzy expected value m x =: <5.5, 6.0, 6.8> and the fuzzy 
standard deviation a x = <0.8, 1.0, 1.1> are given. The probability distribution of 
the originals is assumed to be a normal distribution. All originals are then specified 
by 

i M — ) 2 

f(x) = • e v * ) , (4.1) 

and 

( 2 

X -0.5- 

F(x) - • f e V ° x ' dt . (4.2) 

6 x • JFtl L 

The fuzzy expected value m x and the fuzzy standard deviation a x occur directly 
in the fuzzy equations (4.1) and (4.2). These are at the same time fuzzy functional 
parameters. If m x is replaced by m x and o x by o x in Eqs. (4.1) and (4.2), the 
mapping model for the a-level optimization are obtained. The fuzzy probability 
density function and the fuzzy probability distribution function are presented in 
Figs. 4.1 and 4.2. 




Fig. 4.1. Fuzzy probability density function f (x) of a fuzzy normal distribution 
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Fig. 4.2. Fuzzy probability distribution function F(x) of a fuzzy normal distribution 

Example 4.2. The type of probability distribution of the originals is now assumed 
to be an extreme value distribution of Ex-Max Type I (Gumbel). The following 
then holds for the fuzzy probability distribution function 

F(x) = exp(-exp(-a • (x-b))) . (4.3) 

From the fuzzy parameters m x and a x (see Example 4.1) the fuzzy functional 
parameters 



a = , (4.4) 

6 x -V6 

and 

b = m x - 0.45 • 6 x (4.5) 

are computed. This results in interaction between a and b. The interaction for 
the membership level a = 0 (as an abbreviation for the limit a - +0) is shown in 
Fig. 4.3. 

The corresponding fuzzy functions f (x) und F(x) of the extreme value distri- 
bution are shown in Figs. 4.4 and 4.5. 
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Fig. 4.3. Interaction between the fuzzy functional parameters a and b 




o 5.5 6.0 6.8 12 X 



Fig. 4.4. Fuzzy probability density function f (x) of an extreme value distribution of 
Ex-Max Type I (Gumbel) 




0 5.5 6.0 6.8 12 x 



Fig. 4.5. Fuzzy probability distribution function F(x) of an extreme value distribution of 
Ex-Max Type I (Gumbel) 
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4.1 .2 Fuzzy Probability Distribution Function with a Fuzzy Distribution 
Type 

Not all originals must have the same type of probability distribution. If the distri- 
bution type is not uniquely known, i.e., characterized by uncertainty, this uncer- 
tainty may then be described by fuzziness. Probability distributions of different 
types are assigned to the originals. As different gradual assignments are also pos- 
sible, fuzzy compound distributions are defined. A fuzzy compound distribution 
defines the type of a fuzzy probability distribution as a fuzzy term constructed 
from different types of real distributions and fuzzy weighting functions. 

In order to ensure that the fuzzy random variable to be described for the 
membership level p = a = 1.0 possesses precisely one original the fuzzy variables 
present in the fuzzy term must be described by means of fuzzy numbers. The map- 
ping model is the deterministic expression of the compound distribution as a 
function comprised of different distribution types. 

The mapping model of a compound distribution may be developed with the aid 
of different mathematical formulations. It may, for example, be represented by the 
sum of n real distributions. The n summands are formed in each case from the 
product of the probability density function f^x) of a real distribution and the 
weighting function gj(x) 

fw = it §i( x ) ■ f i( x ) > ( 4 - 6 ) 

i = 1 



t = x/ n \ t = x 




Shape functions with free values are chosen for the weighting functions g;(x). A 
requirement in this respect is that the gj(x) are integrable and that the compound 
distribution fulfills the conditions 

f(x) > 0; VxeX , (4.8) 

and 

X = +oo 

J f(x) dx = 1 . (4.9) 

X =-°° 

For weighting functions that are constant in x a constant ratio of components is 
obtained for all x. 

If the gj(x) are replaced by fuzzy functions g.(x) (whose functional values 
must be fuzzy numbers), Eqs. (4.6) and (4.7) also represent fuzzy functions 
(Sect. 2.1.11) 



f(x) = Y, 8;( x ) • f;( x ) , 

i = 1 



(4.10) 
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t = x/ n 



\ 




t = x 

f f(t) dt. 

t = — oo 



(4.11) 



An integration over f (x) must thereby be performed as a normal integration for 
each original of the fuzzy random variable (Sect. 2.3.1). The conditions specified 
by Eqs. (4.8) and (4.9) must also be complied with for each original. These give 
rise to interaction between the fuzzy free values of the shape functions, which must 
be accounted for in the fuzzy compound distribution. In the general case, fuzzy 
compound distributions also possess uncertain parameters. 



Example 4.3. A fuzzy compound distribution may, for example, be constructed 
from a normal distribution f t (x) with m x { = 6.8 and a x , = 1.1, and a logarithmic 
normal distribution f 2 (x) with m x2 = 5.5, o x2 = 0.8, and a minimum value x 02 = 2. 
A constant ration of components is adopted over x, and fuzzy numbers are 
introduced for the weighting functions. With gj(x) = a and g 2 (x) = b the 
expressions 

f(x) = a • fj(x) + b* f 2 (x), (4.12) 

and 

t = X 

F(x) = j a • f,(t) + b • f 2 (t) dt = a • F,(x) + b • F 2 (x) (4.13) 

t = — oo 

are obtained for the fuzzy compound distribution. According to Eq. (4.9) the 
following holds 

b= 1- a. (4.14) 

With the fuzzy free value a = <0.3, 0.5, 0.7> the condition according to 
Eq. (4.8) is also complied with. For the fuzzy compound distribution the fuzzy 
expected value 

m x = a • m xl + (1-a) • m x2 = <5.89,6.15,6.41 > (4.15) 

is obtained. The membership function of the fuzzy standard deviation 

d x = ^a- o xl + (1-a)- c x2 + a- (1-a)- (m xl -m x2 ) 2 (4.16) 

becomes nonlinear (Fig. 4.6). Owing to the interaction between m x and o x , 
precisely one o x belongs to each m x value (Fig. 4.7). 

The fuzzy probability density function f(x) is shown in Fig. 4.8, while the 
fuzzy probability distribution function F(x) is shown in Fig. 4.9. 
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Fig. 4.6. Fuzzy expected value m x and fuzzy standard deviation 6 x of the fuzzy compound 
distribution 




Fig. 4.7. Interaction between the fuzzy parameters m x and d x of the fuzzy compound 
distribution 




Fig. 4.8. Fuzzy probability density function f (x) of the fuzzy compound distribution 
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Fig. 4.9. Fuzzy probability distribution function F(x) of the fuzzy compound distribution 



4.2.1 Small Sample Size 

A concrete sample of small size is available. The sample elements possess uncer- 
tainty with the characteristic randomness. The available information on the sample 
is insufficient, however, to describe a real-valued random variable free of doubt. 
The type of the distribution function and the parameters cannot be uniquely 
determined; additional uncertainty exists. This uncertainty may be accounted for as 
informal uncertainty with the characteristic fuzziness. Statistical aids may be used, 
however, to fuzzify the informal uncertainty. Depending on the available infor- 
mation it is possible to formulate an uncertain parametric or nonparametric 
estimation problem. The fuzzy distribution parameters, the fuzzy type, and the 
fuzzy functional parameters of the sought fuzzy probability distribution (lumped 
together as p t (X) in the following) are determined from the empirical fuzzy 
parameter values or from the empirical fuzzy probability distribution function of 
the concrete sample. 

If, for example, the type of distribution is known with sufficient certainty, this 
implies an uncertain, parametric estimation problem. The sample functions applied 
in statistical methods yield more or less acceptable estimation values for the 
parameters of a distribution. In order to take account of the uncertainty of the 
estimator, confidence intervals may be determined for the estimator in question. 
The probabilistic propositions for confidence intervals applied in statistical 
methods only serve as additional information for the fuzzification of the p t (X) in 
the present case. The only information obtained concerns the particular region in 
which a parameter value "may possibly lie". On the basis of the foregoing a 
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fuzzification proposition for p t (X) is derived, which serves as an initial draft of the 
membership function p(p t (X)). 

In order to determine the p t (X) it is always necessary to draw on expert 
knowledge. Subjective information is taken into consideration especially with 
regard to 

- The choice of the estimator 

- The construction of confidence intervals (type and level), and 

- The subsequent modification of the initial draft of the membership functions 

F(Pt(X)) 

Example 4.4. The cylinder compressive strength f c of a C20/25 concrete is 
modeled as a fuzzy random variable. The (here assumed) measured values are 
listed in Table 4.1. Due to the small sample size fuzziness arises when specifying 
the parameters by statistical estimation. 



Table 4.1. Realizations of the cylinder compressive strength f c of concrete C 20/25 



Number i 
of realization 


Compressive 

strength 

Xj = f cl [N/mm 2 ] 


Number i 
of realization 


Compressive 

strength 

Xi = f cl [N/mm 2 ] 


1 


28.3 


11 


26.8 


2 


31.5 


12 


35.3 


3 


35.2 


13 


26.3 


4 


29.8 


14 


23.1 


5 


27.6 


15 


20.2 


6 


30.7 


16 


29.2 


7 


25.2 


17 


25.7 


8 


34.6 


18 


34.2 


9 


28.9 


19 


24.8 


10 


19.2 


20 


22.8 



In an initial investigation a normal distribution is assumed and the parameters 
m x and o x are determined as fuzzy values m x and o x . For this purpose interval 
estimations are applied. From the 20 measured values of the compressive strength 
the central confidence intervals for the confidence levels 0.50, 0.75, 0.90, and 0.99 
are determined. Dependencies between the parameters are not taken into account. 
Additionally, common point estimations are used to specify crisp values for the 
expected value (as the mean value of the sample) and the standard deviation (based 
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on the sample variance). The results (Table 4.2) are then taken as a basis for 
fuzzifying the parameters. Membership values are assigned to the estimation 
results by subjective assessment, i.e., the confidence intervals are interpreted as 
being a-level sets of the fuzzy values m x and d x to be specified (Table 4.2). The 
mean values of the fuzzy numbers are taken from the point estimations. The result 
of this fuzzification process is shown in Fig. 4.10. Due to the fact that depen- 
dencies between the parameters in the interval estimations are neglected, inter- 
action between m x and a x is not obtained. 



Table 4.2. Statistical estimation of the fuzzy parameters m x and d x 







Estimation, 










confidence interval 






Confidence 

level 


m x 


°x 


a-level 


Point 

estimation 


— 


27.97 


4.75 


1.00 




0.50 


[27.24, 28.70] 


[4.35, 5.43] 


0.75 


Interval 


0.75 


[26.71,29.23] 


[4.05, 5.92] 


0.50 


estimation 


0.90 


[26.13, 29.81] 


[3.77, 6.52] 


0.25 




0.99 


[24.93,31.01] 


[3.34, 7.92] 


0.00 



M( m x) k Fuzzy expected value m x 



M(°x) i Fuzzy standard deviation o x 




24.93 27,97 



31,01 
m x [N/mm 2 ] 



3.34 4.75 



7.92 
a x [N/mm 2 ] 



Fig. 4.10. Fuzzy expected value m x and fuzzy standard deviation d x 
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4.2.2 Samples with Unknown, tMonconstant Reproduction Conditions 

For a sufficiently large sample size and constant reproduction conditions a sample 
exclusively possesses uncertainty with the characteristic randomness. If the 
reproduction conditions are not constant, however, the uncertainty characteristic 
alters accordingly. The additional uncertainty may be accounted for as fuzziness. 

In the following treatment a distinction is made between known and unknown, 
nonconstant reproduction conditions. In the case of unknown, nonconstant re- 
production conditions the observed realizations possess informal uncertainty. If 
this uncertainty in the realizations is described using fuzzy numbers, it is possible 
to construct a fuzzy random variable from the data material. 

On the basis of the fuzzy realizations of the concrete sample the corresponding 
fuzzy distribution parameters, the fuzzy type, as well as the fuzzy functional 
parameters of the fuzzy probability distribution (lumped together in the following 
as p t (X)) must be estimated and substituted in the fuzzy probability distribution 
function as fuzzy bunch parameters. Algorithms of mathematical statistics are 
applied as the mapping model for this purpose. Each fuzzy realization is an input 
parameter of the mapping model. 

Due to the fact that all parameters of a fuzzy probability distribution are com- 
puted from the same uncertain data material these are coupled via the individual 
originals of the fuzzy random variable, i.e., interaction exists between the 
estimated fuzzy variables p t (X) (including the fuzzy type of the distribution). Each 
permissible point in the space of the p t (X) describes one original Xj of the fuzzy 
random variable X, and hence one probability distribution function Fj(x) 
(trajectory) from the bunch of functions F(x) . 



Example 4.5. The fuzzy realizations derived from tests to determine the cylinder 
compressive strength f c of a C20/25 concrete are given (Table 4.3). The informal 
uncertainty of each fuzzy realization is expressed in the form of a fuzzy number. 
The measured values (Example 4.4, Table 4.1) were thereby assessed with p = 1, 
and a deviation of ±2 N/mm 2 was adopted for p = 0. Fuzziness in the individual 
realizations could result inter alia from the following: 

- The specimens for testing f c originate from different manufacturers. 

- Aggregates, cement and/or additives from different suppliers and/or of different 
composition are used. 

- The concrete is produced with different degrees of care. 

- The hardening conditions for concrete in situ and at the various specimen- 
storage locations differ due to different environmental factors, e.g., temperature 
and humidity. 

- Various measuring devices of the same or different type are used for deter- 
mining f c , whereby each device has a different error of measurement. 

- Measurements are performed by personnel with individual, i.e., different, 
degrees of conscientiousness. 
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Table 4.3. Fuzzy realizations of the cylinder compressive strength f c of concrete C 20/25 



Number i of 
fuzzy realization 


Fuzzy compressive 

strength 

x . — f c . [N/mm 2 ] 


Number i of 
fuzzy realization 


Fuzzy compressive 

strength 

x.= f ci [N/mm 2 ] 


1 


<26.3, 28.3, 30.3> 


11 


<24.8, 26.8, 28. 8> 


2 


<29.5,31.5, 33. 5> 


12 


<33.3, 35.3, 37. 3> 


3 


<33.2, 35.2, 37. 2> 


13 


<24.3, 26.3, 28. 3> 


4 


<27.8, 29.8, 31.8> 


14 


<21.1, 23.1, 25.1> 


5 


<25.6, 27.6, 29.6> 


15 


<18.2, 20.2, 22.2> 


6 


<28.7, 30.7, 32.7> 


16 


<27.2, 29.2, 31.2> 


7 


<23.2, 25.2, 27. 2> 


17 


<23.7, 25.7, 27. 7> 


8 


<32.6, 34.6, 36. 6> 


18 


<32.2, 34.2, 36.2> 


9 


<26.9, 28.9, 30.9> 


19 


<22.8, 24.8, 26. 8> 


10 


<17.2, 19.2, 21. 2> 


20 


<20.8, 22.8, 24.8> 



In order to compute the empirical parameters common statistics (sample 
functions) are applied as the mapping model. With the fuzzy variables x. for the x- 
the sample mean 



x=Iy> (4-17) 

n i = i 

of the n realizations x 4 becomes the fuzzy sample mean 

(4.18) 

n i = i 

For the linear mapping model given by Eq. (4.17) the evaluation for p = 1 and 
p = 0 is sufficient. The fuzzy triangular number X = <25.97, 27.97, 29.97> N/mm 2 
is obtained for the fuzzy sample mean, see Fig. 4.1 1. From the mapping model for 
the sample variance 



s 



2 _ 
x 



1 



n-1 





(4.19) 



the x. may be used to compute the fuzzy standard deviation of the sample 







/ \ 


2 


1 


n i 

E* - 1 


n 




n-1 




i = i n 


\ 1 - 1 / 





S; 



(4.20) 
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Fuzzy standard deviation s K 




0.00 ^V 



3.22 3.95 4.75 5.63 6.54 
$* [N/mm 2 ] 



Fig. 4.11. Fuzzy mean x and fuzzy standard deviation s x of the sample given in Table 4.3 



An a-level optimization (Sect. 5.2) must be applied to evaluate Eq. (4.20), as 
the mapping model given by Eq. (4.19) is nonmonotonic. The weakly nonlinear 
membership function p(s x ) is shown in Fig. 4.1 1. 

The fuzzy realizations x { enter Eq. (4.18) as well as Eq.(4.20). These establish 
a relationship between the fuzzy sample mean and the fuzzy standard deviation of 
the sample; interaction exists between the fuzzy variables f and s x . Due to the 
fact that the interaction relationship includes all x { the analytical or numerical 
evaluation of the latter is problematic for a large number of samples. Considerable 
computational effort is required even for the 20 fuzzy realizations listed in 
Table 4.3. A numerical approximation solution was determined with the aid of 
systematic and random-oriented simulations. The result for the membership level 
a = 0 is shown in Fig. 4.12. For the purpose of comparison the corresponding 
surface without interaction is also shown in the figure. 

The effect of the number of fuzzy realizations on the interaction relationship 
becomes apparent when only the first seven sample elements in Table 4.3 are 
considered (Fig. 4.13). Compared with Fig. 4.12 the shape and position of the 
fuzzy set { x , s x } have altered. As a consequence of the same support widths of the 
fuzzy realizations x { the minimum and maximum sample means are in each case 
coupled with the same standard deviation of the sample. This property is lost in the 
general case. The fact that the fuzzy realizations themselves may also be inter- 
active may even lead to disjoint sets for the empirical parameters. 

As already shown for f and s x , interaction may also exist between all empirical 
parameters and the distribution type. Due to the numerical complications involved 
in the evaluation, the "exact" description of the interaction relationship may be 
replaced by an approximation. 

For example, by investigating the passage to the limit of an infinite number of 
sample elements, approximation functions may be found that include the 
permissible combinations of parameter values. Where necessary, a representation 
in curvilinear coordinates may be derived in such a way that the interaction 
relationship is described by the coordinate transformation, hence leading to "new", 
noninteractive coordinates. 
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A simplified estimation of the interaction is also possible by determining 
representative points in the space of the empirical parameters on the basis of 
targeted investigations combined with knowledge based on experience. In the 
simplest case the interaction between the empirical parameters is neglected. 
Although this means that impermissible parameter combinations are included and 
thus enter subsequent computations, the ’’exact" solution is completely contained 
in this approximation due to the fact that the envelope curve of the permissible 
parameter combinations is taken into consideration (see Fig. 4.12). 




Fig. 4.12. Numerical approximation of the interaction between the fuzzy sample mean x 
and the fuzzy standard deviation s x for the 20 fuzzy realizations listed in Table 4.3 




Fig. 4.13. Numerical approximation of the interaction between x and s x for the first seven 
fuzzy realizations listed in Table 4.3 
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For the fuzzy realizations listed in Table 4.3 it is still necessary to determine the 
fuzzy probability distribution function. If it is assumed that the fuzzy random 
variable is normally distributed, f (x) and F(x) are then defined by Eqs. (4.1) and 
(4.2). Only the fuzzy parameters x and s x , already determined, are required to 
evaluate these equations. The fuzzy sample mean f is substituted as the fuzzy 
expected value m x , while the fuzzy standard deviation s x of the sample is 
substituted as the fuzzy standard deviation o x of the fuzzy probability distribution. 
The fuzzy probability density function f (x) and the fuzzy probability distribution 
function F(x) are shown in Figs. 4.14 and 4.15, respectively, under consideration 
of the interaction between m x and o x . 

Neglecting the interaction between rh x and o x leads to envelope curves enclosing 
the exact fuzzy functions f (x) andF(x) (Figs. 4.16 and 4.17). 




Fig. 4.14. Fuzzy probability density function f (x) under consideration of the interaction 
between m and d 

X X 




Fig. 4.15. Fuzzy probability distribution function F(x) under consideration of the inter- 
action between m x and d x 
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Fig. 4.16. Fuzzy probability density function f (x) with and without consideration of the 
interaction between m x and d x 




Fig. 4.17. Fuzzy probability distribution function F(x) with and without consideration of 
the interaction between m x and o x 

In this example the behavior of the fuzzy probability density function f(x) is 
primarily influenced by the interaction between the fuzzy expected value rh x and 
the fuzzy standard deviation 6 x (Fig. 4.16). Especially in the boundary regions 
(tails) of f (x) , which yield significant contributions in the computation of the 
failure probability, differences between the solutions with and without con- 
sideration of interaction are evident. The interaction relationship shown in 
Fig. 4.12 excludes the simultaneous occurrence of extrema of the expected value 
and standard deviation. By taking interaction into account the functional values 
constituting the upper bound of f (x) in the boundary regions become smaller. 





126 4 Description of Uncertain Structural Parameters as Fuzzy Random Variables 



Propositions concerning interaction between the empirical parameters and the 
type of distribution as well as the influence of interaction on the fuzzy probability 
density function are linked to the respective fuzzy realizations. These are problem 
specific and may only be conditionally generalized. 



4.2.3 Samples with Known, Nonconstant Reproduction Conditions 

In contrast to Sect. 4.2.2 it is now assumed that the reasons for nonconstant repro- 
duction conditions are known in detail. A knowledge of these reasons is exploited 
to separate the fuzziness and randomness present in the statistical data material. 

A precondition for separation is that the reason for nonconstant reproduction 
conditions may be characterized by attributes. Observed realizations with the same 
attributes are lumped together in a single group. These groups are subsets of the 
universe. Each group of realizations with the same attributes is treated as a sample 
and evaluated using statistical methods. The statistical evaluation yields empirical 
parameter values for each group. For all groups the set S of statistical propositions 
is obtained. Each element of S is assigned to a subset of the universe. The set S is 
uncertain, and characterizes the fuzziness of the universe. The fuzzy set 3 thus 
describes the set of real random variables contained in the observed realizations. 
These real random variables are originals of the sought fuzzy random variable. 
By means of the fuzzy set 3 membership values are assigned to the empirical 
parameter values of the originals. The membership functions of the empirical 
parameters may be constructed using histograms. 

An alternative possibility is the direct fuzzification of the probability distribu- 
tion function curve. Both possibilities are demonstrated by way of example. 



Determination of the Parameters of Fuzzy Probability Distributions with the 
Aid of Histograms. With regard to the parameters of a fuzzy probability distri- 
bution to be fuzzified it is presumed that the groups and their corresponding 
empirical parameters are known. The parameter values constitute a sample for 
which a histogram is constructed. The parameter to be fuzzified is plotted along 
the abscissa, which is subdivided in advance into subsets. In the normal manner the 
number of sample elements, i.e., the number of empirical parameter values per 
subset, is plotted on the ordinate. The evaluation of the histogram for constructing 
the membership function is carried out according to Sect. 3.1; variants are possible 
by selecting different subset widths. 

Example 4.6. Specimens of concrete C 20/25 from different concrete plants are 
available for tests to determine their cylinder compressive strength f c . The 
specimens are labeled, and the concrete plant and work team are registered. The 
reproduction conditions are thus nonconstant but known. Specimens with the same 
identification (same attributes) are each lumped together in a group; this results in 
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twelve groups containing a different number of specimens (sample size). By this 
means, randomness and fuzziness are separated. The statistical evaluation of the 
measured cylinder compressive strength f c yields empirical parameters for each 
group; in the present case, the sample mean x and the sample variance s x 2 , which 
may be determined from Eqs. (4.17) and (4.19). The results of the statistical 
evaluation are listed in Table 4.4. 

Table 4.4. Sample mean x and standard deviation s x of the cylinder compressive strength 
f c of concrete C 20/25 for twelve groups of specimens (twelve samples) 



Label 
of group 


Sample 

size 


Sample 
mean x 
[N/mm 2 ] 


Standard 
deviation 
s x [N/mm 2 ] 


Label 
of group 


Sample 

size 


Sample 
mean x 
[N/mm 2 ] 


Standard 
deviation 
s x [N/mm 2 ] 


1 


54 


27.3 


5.3 


7 


55 


26.4 


5.0 


2 


48 


26.6 


4.9 


8 


47 


30.1 


4.6 


3 


42 


29.2 


4.2 


9 


64 


28.3 


5.9 


4 


38 


31.4 


3.8 


10 


53 


27.9 


3.8 


5 


44 


28.3 


5.6 


11 


75 


29.6 


6.3 


6 


48 


29.4 


3.2 


12 


52 


27.8 


4.7 



The values listed in Table 4.4 are used to construct histograms for the sample 
mean x and the standard deviation s x of the samples (see Fig. 4.18). The chosen 
subset widths are 1.0 N/mm 2 for x and 0.75 N/mm 2 for s x . Each of the empirical 
parameters is modeled using fuzzy triangular numbers. The method of least squares 
(Sect. 3.1) is applied to determine the linear membership functions. The derived 
fuzzification suggestions are shown in Fig. 4.18. 

Due to the fact that the values x and s x for each group originate from the same 
sample, interaction exists between the fuzzy variables x and s x . Analogous to the 
analysis of stochastic dependencies between random variables, the interaction 
relationship may be determined by evaluating the value pairs (x, s x ) obtained. The 
realizations of f and s x are plotted in an appropriate coordinate system, and the 
interaction relationship is determined for different membership levels. The value 
pairs listed in Table 4.4 are presented in Fig. 4.19 for the membership level a = 0, 
and the Cartesian product of f and s x is illustrated in plan view. A suggestion for 
the interaction relationship is also shown. 

The empirical fuzzy parameters f and s x are adopted as the fuzzy distribution 
parameters m x and d x of the fuzzy probability distribution. Assuming a normal 
distribution for the type of probability distribution of the originals, m x and d x are 
directly substituted as fuzzy functional parameters in the fuzzy probability density 
function and the fuzzy probability distribution function in accordance with Eqs. 
(4.1) and (4.2) (Sect. 4.1.1). 
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Number of sample elements 




Fig. 4.18. Histograms and fuzzification of the sample mean x and the standard deviation s x 
assigned to the groups (samples) of the cylinder compressive strength f c of concrete C 20/25 
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Fig. 4.19. Estimation of the interaction between x and s x 





4.2 Fuzzy Random Variables and Typical Data Situations 129 



Both the fuzzy parameters rh x and d x as well as their interaction relationship are 
comparable with the results given in Sect. 4.2.2; the curves of the fuzzy functions f (x) 
and F(x) are thus analogous to those shown in Figs. 4.14 to 4.17. 

If it is also intended to model the uncertain distribution type, this may be 
achieved, e.g., using a compound distribution with a constant ratio of components 
between a normal distribution and a logarithmic normal distribution. An empirical 
distribution function is constructed for each group of observed realizations. On the 
basis of the latter the estimated values required for the parameters of the prob- 
ability distribution as well as the ratio of components are determined and finally 
fuzzified. 



Direct Fuzzification of the Probability Distribution Function Curve. The direct 
fuzzification of the functional curve is demonstrated by considering the problem of 
Example 4.6. 



Example 4.6. The starting point is again the separation of randomness and 
fuzziness by constructing groups of observed realizations. A histogram of the 
corresponding realizations is constructed for each group. The construction of the 
histograms, i.e., subset widths and subset positioning on the abscissa, must be the 
same for all groups. The subsets are defined as half-closed intervals [x ]9 x r ) on the 
real number line. The number of observed realizations in the subsets is generally 
different for the individual groups. The histograms for the first two groups listed in 
Table 4.4 are shown in Fig. 4.20. 



Realizations of group 1 




x = f c [N/mm 2 ] 



Realizations of group 2 




x = f c [N/mm 3 ] 



Fig. 4.20. Histograms for the realizations of groups 1 and 2 listed in Table 4.4 
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Table 4.5. Functional values of the empirical distribution functions Fj e (x = f c ) for all groups 
i of specimens with x = f c [N/mm 2 ] 



X 












Group i 














1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


12 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


14 


0.019 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.016 


0.000 


0.000 


0.000 


16 


0.019 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.016 


0.000 


0.000 


0.000 


18 


0.019 


0.021 


0.000 


0.000 


0.000 


0.000 


0.036 


0.000 


0.016 


0.000 


0.013 


0.000 


20 


0.074 


0.083 


0.000 


0.000 


0.023 


0.000 


0.091 


0.000 


0.063 


0.000 


0.067 


0.000 


22 


0.167 


0.250 


0.000 


0.000 


0.114 


0.000 


0.273 


0.043 


0.172 


0.094 


0.120 


0.096 


24 


0.296 


0.333 


0.071 


0.026 


0.295 


0.042 


0.327 


0.064 


0.266 


0.170 


0.227 


0.231 


26 


0.407 


0.479 


0.262 


0.105 


0.409 


0.167 


0.436 


0.191 


0.328 


0.283 


0.320 


0.346 


28 


0.556 


0.604 


0.476 


0.184 


0.523 


0.354 


0.655 


0.340 


0.422 


0.509 


0.400 


0.577 


30 


0.759 


0.708 


0.595 


0.395 


0.705 


0.563 


0.764 


0.532 


0.625 


0.717 


0.507 


0.731 


32 


0.815 


0.813 


0.786 


0.632 


0.750 


0.833 


0.855 


0.702 


0.766 


0.887 


0.653 


0.788 


34 


0.907 


0.979 


0.810 


0.711 


0.795 


0.917 


0.927 


0.766 


0.844 


0.962 


0.733 


0.904 


36 


0.926 


1.000 


0.905 


0.816 


0.909 


0.979 


0.964 


0.830 


0.922 


0.981 


0.827 


0.923 


38 


0.944 


1.000 


1.000 


1.000 


0.932 


1.000 


1.000 


0.979 


0.969 


0.981 


0.933 


0.962 


40 


0.981 


1.000 


1.000 


1.000 


0.977 


1.000 


1.000 


0.979 


0.969 


1.000 


0.947 


1.000 


42 


1.000 


1.000 


1.000 


1.000 


0.977 


1.000 


1.000 


1.000 


0.969 


1.000 


0.973 


1.000 


44 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


0.984 


1.000 


0.987 


1.000 


46 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


0.987 


1.000 


48 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 


1.000 



For each group the empirical probability distribution function 

Ff(x) = -^2 (4.21) 

n i 

is developed from the corresponding histogram. In the above, i denotes the group 
number, n t the number of all elements (realizations) in group i, and n ik (x) the 
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number of those elements k (in group i), whose values x k are smaller than x. The 
values x of the observed realizations are determined by the left-hand subset 
boundaries (i.e., by the Xj of the half-closed intervals [x l9 x r )) in the histograms; 
these mark discrete positions on the abscissa. The evaluation of all groups yields a 
bunch of discrete empirical distribution functions. The functional values F^x = f c ) 
are listed in Table 4.5. 

The functional values F(x) are directly fuzzified. At each (discrete) position x 
a histogram is constructed using the functional values of the empirical distribution 
functions. The abscissa is subdivided into suitable subsets in the interval [0, 1]; the 
number of functional values assigned to each subset is plotted on the ordinate. 
With the aid of the elementary fuzzification methods outlined in Sect. 3.1 fuzzy 
numbers are generated from the histograms. In this generation process the prop- 
erties of the probability measure must be observed (Sect. 2.2.2). In the present case 
fuzzy triangular numbers and fuzzy numbers with a polygonal membership 
function are chosen. The fuzzification process for three selected x = f c is shown in 
Fig. 4.21. The fuzzification results for all x = f c are listed in Table 4.6. The inter- 
val bounds of the support as well as the mean value are indicated for each fuzzy 
probability F e (x). 
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Fig. 4.21. Histograms and membership functions of the functional values of the empirical 
distribution function F e (x) for x = f c = 20 N/mm 2 , x = f c = 28 N/mm 2 , and x = f c = 36 N/mm 2 
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Table 4.6. Support bounds ,(x) and F 0 r (x), and mean values F^Cx) of the fuzzy 
probability F e (x) for all x = f c [N/mm 2 ] given in Table 4.5 



X 


Fo.00 


P,(X) 


F 6 0 r( X ) 


X 


F'oiW 


P,(x) 


ForM 


X 


Fo.W 


F,(x) 


ForW 


12 


0.000 


0.000 


0.000 


26 


0.025 


0.358 


0.492 


40 


0.949 


1.000 


1.000 


14 


0.000 


0.000 


0.018 


28 


0.128 


0.557 


0.750 


42 


0.966 


1.000 


1.000 


16 


0.000 


0.000 


0.018 


30 


0.331 


0.763 


0.825 


44 


0.983 


1.000 


1.000 


18 


0.000 


0.000 


0.035 


32 


0.603 


0.799 


0.975 


46 


0.984 


1.000 


1.000 


20 


0.000 


0.000 


0.113 


34 


0.652 


0.925 


1.000 


48 


1.000 


1.000 


1.000 


22 


0.000 


0.000 


0.369 


36 


0.742 


0.958 


1.000 


- 


- 


- 


- 


24 


0.000 


0.283 


0.417 


38 


0.913 


1.000 


1.000 


- 


- 


- 


- 



The fuzzified probabilities F e (x) for discrete x = f c are functional values of the 
sought fuzzy probability distribution function F(x). Different membership levels 
a are considered for the determination of the fuzzy parameters of the fuzzy 
probability distribution and the description of the distribution type. The aim is to 
determine the originals of the fuzzy random variable that bound each membership 
level. The entirety of all included originals reflects the sought fuzzy probability 
distribution. 

In this example a compound distribution comprised of a normal distribution 
(ND) and a logarithmic normal distribution (LND) with a constant ratio of 
components is adopted. It is assumed that the expected value and standard 
deviation are the same for both distributions; the minimum value of the component 
logarithmic normal distribution is specified to be x 0 = 5 N/mm 2 . The expected 
value, standard deviation, and ratio of components are chosen to be free fuzzy 
parameters of the compound distribution 

F(x) = a • F nv (x) + ( 1 - a ) • F LNV (x) . (4.22) 

The subsequent evaluation is restricted to the membership levels a = 0 and 
a = 1. The free parameters required for approximating the distribution functions of 
the originals are determined by the method of least squares. The distribution 
function F^x) of the original for the membership level a = 1 is obtained from the 
values of F^x). The boundaries of the membership level a = 0 are obtained in 
each case from all values of F 01 (x) and F e 0r (x). The following are introduced as 
additional constraints: 

- All F e 0 ](x) > 0 lie above the approximation function F 0 j(x) 

- All F e 0r (x) < 1 lie below the approximation function F 0r (x) 
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The following values are obtained for the free distribution parameters and the 
functional parameter a of the implemented distribution function: 

- Approximation of F e ,(x): m x = 27.66 N/mm 2 , o x = 4.34 N/mm 2 , a = 0.00 

- Approximation of F e 0 ,(x): m x = 34.29 N/mm 2 , a x = 4.8 1 N/mm 2 , a = 0.00 

- Approximation of F e 0r (x): m x = 23.30 N/mm 2 , o x = 4.44 N/mm 2 , a = 1.00 

The computed distribution functions of the originals are shown in Fig. 4.22 

together with the adopted functional values of the fuzzified empirical distribution 
function from Table 4.6. 




Fig. 4.22. Functional values of the empirical probability distribution functions F e ,(x), 
F e 01 (x), and F 0r (x) as well as the approximation functions F,(x), F 01 (x), and F 0r (x) 

The fuzzy distribution parameters and the fuzzy functional parameter a of the 
sought fuzzy probability distribution according to Eq. (4.22) may be expressed as 
fuzzy triangular numbers (confined to a = 0 and a = 1): 

- m x = < 23.30, 27.66, 34.29 > N/mm 2 

- S x = < 4.34, 4.34, 4.81 > N/mm 2 , and 

- a = <0.00,0.00, 1.00 > 

The interaction relationships for rh x , o x and a may be determined numerically 
(Sect. 4.2.2), or may be approximately estimated on the basis of the available 
information. A possible estimation of the interaction is shown in Fig. 4.23. 

In the example, the interaction between m x , S x and a has only a very slight 
effect, and may thus be neglected. The fuzzy probability density functions and the 
fuzzy probability distribution functions are compared in Figs. 4.24 and 4.25, with 
and without consideration of interaction. The approximation functions F 0 ,(x) and 
F 0r (x) as well as the corresponding probability density functions f 0 i(x) and f 0r (x) 
are also shown in the figures. Variants of the fuzzy probability distribution func- 
tion may be obtained by choosing different subset widths in the histogram. 
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• Computed parameter combinations 




27.66 33.00 mJN/mm 2 ] 



Without interaction 
With interaction 




I 25.00 27.66 34.29 

23.30 m* [N/mm 2 ] 



Fig. 4.23. Estimation of the interaction between m x , c? x and a 




Fig. 4.24. Fuzzy probability density function f (x) with and without consideration of 
interaction between m x , 6 x and a; probability density functions f 0I (x) and f 0r (x) belonging 
t° F 0 j(x) and F 0r (x) 




Fig. 4.25. Fuzzy probability distribution function F(x) with and without consideration of 
interaction between m x , a x and a; probability distribution functions F 01 (x) and F 0r (x) 





In deterministic structural analysis crisp input vectors x c X representing load, 
geometry, and material parameters are known. With the aid of the particular 
computational model M the structural responses (result vectors) zeZ like, e.g., 
stresses, internal forces, or displacements are to be determined. This problem may 
be described by the mapping 

£ - z, (5.1) 

which may also be denoted in the form z = f(x). The computational model, which 
characterizes the crisp dependency between the crisp vectors x and z is referred to 
as the deterministic fundamental solution. It represents the mapping model f = M 
indicated by the arrow in Eq. (5.1). Deterministic fundamental solutions that are 
often applied are, e.g., finite element models, bar models based on differential 
formulations, and boundary element models. In structural analysis, as a rule, the 
mapping model f represents a complex algorithm, which makes the computation 
of z numerically extensive. 

If the input vectors of structural analysis are characterized by uncertainty and if 
the mapping model possesses model uncertainty, the mapping according to Eq. 
(5.1) then becomes an uncertain mapping of uncertain input vectors onto uncertain 
result vectors. Therefore, the nature of the uncertainty may be described with the 
types stochastic , informal , or lexical uncertainty , from which the uncertainty 
characteristics fuzziness , randomness , and fuzzy randomness may be identified. 

By applying different uncertainty models to the mapping according to Eq. (5.1) 
or to parts of this mapping, respectively, several variants of uncertain structural 
analysis may be developed. The particular form of uncertain structural analysis 
depends on the chosen uncertainty description. 

Besides the established probabilistic models the following two formal 
uncertainty descriptions presented in Chap. 2 are available: 
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Uncertainty Description with Fuzziness. 



- Fuzzy vector 

- Fuzzy function 

- Fuzzy field 

- Fuzzy process 



x 

x(t) = x(s,t) 
x(fi) = x(s,fi) 
x(l) = x(s,x) 



Uncertainty Description with Fuzzy Randomness. 

- Fuzzy random vector X 

- Fuzzy random function X(t) = X(s,I) 

- Fuzzy random field X (Q) = X ( s , Q) 

- Fuzzy random process X(l) =X(s,x) 

If all uncertainty is exclusively considered as fuzziness, fuzzy structural analysis 
may formally be developed from Eq. (5.1) 

x - z. (5.2) 

The input vectors of structural analysis are then fuzzy vectors x c X. On the basis 
of fundamental operations with fuzzy sets like, e.g., the extension principle (Sect. 
2.1.7), fuzzy result vectors z c Z may be determined. These represent fuzzy 
structural responses. In general, the mapping itself is also characterized by 
fuzziness, i.e., it describes an uncertain dependency between elements of X and Z. 
This uncertainty may be understood as model uncertainty described by the fuzzy 
model parameter vector m = (ffij, m 2 , ..., m p ). The mapping model is then 
represented by an uncertain computational model or deterministic fundamental 
solution including fuzzy model parameters. As stated in Sect. 5.2, the extension 
principle is barely applicable to numerically sophisticated structural analysis; 
instead of that the a-level optimization is introduced. This generally applicable, 
numerical solution technique may be extended to fuzzy functions 

X(t) - z(t). (5.3) 

On this basis the Fuzzy Finite Element Method ( FFEM) is elaborated as a special, 
but very significant form of fuzzy structural analysis. 

If uncertainty with the characteristic fuzzy randomness is to be taken into 
account, from Eq. (5.1) the formal notation 

1- Z (5.4) 

for fuzzy stochastic structural analysis is obtained. Uncertain input vectors are then 
fuzzy random vectors X with their fuzzy probability distribution functions F(x) . 
In fuzzy stochastic structural analysis the representation of the X by their originals 
Xj is used (Sect. 2.3.1). In a discretization process originals Xj and their assigned 
probability distribution functions Fj(x) are chosen. For each original Xj 
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representing a real-valued random vector the fuzzy stochastic structural analysis 
reduces to a common stochastic structural analysis. This may be carried out, e.g., 
with the aid of a Monte Carlo simulation in combination with a deterministic 
fundamental solution. If required the deterministic fundamental solution may 
include fuzzy model parameters as model uncertainty. Each common stochastic 
structural analysis leads to one real probability distribution functions F(zj) for the 
associated original Zj of the fuzzy random result vector Z- Thereby the 
membership value of the originals Xj remains and is assigned to the result 
originals, p(Zj) = p(Xj). Combining the results Zj and their membership values p(Zj) 
to the fuzzy set Z yields the fuzzy probability distribution function F(z) of the 
fuzzy random result vector, which represents a fuzzy random structural response. 
This approach may be extended to fuzzy random functions 

I(t) - Z(t). (5.5) 

If the deterministic fundamental solution makes use of a finite element model, the 
general fuzzy stochastic structural analysis is then formulated in terms of the Fuzzy 
Stochastic Finite Element Method (FSFEM ) . 



5-2 Fuzzy Structural Analysis 

5.2.1 Fuzzy Structural Analysis with the Aid of the Extension Principle 

The fuzzy results z of the fuzzy structural analysis are fuzzy vectors. They may be 
computed from the n fuzzy input variables x { and the p fuzzy model parameters 
m r by means of the extension principle in combination with the Cartesian product 
between fuzzy sets (Sects. 2.1.6 and 2.1.7). The mapping model 

z = (Zp ... , Zj, ... , Z m ) = f(Xp ... , Xj, ... , X n ) , (5.6) 

which is represented here by the analysis algorithm, transforms all points x from 
the space of the fuzzy input variables x { (x-space) into the space of the fuzzy result 
variables z. (z-space). The max-min operator determines the membership values 
p(z) for the result points. 

For fuzzy structural analysis the mapping model f(x) is represented by the 
computational model M. The fuzzy model parameters m r are introduced into the 
model M, which, owing to 

f =M(m,, ...,m r , ... , m p ) (5.7) 

becomes the uncertain mapping model f . The fuzzy model parameters m r are also 
treated according to the rules of fuzzy set theory. The uncertain mapping model f 
is determined from Eq. (5.7) as a mapping of the fuzzy model parameters m r onto f . 
This mapping is treated mathematically in the same way as the mapping of the 
fuzzy input variables onto the fuzzy result variables z. . For this reason only the 
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processing of the fuzzy input variables x { using the crisp mapping model f is 
described in the following. 

Applying the extension principle, the fuzzy input variables x { in the x-space 
form the fuzzy input set X and are mapped onto the fuzzy result set Z in the 
z-space. The fuzzy result variables z . are contained in Z . 

The extension principle is hardly practicable in the case of complex mapping 
model, as its application requires discretization of the support of the fuzzy input set 
X (if this represents an at least partially continuous fuzzy set) - e.g., using a point 
mesh. This leads to numerical problems. 



Problem 1. The number of combinations of elements from the fuzzy input 
variables (= the number of points in the point mesh when discretizing the support 
of the fuzzy input set X ) is quasi-infinite (Sect. 2.1.7). 



Problem 2. The limited numerical accuracy may lead to difficulties when 
evaluating the value pairs (z, p(z)) to constitute the fuzzy result z. With the aid of 
the relation equal to the decision is to be made if the elements z x and z 2 of the 
fuzzy result vector z are considered as equal to each other or not. Only if z } = z 2 
holds can the max operator of the extension principle be applied. The limited 
numerical accuracy thus yields a jagged membership function of the fuzzy result. 
This effect may be partially compensated by introducing a tolerance limit for the 
comparison, i.e., rounding of the values to be compared, or by "smoothing” the 
numerically determined membership function. A rounding that is too coarse leads 
to inaccurate fuzzy results, whereas tolerance limits that are too fine require the 
determination of a very large number of elements for the fuzzy result. 



Problem 3. The governing combinations of elements from the fuzzy input 
variables z. for determining the membership values of the elements of the fuzzy 
result are, in general, not found exactly. The max-min operator is exclusively 
applied to that combinations of elements from the fuzzy input variables that are 
defined by the discretizing point mesh. This reduces the accuracy of the obtained 
membership values, which thus only represent lower bounds for the graph of the 
actual membership function. 



Example 5.1. We consider the mapping of the continuous fuzzy numbers x { and 
x 2 from Fig. 5.1 onto the continuous fuzzy result variable z. The mapping model 
of the extension principle is given by the function 

z =f(x p x 2 ) = 0.01 -Xj 3 + 0.17- xf + 0.48* Xj 

+ 0.01 • x 2 3 + 0. 1 3 • x 2 2 + 0.03 • X 2 + 0.65 . 



(5.8) 
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i MOO k M(Xj) 





Fig. 5.1. Continuous fuzzy numbers Xj and x 2 

The function in Eq. (5.8) does not represent a one-to-one mapping, each 
functional value z may be computed from an infinite number of different 
combinations of arguments Xj and x 2 . The mapping model z = f(x 1? x 2 ) is 
continuous, the fuzzy result variable z is obtained as a continuous fuzzy number. 
The function according to Eq. (5.8) is shown in Fig. 5.2. It is plotted on that part of 
the domain of definition that is formed by the supports of and x 2 . The function 
possesses one local minimum at (x„ x 2 ) = (-1.653, -0.117) with the functional 
value z min = 0.274 and one local maximum at (x 1? x 2 ) = (-9.681, -8.550) with the 
functional value z max = 5.859. On the domain considered, these local extreme 
values simultaneously represent global extreme values. In Fig. 5.3 the level curves 
of the function are displayed and the locations of the extreme values are marked. 




Fig. 5.2. Function z = f(x p x 2 ) according to Eq. (5.8) on all elements of the fuzzy numbers 
Xj and x 2 
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Fig. 5.3. Level curves of the function z = f(x 1? x 2 ) according to Eq. (5.8) and locations of the 
extreme values 

For determining the fuzzy result variable z with the aid of the extension 
principle all combinations of elements from x l and x 2 are to be evaluated with 
Eq. (5.8) and the membership values of the computed elements z of the fuzzy 
result are to be calculated by applying the max-min operator. The continuous fuzzy 
input variables x 1 and x 2 possess an infinite number of elements. For the numeri- 
cal treatment, however, only a finite sample of elements from both fuzzy numbers 
may be considered. Initially, the supports of the fuzzy variables x } and x 2 are 
subdivided by equidistant points with Ax = 1.0. These points characterize the 
various elements in and x 2 . The evaluation of all combinations of these 
elements comprises 272 deterministic computations of functional values z with 
Eq. (5.8). The determination of the membership values p(z) with the aid of the 
max-min operator yields the fuzzy result variable z illustrated in Fig. 5.4. 

If the distances between the elements of the fuzzy variables x l and x 2 are all 
chosen to be Ax = 0.5, a total of 1023 combinations are then to be evaluated. The 
associated membership function p(z) is plotted in Fig. 5.5. 

With an increasing number of combinations of elements from the fuzzy input 
variables the numerical solution converges to the exact result for z. In Fig. 5.6 
both the numerical result and the exact graph of the membership function p(z) are 
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displayed. Additionally, an approximation solution for p(z) is illustrated, which has 
been derived by smoothing the numerical result. 



Mto 1 




0.29 2.57 5.82 z 



Fig. 5.4. Fuzzy result z : numerical determination according to the extension principle by 
evaluating 272 combinations of elements from the fuzzy input variables x, and x 2 



M(z) 1 

1.0 




0.279 2.570 5.855 z 



Fig. 5.5. Fuzzy result z : numerical determination according to the extension principle by 
evaluating 1023 combinations of elements from the fuzzy input variables x 1 and x 2 
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0,274 2.570 5.859 z 



Fig. 5.6. Fuzzy-result z : numerical determination according to the extension principle by 
evaluating 1023 combinations of elements from the fuzzy input variables; approximation 
solution by smoothing the numerical result; exact solution 

Summarizing, for the numerical treatment of the extension principle the following 
two basic propositions may be drafted: 

- The accuracy of the membership function of a fuzzy result essentially depends 
on the number and on the location of elements from the fuzzy input vector that 
are chosen for numerical evaluation. 

- The mapping model as well as the form of the membership function of the fuzzy 
input vector affects the numerical effort and the accuracy of the fuzzy result. 
The numerical effort concerning the application of the extension principle 
increases exponentially with the number of fuzzy input variables, i.e., with the 
number of dimensions of the fuzzy input vector. 

Owing to the problems discussed the extension principle is not applied in fuzzy 
structural analysis. For this reason a capable numerical technique - the a-level 
optimization - is developed in the subsequent sections. 
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5.2.2 Fuzzy Structural Analysis with the Aid of a-level Optimization 

5.2.2.1 Developing a-level Optimization from the Extension Principle 

In order to develop a suitable method for processing fuzzy input vectors and fuzzy 
model parameters the concept of a -discretization is adopted. Procedures that 
exploit special properties of the mapping model or additional information con- 
cerning the mapping are suggested, e.g., in [19, 20, 45, 135, 200, 201]. In the 
following, a technique is derived that permits the use of mapping model without 
special properties [114, 117, 118, 127]. This is realized starting from the 
a-discretization of fuzzy sets (Sect. 2.1.9). 



Replacing the Max-min Operator by an Optimization Problem. All fuzzy input 
variables are discretized using the same number of a-levels a k , k = 1, ..., r. For 
each fuzzy input variable x. = A on the level a k the a-level set Aj, ak is then 
assigned to x j5 and all Ai,a k form the crisp subspace X^. With the aid of the 
mapping model z = f(x ]? ... , x n ) it is possible to compute elements of the a-level 
sets £j,a k of the fuzzy result variables z. = B., j = 1, ..., m on the a-level a k . The 
mapping of all elements of X^ yields the crisp subspace of the z-space. 

Once the largest element Zj,a k r and the smallest element Zj,a k i of the a-level set 
^j,a k have been found, two points of the membership function p(zp = p Bj ( z j) are 
known (Fig. 5.10). In the case of convex fuzzy result variables the p(Zj) are thus 
completely described. The determination of Zj,a k r and Zj,a k i replaces the max-min 
operator of the extension principle. 

The procedure may be verified as follows: 

Provided that 

- The max-min operator is used in the extension principle, and 

- The same a-level a k is considered for all fuzzy input variables and fuzzy result 

variables 

the following holds: 

The application of the extension principle to the a-level sets Ai,a k of the 
fuzzy input variables yields the a-level sets 5j,a k of the fuzzy result variables 
(Sect. 2.1.7). With the mapping of the crisp input subspace X^ into the result 
space the a-level sets Z?j,a k of the fuzzy result variables z . = B. are completely 
specified. If the z . are convex fuzzy sets, the membership functions p(Zj) are 
then completely described by the largest and smallest elements (zj, ak r and Zj,a k i) 
of the a-level sets Z?j, ak . The membership values of these elements are 
p(zj,a k r) = p(zj,a k i) = . The membership values p(zj) of all other elements Zj with 

Zj,a k i < Zj< Zj,a k r are not needed - thus the application of the max-min operator is 
dispensable. The determination of Zj, ak r and Zj,a k i replaces the max-min operator. 
Exact mathematical conditions for the validity of this replacement are provided, 
e.g., in [47]. 
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Fig. 5.10. Mapping of the fuzzy input variables Xj and x 2 onto the fuzzy result variable z. 
by mapping of all oc -level sets Ai,^ onto the a -level sets Bj t0k 

The search for the smallest and largest elements is formulated as an optimiza- 
tion problem. The objective functions 

Z. = - Max I (x 1 ,...,x l )el , (5.9) 

Zj = fj(Xj, ... ,x n ) * Min j (x,,...,x n )eZ^ (5.10) 

must be satisfied. The requirements (x„ ..., x n ) e represent the constraints of 
the optimization problem. 
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The objective functions in Eqs. (5.9) and (5.10) are satisfied by the optimum 
points Xo pt . For each fuzzy result variable and each a-level a k two optimum points 
have to be determined in the crisp subspace X^, respectively. The optimization 
task according to Eqs. (5.9) and (5.10) for all a-levels a k and all fuzzy result 
variables z. is referred to as a-level optimization [117, 118, 127]. In order to 
solve the a-level optimization problem special properties of the mapping model 
z = f(xj, ... , x n ) may be used (Sect. 5.2.2.2). 

If the mapping model has no special properties, the optimum points Xo pt are 
located arbitrarily in X^ ; otherwise the search for the x opt may be limited to parts 
of X (x — e.g., on its "boundary”. 

If k 

- Every crisp subspace X^ is a connected set, and 

- The mapping model is continuous and single valued 

the fuzzy result variables z. are then convex fuzzy sets. If no interaction exists 
between the fuzzy input variables x i? the first condition is satisfied when all A = x { 
are convex fuzzy sets. If the second condition is not complied with, a-level 
optimization yields exact envelope curves of the actual membership functions of 
the fuzzy result variables (Sect. 5. 2. 2. 2). 

Solution techniques for a-level optimization are described in Sect. 5.2.3. 

The application of a-level optimization is demonstrated for the example from 
Sect. 5.2.1. With the aid of the mapping model according to Eq. (5.8) the 
continuous fuzzy input variables x { and x 2 illustrated in Fig. 5.1 are mapped onto 
the fuzzy result variable z . The fuzzy input variables are convex and the mapping 
model represents a continuous function, interaction does not exist. For computing 
the fuzzy result variable eleven a-levels that subdivide the interval (0, 1] 
equidistantly are chosen. For each a-level the largest and the smallest value for z 
are to be determined. In Table 5.1 the largest and smallest elements of the a-level 
sets of the fuzzy input variables as well as the values min z = z ak i and max z = z ak r 
are indicated. Moreover, the points from the crisp subspace X^ that belong to the 
extreme values z ak i and z ak r on the respective a-levels are recorded. For example, 
introducing the points xi opt , ak , Zl and X2 opt ,a k , Zl in Eq. (5.8) yields min z = z ak i and 
max z = Za k r • The optimum points lie partially inside the subspaces X^ and 
partially on their "boundaries". 
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Table 5.1. Determination of the fuzzy result variable z by oc-level optimization; mapping 
model according to Eq. (5.8); and x 2 from Fig. 5.1 



a 



Boundary points of the 
a-level sets of the 
fc f u zzy input var i ab les 



Minimum value z^i 
and assigned elements 
from x , and x. 



Maximum value z^r 
and assigned elements 
from x [ and x 2 







X l 


X 2-Oil 


X 2,«* r 


X Upc-Ctk^l 




Ztifc! 


x r>p. ^ 


x 2o P t,Ok ,Zf 




0.0 


-13.0 


2.0 


-12.0 


4.0 


-1.653 


-0.117 


0.274 


-9.681 


-8,550 


5,859 


0.1 


-12.2 


1.3 


-11.2 


3.2 


-1.653 


-0.1 17 


0,274 


“9.681 


-8.550 


5.859 


0.2 


-11.4 


0.6 


-10.4 


2.4 


-1.653 


-0,117 


0.274 


-9.681 


-8.550 


5.859 


0J 


-10.6 


- 0.1 


-9.6 


1.6 


-1.653 


-0. 1 17 


0.274 


-9,681 


“8.550 


5.859 


0.4 


-9.8 


-0.8 


-8.8 


0.8 


-1.653 


-0.117 


0.274 


-9,681 


-8.550 


5.859 


0.5 


-9.0 


-1.5 


-8,0 


0,0 


“1.653 


-0.1 17 


0.274 


-9.000 


-8.000 


5.770 


0.6 


-8.2 


-*2 + 2 


-7.2 


-0.8 


-2.200 


-0.800 


0.364 


-8.200 


-7,200 


5.422 


0.7 


-7.4 


-2.9 


-6.4 


-1.6 


*2,900 


-1.600 


0.688 


-7.400 


-6.400 


4.866 


0.8 


-6.6 


-3.6 


-5.6 


-2.4 


-3.600 


-2.400 


1,197 


-6.600 


-5.600 


4.165 


0.9' 


-5.8 


-4.3 


-4.8 


-3.2 


-4.300 


-3.200 


1.842 


-5.800 


-4.800 


3.379 


1.0 


-5.0 


-5.0 


-4.0 


-4.0 


-5.000 


-4.000 


2.570 


-5.000 


-4.000 


2.570 



The values for z in the shaded columns and the predefined values for a k lead to 
a polygonal shape for the membership function of the fuzzy result variable z. In 
Fig. 5.11 this result is compared to both the exact graph of the membership 
function jli(z) and the solution according to the extension principle (Sect. 5.2.1). 
The differences from the exact result may only be recognized at the stronger 
curved parts of the membership function, which are marked by dashed lines. 
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Exact solution 

Approximation according to Table 5.1 
Solution according to 
the extension principle 




0.274 



2.570 



5.859 z 



Fig. 5.11. Fuzzy result z: numerical determination according to the extension principle by 
evaluating 1023 combinations of elements from the fuzzy input variables; approximation 
solution by a-level optimization; exact solution 



5.2.2.2 Properties of the Mapping Model 

When solving the optimization problem (Eqs. (5.9) and (5.10)) special proper- 
ties of the mapping model f(x„ ..., x n ) are of interest. Owing to the constraint 
(x l9 ..., x n ) 6 it is necessary to investigate the properties of f(x l9 x n ) for 
mappings of the crisp subspace 2^ onto the crisp subspace Z^, i.e., for mapping 
on the respective a-level a k . 

In a-level optimization the following properties of the mapping model are of 
interest: 

- Uniqueness 

- Biuniqueness 

- Continuity 

- Monotonicity 

- Dimensionality of the input subspace and the result subspace Z^ 



Uniqueness. In the case of single-valued mapping models Eqs. (5.6) and (2.36) 
yield precisely one result (z 1? ..., z m ) for each element set (x 1? ..., x n ). Due to the 
fact that the mapping models in fuzzy structural analysis are functions in a closed 
form for simple cases only, and numerical algorithms in the general case, 
uniqueness is not ensured in all cases. Mapping models that are not single-valued 
arise, e.g., in problems of kinetic stability or in analyses in the supercritical range. 
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If the mapping is not single-valued, z = (z l9 z m ) in Eq. (5.6) for an n-tuple 
(x 1? x n ) is not a point but a set of points, a segmentally continuous curve, or a 
continuous curve. The solution of the a-level optimization is then obtained by 
selecting those result values Zj, ak that are extremes for one and the same n-tuple 
(Xj, ..., x n ) of the input variables. 

Biuniqueness and Dimensionality. The number of dimensions of the subspaces 
and Z^ determines the type of mapping and is closely related to its 
biuniqueness. Taking n to be the number of dimensions of the x-space and m the 
number of dimensions of the z-space, a distinction must be made between the 
following cases: 

- n > m 

- n = m 

- n < m 

If n > m, the mapping of continuous fuzzy input variables is not biunique (see 
also Sect. 2.1.7). Biuniqueness may occur in the case of discrete fuzzy input 
variables. The mapping of a crisp subspace onto a crisp subspace for n = 3 
and m = 2 is shown in Fig. 5.12. The points Xi and x 2 of the x-space lead to the 
same result point z x = z 2 in the z-space. The mapping is irreversible. 

Crisp subspace of the x-space Crisp subspace of the z-space 




Fig. 5.12. Mapping of the three-dimensional crisp subspace X ^ onto the two-dimensional 
crisp subspace Z^ ; nonbiunique mapping 

A mapping in which n = m may be biunique. A biunique and a nonbiunique 
mapping of a crisp subspace are shown in Fig. 5.13 for n = 2 and m = 2. 
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In the case of n < m the z-space is generally m-dimensional in extent. In 
differential terms, however, it is at most n-dimensional at each of its points. The 
z-space is the parameter representation of an n-dimensional hypersurface in the 
m-dimensional space of the fuzzy result variables. The input variables x { consti- 
tute the parameters. A mapping of this type may be biunique. A biunique and a 
nonbiunique mapping of a crisp subspace are compared in Fig. 5.14 for the case 
n = 1 and m = 2. 

Generally speaking, for all mappings according to Eq. (2.38) the result subspace 
must not necessarily be convex or connected. The mapping of a crisp subspace for 
this general case with n = 2 and m = 2 is shown in Fig. 5.15. The crisp subspaces 
of the x-space and z-space are hatched in this figure. 



Crisp subspace X^of the x-space Crisp subspace of the z-space 




Fig. 5.15. Mapping of the two-dimensional crisp subspace X ^ onto the two-dimensional 
crisp subspace , which is neither connected nor convex 

A mapping according to Eq. (2.36) may also depend on one or several crisp 
parameters t l5 ..., t p , such as, e.g., load or time parameters. These crisp parameters 
are then additionally included in the mapping model 

f(Xi,...,x n ,t 1 ,...,t p ). (5.11) 

The result subspace then ’’develops" in the z-space with changes in these param- 
eters through translation of its elements. Besides the influence of the fuzzy input 
variables, the shape and size of the result subspace in the z-space are additionally 
determined by these parameters. If a continuous mapping is assumed (also in rela- 
tion to crisp parameters), which is biunique for each fixed parameter adjustment t^, 
the following proposition may be formulated for the case of continuous fuzzy input 
variables: 

All points z that lie on the "boundary" of the crisp subspace belonging to a k 
for an arbitrary parameter vector tq and a selected a-level a k are also boundary 
points of 2^ for all other possible parameter vectors t r 
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The points z sought in the a-level optimization are always boundary points due 
to min Zj,a k or max Zj,a k . The corresponding optimum points x opt in the space of the 
fuzzy input variables are also boundary points for the case n = m. In [19] this 
proposition is verified and specifically applied for the solution of systems of 
ordinary differential equations containing fuzzy input variables. A biunique and a 
nonbiunique mapping that "develop" in the z-space as a function of the crisp 
parameter t are shown in Fig. 5.16. 




Fig. 5.16. Mapping of the two-dimensional crisp subspace X ^ onto the two-dimensional 
crisp subspace and its development in the z-space as a function of the crisp parameter t 
for a biunique and nonbiunique, continuous mapping 



Continuity. In the case of continuous fuzzy input variables with a continuous 
single- valued mapping model and a connected subspace the subspace is 
connected, but may exhibit "holes" (Fig. 5.17). If the mapping is additionally 
biunique, "holes" are ruled out. 

For a continuous, single-valued mapping of a connected subspace X^ with 
continuous fuzzy input variables, convex fuzzy result variables are obtained. 
Convexity of the corresponding crisp subspace is not guaranteed, however. 
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Crisp subspace X^ of the x-space Crisp subspace Z % of the z-space 








* 












*2 



Fig. 5.17. Mapping of the two-dimensional crisp subspace X ^ onto the two-dimensional 
crisp subspace ; nonbiunique, continuous mapping 



Example 5.2. The application of a noncontinuous mapping model is demonstrated 
in the following. The single-span girder shown in Fig. 5. 18 is subjected to the loads 
P and M at point x p ; the distance x p is taken to be the fuzzy input variable 
x = x p . The result value is the bending moment at point x k (middle of the girder) 
which, on account of x p , becomes the fuzzy result z = M k . 



P = 10 kN 



0 



& 



M = 2kNm 






2.50 m ** 



2.50 



Fig. 5.18. Structural system, loading 



The bending moment at point x k is given by 



M k (x n ) = < 



l + 5-x p 
24- 5- x 



[kNm] 
[kNm] | 



%< x k 

x P >x k 



(5.12) 



In this case, Eq. (5.12) is the mapping model and exhibits a discontinuity at the 
point x p = x k . The fuzzy input variable x p is prescribed as a fuzzy triangular num- 
ber x p = <2.3, 2.4, 2.6> m (Fig. 5.19). The point of discontinuity at x p = 2.50 m 
is an element of the fuzzy input set. For several a-levels the subspace Z u is 
nonconnected. The computation of the fuzzy result z = M k with the aid of the 
extension principle results in a disjointed fuzzy set; the solution of this problem by 
means of a -level optimization on the other hand yields a connected fuzzy result 
set (Fig. 5.19). 
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Fuzzy input variable Fuzzy result variable M k 






Fig. 5.19. Fuzzy input variable x = x p and fuzzy result variable z = M k 

Due to the fact that min z ak and max z aR are always determined in a -level 
optimization the fuzzy result variable is always convex. Its membership function 
represents the envelope curve of the membership function according to the 
extension principle. 

In structural-engineering problems the possible errors resulting from the 
computation of fuzzy result variables by means of a-level optimization using 
discontinuous mapping model (determination of the envelope curves of the p(Zj)) 
are only of secondary importance. As a rule, only the extreme values of the result 
variables (e.g., static and kinematic variables, safety level, service life) are of 
interest here rather than possible intermediate values. 



Monotonicity. The monotonicity properties of the mapping model determine the 
position of the optimum points in the space of the fuzzy input variables. A 
mapping in accordance with Eq. (2.36) is given. The mapping model is intended to 
describe a monotonic relationship between the input variable x s and the result 
variable z y The fuzzy result z. is sought. 
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In the a-level optimization the extreme values for Zj, ak must be computed for 
each a-level. The position of the optimum points x opt that lead to the extreme 
values sought may be partly determined a priori by exploiting the given monot- 
onicity property between x t and z y The coordinates x A corresponding to the x^ then 
take on the values of the interval bounds Xi,a k i or Xi, ak r for the respective a-level. 
The optimum points x opt he on the boundary of the respective crisp subspace X^. 
If a monotonic relationship exists between all input variables X; and the result 
variable z j? the x opt required for computing z. then lie in the comers of X <Xk . The 
mapping according to Eq. (2.36) is shown for different monotonicity properties in 
Figs. 5.20 to 5.22 for n = 3 and m = 2. 

Crisp subspace X*of the x-space Crisp subspace Z^of the z-space 




Fig. 5.20. Mapping of the crisp subspace (n = 3) onto the crisp subspace (m = 2) for 
computing the fuzzy result variable z^ no monotonicity properties of the mapping model 

Crisp subspace 2k of the x-space Crisp subspace Z a .of the z-space 




Fig. 5.21. Mapping of the crisp subspace X^ (n = 3) onto the crisp subspace (m = 2) for 
computing the fuzzy result variable Zjj monotonic relationship between x t and z x 
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Crisp subspace X * of the x-space Crisp subspace Z ^ of the z-space 




Fig. 5.22. Mapping of the crisp subspace (n = 3) onto the crisp subspace (m = 2) for 
computing the fuzzy result variable z t ; monotonic relationship between x 1? x 2 , x 3 and z, 

A knowledge of the monotonicity properties of the mapping model may be 
advantageously used to limit the search domain when searching for the optimum 
points, e.g., on the boundary, the edges, or the corners of the input subspace. This 
may significantly reduce the numerical effort required in the a-level optimization. 
Generally valid propositions concerning monotonicity cannot be made for map- 
ping model in structural -engineering problems, as these may involve both mon- 
otonic and nonmonotonic mappings. It is only possible to take advantage of the 
monotonicity properties in special cases. In general, the optimum points x opt ma Y 
lie in the entire input subspace. 



Example 5.3. For a single-span girder with a uniformly distributed line load 
(Fig. 5.23) the nonmonotonic mapping of a one-dimensional fuzzy input set onto 
a one-dimensional fuzzy result set is considered. The fuzzy input variable is the 
fuzzy position of the commencement of the line load x p (Fig. 5.24), whereas the 
fuzzy result variable is the fuzzy bending moment M k at x k in the middle of the 
girder. 
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Fig. 5.23. Structural system, loading 
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Fig. 5.24. Fuzzy input variable x p (fuzzy position of the commencement of the line load) 
The mapping model 

M k = -3-Xp + 12-x p + 3 [kNm] (5.13) 

exhibits a local maximum of M k at x p = 2.00 m. This value is an element of the 
input subspace for a k < 0.50. For a-level optimization it is concluded from the 
foregoing that the optimum points in the search for max M k may lie in the interior 
of the input subspace. For the elements of the a-level sets with a k > 0.50 the 
mapping model is monotonic, and x p = 2.00 m lies outside the crisp input 
subspaces for a k > 0.50. This means that the optimum points for a k > 0.50 lie in the 
comers of the input subspace, i.e., they coincide with the interval bounds of the 
a-level sets of x p . The solution obtained from a-level optimization using five 
a -levels is illustrated in Fig. 5.25. The optimum points x opt and the extreme result 
values of M k for the investigated a-levels are indicated in the figure. For a k < 0.50 
the optimum points for the maximum search lie within the respective crisp 
subspace for x p . The computed interval bounds of the a-level sets for M k yield the 
curve of the membership function of the fuzzy result. Due to the fact that the 
mapping model is continuous, a-level optimization yields the same result as 
computed using the extension principle. 
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Fuzzy input variable x p 



Mapping model 




M k [KNm] 



M k [kNm] 



Fig. 5.25. Mapping of the fuzzy position of the commencement of the line load x onto the 
fuzzy bending moment M k at x k by means of a-level optimization using five a-levels; 
optimum points x t in the space of the input variables and extreme result values for the 
investigated a-levels 



5.2.3 Solution Techniques for a-level Optimization 

5.2.3.1 Specification of the Optimization Problem 

The optimization problem according to Eqs. (5.10) and (5.11) is characterized by 
the following features: 

1 . The optimization variables are continuous. 

2. The objective function is generally represented in the form of an algorithm, i.e., 
not in a closed form. It is only possible to formulate the objective function 
explicitly in simple cases. 
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3. The value range of the x l9 ..., x n is defined on each oc-level by the crisp subspace 
X^ . If no interaction exists between the fuzzy input variables x i? the subspace X^ 
is then bounded by hyperplanes that are perpendicular to one another and each 
perpendicular to one coordinate axis Xj. 

4. Between the subspaces X^ | oc k g (0, 1] the relationship X^ c X^ | a { > a k 
exists. From Eq. (2.38) follows that all result variables 

Z, = f(x,,...,x n ) I (Xp x„) 6 X. (5.14) 

i a 

from the subspace are therefore also result variables z t in the subspace Z^ 
with (xj, ..., x n ) g X^. For every result point z t belonging to the subspace 2^., 
p(z t ) > a { holds. Owing to the fact that a x the condition p(z t ) > a k is also 
satisfied, i.e., all points z t e Z^ also belong to the a-level a k , z t g 
(Fig. 5.26). 

5. The optimization problem for each of the m fuzzy result variables z. on each of 
the r a-levels a k must be solved twice, i.e., (2 -m-r) times in total. 




Fig. 5.26. Mapping of the fuzzy input variable x onto the fuzzy result variable z by a-level 
optimization with z t = f(x t ) as an element of the a-level sets assigned to otj and a k 

Features 1 to 4 characterize an optimization problem without special properties 
that might be exploited numerically. The extent of the numerical computation is 
mainly determined by the objective function representing the mechanical model 
adopted (e.g., linear, nonlinear). The optimum points may lie within the subspace 
X^ as well as on its "boundary" or in its "comers". As hardly any information is 
available a priori the solution technique should be independent of assumptions 
concerning the position of the optimum points. Owing to feature 5 repeated 
solution of the optimization problem is necessary. 

An a-level optimization thus demands a robust optimization technique that is 
independent of the type and behavior of the objective function or constraints 
(restrictions) and is capable of reliably finding global optima. 

Standard optimization methods are only partly suitable for this purpose. For this 
reason a compromise solution is developed by combining evolution strategy , the 
gradient method and the Monte Carlo method. 





5.2 Fuzzy Structural Analysis 159 



5.2.5.2 Monte Carlo Simulation and Mesh Search Techniques 

The solution of optimization problems by a systematic or random, nondirected 
search in the variable space (space of the input variables) for the optimum points 
is very simple and robust. In the case of a systematic search a uniform mesh is laid 
over the entire domain of the variable space under consideration (input subspace 
X^) and the objective function is evaluated at each of the mesh points. As a sim- 
ple stochastic method, the Monte Carlo simulation makes use of the uniform 
distribution of the points to be evaluated in the space of the variables. 

In both methods no requirements are placed on the objective functions or 
constraints; the behavior of the latter may be arbitrary. In general, the results are 
approximations; it is not possible to precisely determine the exact solution in the 
case of continuous optimization problems. The numerical effort required to solve 
the problem is considerable; this increases exponentially with the number of in- 
put variables for the same accuracy of the results. The efficiency of these methods 
may be increased by restricting the search domain to the neighborhood of the best 
solution obtained so far. Compared with other techniques, however, these methods 
are generally less efficient. 

Owing to their robustness mesh search techniques are suitable for obtaining a 
reference solution for assessing the results of other methods. In the present case 
a multilayer mesh technique is chosen. By refining the mesh incrementally in 
restricted domains this technique generally yields reliable results. The use of a 
start-up mesh over the entire subspace and the computation of the corre- 
sponding functional values of the objective function are thereby equivalent to the 
incremental treatment of the mapping model by means of the extension principle 
(Sect. 5.2.1). 

The use of systematic search techniques or simple random search techniques in 
a-level optimization offers no advantages regarding computational effort compared 
with the application of the extension principle; they are thus considered here to 
be unsuitable. There is virtually no difference between the computation of the 
complete membership function of the fuzzy result and the computation of selected 
parts of the membership function. In a-level optimization on the support level the 
results for the remaining levels are always simultaneously obtained provided 
an appropriate mesh is used. A systematic search does have advantages if the 
optimum points may be predicted to lie in the corners of the input subspace a 
priori, and a search is necessary for these points only. 

5.2.3.3 Gradient method and evolution strategy 

Directed search methods yield a solution of the optimization problem in successive 
steps with an incremental improvement in the solution. In order to reliably attain 
the optimization objective in as few steps as possible the most suitable direction of 
advancement must be specified in each step. In order to realize this in the gradient 
method the direction of the gradient of the objective function at the current point 
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in the space of the input variables is followed. The efficiency of the method may 
be improved if a new computation of the gradient and hence the specification of 
a new step direction is first carried out when an improvement in the solution may 
no longer be obtained along the previous step direction. A combination with the 
diagonal-step technique results in a further improvement in efficiency. The results 
obtained by these methods are generally approximation solutions for the optimum 
values sought, the accuracy of which may be influenced by the use of control 
parameters. 

The numerical effort (as characterized by the number of computations necessary 
to determine objective function values) required to solve an optimization problem 
by means of the gradient method is considerably less than that required by sys- 
tematic and simple random search techniques. The reliability of the solution is 
lower; this depends on the type and behavior of the objective function and the 
constraints. It is not always possible to find the global optimum. Discontinuous 
or highly nonlinear objective functions (e.g., jumps or "narrow canyons") and 
constraints are considered to be particularly problematic in this respect. If the 
objective function together with its directional derivatives cannot be stated in a 
closed form, the computation of the gradient may be falsified due to numerical 
inaccuracies in the evaluation of the objective function. 

The gradient method is only suitable to a limited degree for application in a- 
level optimization. In special problem areas, however, this is considered to be the 
optimum method of solution [19]. 

Evolution concepts are modeled on the "natural" solution of problems [154]. 
Oriented to biological evolution processes, an attempt is made to find an optimum 
strategy adapted to surrounding conditions. The search for optimum points is 
carried out by a process of mutation and selection. The "favorable" properties of 
the parent points are thereby retained, while the offspring points evolve from 
random changes in their neighborhood. The next step is first performed once an 
improvement in the optimization objective has been realized, and the offspring 
point then becomes the new parent point. A distinction is made between (1+1) and 
higher-order evolution methods. 

The step direction in the optimization procedure is determined randomly; the 
often time-consuming computation of the gradients is no longer necessary. 
Although the individual steps do not yield an optimum improvement in the value 
of the objective function, an acceptable improvement is generally obtained. 
Compared with the gradient method the number of steps necessary to arrive at 
the solution may be somewhat higher; the principle of random mutation in each 
optimization step may slightly "decelerate" the method. The numerical effort 
required by both methods is comparable in overall terms; according to [92] this 
increases almost linearly with the number of input variables. Due to the simple 
testing of the offspring points using the criterion better than , the evolution method 
is less sensitive with respect to numerical inaccuracies in the computation of the 
functional values of the objective function. With regard to the determination of the 
global optima and the accuracy of the results the same propositions apply as in the 
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gradient method. Improvements in efficiency may be achieved, e.g., by adaptive 
control of the step increments. 

In their classical form, evolution strategies are only conditionally suitable for 
application in a -level optimization; they are, however, considered to be more 
advantageous than the gradient method. 

S.2.3.4 Modified Evolution Strategy 

The Monte Carlo simulation, the mesh search technique, the gradient method, and 
the (classical) evolution strategy are only conditionally suitable for solving the 
optimization problem characterized in Sect. 5.2.3. 1. By combining these methods 
an attempt is made to develop a more suitable optimization procedure. 

The combination of directed and nondirected search techniques is advantageous 
compared with purely directed search methods regarding the determination of 
global optima; a hybrid method is less sensitive in relation to less "well-behaved" 
objective functions. By making use of existing information on the behavior of the 
objective function the number of "unnecessary" computations of objective func- 
tion values, which do not lead to an improvement in the results, is reduced. If 
the amount of available information is insufficient, random-oriented methods are 
applied. The developed method of solution, as described in the following, is 
illustrated graphically in Fig. 5.27. 

The optimization problem is described by the input variables e x i? i = 1, ..., n, 
the result variable z- e z ., and the algorithm for computing the objective function 
value (e.g., statical or dynamic analysis). The constraints (x l9 ..., x n ) e are 
obtained from the interaction relationships between the fuzzy input variables x { ; 
these constrain the domain of definition of the objective function Zj = fj(x„ ..., x n ). 
If no interaction exists between the convex fuzzy input variables x i5 the permis- 
sible domain is obtained as an n-dimensional hypercuboid (subspace) in the 
x-space. The permissible domain for the a-level a k = a, = 0 (support subspace) 
is shown as a rectangle in Fig. 5.27. 

The basis for the compromise solution is a (1+1) evolution strategy, which is 
matched to the optimization problem by modification. The starting point for the 
optimization is specified with the aid of uniformly distributed random numbers 
U e [0, 1) (or their realizations Uj) in the subspace X^ (permissible domain for a k ); 
this serves as the first parent point x [0] (represented as O in Fig. 5.27) 

X i ' 01 = X ,,a k l + V') ; ‘ = 1 ’ ( 5 ‘ 15 ) 

A mutation of the properties of the parent point is then simulated by generating 
an offspring point in its neighborhood according to the random principle. There- 
by a departure from the classical evolution strategy procedure is made in detail. 
For the offspring points x lq+n a maximum and a minimum distance 
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d l [q + l] [q] | • i 

{ = max | Xj -Xj |; i = l,...,n, 



(5.16) 



min_ dj 



mm 



i rq + F [q] i 

x i4 J _ X . L4J 



; i = l,...,n 



(5.17) 



from the parent point x [q] are specified directionally, i.e., for each coordinate x r 
The subspace defined by max_d i and min_d l assigned to the parent point x Cql (local 
search domain) is an n-dimensional hypercuboid. The specification of max_ d i 
and min_d i by compressing the support subspace is advantageous 

max _ dj = c 1 -(x ijOi . 0r -x iiai ^ 1 ) | 0< Cl <l; i = l,...,n, (5.18) 

minjd x = c 2 'max_d { | 0<c 2 <l; i = l,...,n. (5.19) 



If no interaction exists between the fuzzy input variables x i? a similarity 
relationship exists between the local search domain and the support subspace =0 
(permissible domain for = 0). In the case of interaction, the local search domain 
may be oriented to the form of =0 using the constraints for the x { . The distance 
bounds maxjd 1 and min_d l are independent of the a-level a k . For the repre- 
sentative run in Fig. 5.27 the parent points x tq] are indicated by © and the bounds 
of the assigned local search domains are plotted as dotted (for min_ d { ) and solid 
rectangles (for max_d i ). 

The first offspring point x [q+1J of x [q] is generated within this local search do- 
main (between the dotted and solid lines in Fig. 5.27) by means of a uniform dis- 
tribution of U e [0, 1) 



x^ 11 = x/ q] + 2- (Uj - 0.5)-max_d i ; i = l,...,n, (5.20) 

with the requirement 

min_d i <d i = \ x i [q+1] -x i [q] | ; l<i<n (5.21) 

for at least one coordinate Based on the parent point x tq] one offspring point 
x [q+1] is first determined. A test is carried out to check whether its objective 
function value Zj lq+1] = f j (x 1 [q+1] , ..., x n [q+1] ) is an improvement compared with 
Zj [q] = fjtx^, ..., x n [q] ) of the parent point. If an improvement is obtained, the search 
proceeds along the randomly selected direction until no further improvement 
in the objective function value occurs for r = 1, 2, 3 , ... 



x [q+r+l] _ 2* x [q+r] - X [q+r_1J 



Zj [q+r] < Zj [q+r 1] for minimum search 
z/ q+r] > z/ q+r ~ 1] for maximum search 



(5.22) 



The step increment thereby remains constant. The last improved point x tq + r+1] 
then becomes the current parent point. These step sequences are indicated by the 
points © in Fig. 5.27. 
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Lower distance bound for offspring points 
Upper distance bound for offspring points / 

Starting point / \r 

Improvement of Zj [ 4 

No improvement of ^ \ 5 Q ^'' 

Optimum point \ Jr 0 




Fig. 5.27. Modified evolution strategy, representative run for cc k = oq = 0.00 



If the offspring point x tq+1] determined randomly from Eqs. (5.20) and (5.21) 
does not lead to an improvement in the objective function value Zj [q+1] compared 
with z/ q] (denoted by © in Fig. 5.27), the next offspring point x ,q+2J is positioned at 
the same distance as x fq+1J from the parent point x [q] but in the opposite direction 



* [q+2] = 2-s Lq] 



x [q+,] 



Zj [q+1] > Zj [ql for minimum search 
Zj [q+1] < Zj [q] for maximum search 



(5.23) 
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If the offspring point x [q+2] also shows no further improvement in the value of Zj [q+2] , 
the point x [q+3] is determined randomly starting from x [q] (as in the computation of 
x [q+l] ) using Eqs. (5.20) and (5.21). The point x [q+3] is evaluated in the same way as 
for x [q+1] . This procedure is presented on a large scale in Fig. 5.27, which also 
shows the sequence of the placed points. The points 0, 1, and 2 are a result of 
advancements along the initial direction with improvement of the functional val- 
ues of the objective function; these are obtained from Eq. (5.22). Points 3, 5, 
and 7 were defined randomly, whereas 4 and 6 were determined in a targeted di- 
rection from points 3 and 5 using Eq. (5.23). 

If no improvement in the objective function value z j [q] is achieved after a given 
number n P of point pairs (x [q+2r+1J , x [q+2r+2] ) with r = 0, 1 , 2 ,..., the distance bounds 
min_ dj and max_d x are reduced. After further unsuccessful steps the search is 
considered to be at an end and the last parent point is then interpreted as being 
the optimum point Xo P t,a k ’ which is plotted as O in Fig. 5.27. 

On the boundary of the permissible domain (subspace X^) the search algorithm 
distinguishes between randomly placed points computed from Eqs. (5.20) and 
(5.21) and directed specified points obtained from Eqs. (5.22) or (5.23). 

If the randomly placed point x [q+1] does not satisfy all of the constraints 
(x 1? ..., x n ) 6 Xq , the respective coordinates x x [q+l \ which do not adhere to the 
constraints, are corrected. In this case the coordinates of the boundary of are 
chosen for these Xj [q+1] . If no interaction exists between the x i? the following holds 



X [q+1] - 

A i (new) 


x u k i 


i = 1 " 


...,n, 


(5.24) 


x [q+1] - 

A i (new) 


x i.v 


i x i"" l>,l i. v ; i " 1 - 


...,n . 


(5.25) 



If the point x (ne w) [q+1] found in this way does not comply with the distance bound 
min_ d x according to Eq. (5.21), this point is rejected. The coordinate search is 
continued with the random determination of x [q+1] by applying Eqs. (5.20) and 
(5.21). 

If the constraints (x l5 ..., x n ) e for the directed specified point x Cq+r] are not 
completely fulfilled, the coordinates x/ q+r] concerned are placed - as for randomly 
placed points - on the boundary of X^ (Fig. 5.28). If no interaction exists between 
the x i? Eqs. (5.24) and (5.25) may be applied. 

The distance bound min_d x is then checked using Eq. (5.21). For this purpose 
that coordinate x^ 1 is determined that falls short of the minimum distance 
min_ dj by the least relative distance 



d 



rel,min 



( 



d. 



\ 



V 



/ 



max 

i = 



minjd- 



(5.26) 
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Fig. 5.28. Modified evolution strategy, behavior of the search algorithm along the 
boundary of the permissible domain 2L 



If d rel min >1.0, at least one coordinate Xi [q+rJ does not fall short of the distance 
bound min_ d i? i.e., Eq. (5.21) is fulfilled; the point X( ne w) Lq+rl has been found. For 
d rc i,min <1-0 the requirement of minimum distance is not complied with and, as 
shown in Fig. 5.28, all d, values from Eq. (5.21) are proportionally increased by 
the factor 



in which 





(5.27) 



(5.28) 



is the minimum relative deficit below the maximum distance max_d { . In accord- 
ance with Eq. (5.17) d rel max corresponds to the same coordinate Xj [q+r] as d rel min . 
The point X( ne w) lq+rl is determined from 
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-[new! = - q + r ~ 13 + C 3 * (x [q + r] — X [q + r_1] ) • (5.29) 

If no interaction exists between the x i? the coordinates x/ q+r] that are already 
boundary values of X^, i.e., for which x/ q+r] = Xi,a k i or x/ q+r] = Xi, ak r, are retain- 
ed and no longer considered in Eq. (5.29), see Fig. 5.28. On account of Eq. 
(5.27) the coordinate x i(new) [q+r] belonging to d relmin is thus placed exactly on the 
midpoint between min_d i and max_d v In the case of no interaction between the 
x t the distance bound max_d l is not exceeded for all i = 1, ..., n. 

For the point X( ne w) Cq+r] compliance with the constraints (x l9 ..., x n ) e X^ is 
checked; individual coordinates of X(new/ q+r1 are corrected as required, e.g., using 
Eqs. (5.24) and (5.25). If, after this, the point X(new/ q+r] lies in a comer of the 
permissible domain X^, a check is no longer necessary for the distance bounds 
and the objective function value for X(new/ q+r] is computed. Otherwise, the dis- 
tance bounds min_d i and max_ d i are rechecked. If all conditions are satisfied, 
^„ew) lq+rl is evaluated 

max_ dj > d; = | x/ q+rl - x^ 1 " 11 1 . (5.30) 

If max cl, is exceeded, the value of the corresponding coordinate x (new) [,+rl must 
be reduced in such a way that the equals sign holds in Eq. (5.30). 

Compliance with the constraints is rechecked; coordinates are corrected where 
necessary and the procedure is continued using Eq. (5.26). This procedure is 
repeated as required until all conditions for X(new) [q+rl are satisfied or a corner 
position in X^ is attained. 

If the condition for min_d i is not complied with, only the steps according to 
Eqs. (5.26) to (5.29) are included in the sequence to be repeated. 

When searching for optimum points Xo pt , use may be made of the inclusion 
properties of the subspaces X^ and X* for a k < according to Eq. (2.45). If it 
is necessary to check the point x Cq] belonging to a -level a k < for optimality 
and this point has already been evaluated for a = a v the existing functional val- 
ue Zj [q] for a = a { is then used. A recomputation of Zj [q] is no longer necessary; see 
feature 4 of the optimization problem. 

The use of existing points x [ql with a known objective function value Zj [q] leads 
to an improved efficiency of the method. An endeavor is thus made to include 
existing points in the "neighborhood" of a newly located point in the search for an 
extreme value. The neighborhood is defined with the aid of a direction-dependent 
distance Ad; referred to the distance bound maxjd } 

Ad { = c 4 'max_d { \ 0<c 4 <l; i = l,...,n. (5.31) 

For each newly placed point x [q] a test is carried out to check whether this point 
lies in the neighborhood of a known point x [p] with the known objective function 
value Zj [p] . If 



then 



Ad ( > |x i tql -x i [pl |; 



(5.32) 
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x [qJ = x Lp] (5.33) 

is specified and the optimum search is continued. 

All points that have already been evaluated in one extreme value search - i.e., 
optimization for one a -level, one fuzzy result variable, and one optimization 
objective (minimum or maximum) - are designated by x®. These points x® are 
unable to produce improved results within the same extreme value search. It is 
further assumed that an improvement in the results is also not possible using points 
in the neighborhood of the points x®. For the randomly or directed specified points 
x lql determined in this extreme value search a test is carried out using Eq. (5.32) 
to check whether a point x® is located in their neighborhood. If this is the case, 
x ,qJ is not evaluated; the optimization search is continued with a new point x [ql . 

The described procedure combines elements of different optimization methods: 
evolution strategy, the gradient method, and the Monte Carlo method. The random 
specification of offspring points within the distance bounds min_ d x and max_d x 
corresponds to the simple Monte Carlo method. In the event that no interaction 
exists between the x { and that the local search domains bounded by min_d x and 
max_d x represent n-dimensional hypercuboids, the most probable, randomly 
selected search direction runs parallel to one of the spatial diagonals of the 
permissible domain. In the case of uniform distribution of the randomly selected 
points x lq+rJ within the local search domain assigned to the point x [q] , the functional 
value of the probability density function is 

p = f(x'^) - 1 

n n 

JJ(2- max_d i ) ~ fl (2- minji.) (5.34) 

i = 1 i = l 

= 1 

2"'( l-c 2 n )']fj (max_d i ) 

i = 1 

If the angles between the coordinate axes Xj and the vector (x Lq+rl - x fql ) are 
designated by (p i? the functional value of the probability density function for the 
randomly selected search direction as a function of (pj may be stated as f((p lq+r] ). 
The ray determined by the direction of the vector (x Cq+r| - x LqJ ) originating in x [qJ 
intersects the planes Xj = Xj lql ± min_d x and X; = Xj Lq1 ± max_d x . The line segment 
A1 between the two intersection points for min_d x and max_d x (for the same i) lo- 
cated at the shortest distance from point x [ql runs within the local search do- 
main (Fig. 5.29). 
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x 2 lq] + max_ d 2 
x 2 [ql + minjd 2 

x 2 [t,] - m/n_d 2 
- max_d 2 



1 
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1 




X 1 


\ 

x t [ql - min_ d, 
lql - max_d t 


1 

x^ 1 + min d, 


Xi 

x“ + max_d : 



Fig. 5.29. Random determination of the search direction 

The product of the length A1 and the constant p 0 yields the functional value of 
the probability density function 

r . p n • ( max_ d- - min_ d- ) p n • ( 1 - c~ ) • max_ d. 

f(<£ [q+r] ) = — ! = 2 - . (5.35) 

I COS <P; I jcOStPjl 

The values of min_ d i? max_ d i9 and cos q) A must be referred to the coordinates x { 
for which = x/ q] ± min_d i and = x/ q] ± max_d { form the limit points for Al. 
The denominator in Eq. (5.35) is the absolute value of the direction cosine be- 
tween Xj and (x [q+r] - x [q] ). For cos (p A = 1, i.e., in the direction ±x i5 the function 
f((£ [q+r] ) possesses local minima; f((2 [q+r] ) increases with decreasing cos cpj. For an- 
gles (£ [q+r] for which the reference coordinate changes (edges or comers of the lo- 
cal search domain) breakpoints appear in the function f((g rq+r] ); local maxima of the 
functional value occur here. The global maximum of f((g [q+r] ) lies in the direction 
of a comer of the local search domain. 

The search for optimum points is thus, by higher probability, guided towards 
the comers of the permissible domain (i.e., towards the corners of the subspace 
X otk ), where the Xo pt are located in the case of monotonic mappings. The direction 
of the largest extent of is preferred compared with other directions. The lar- 
ger the factor c 2 the less pronounced are these characteristics. 

The progressive search in a fixed direction for improvement of the solution 
corresponds to an improved gradient method. The random determination of this 
direction avoids the numerical computations necessary to determine the gradient. 

The flexibility of the algorithm is realized by means of variable control 
parameters. These must be specified for the particular problem concerned. The 
following control parameters were introduced: 
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1 . Maximum number n P of randomly specified offspring points (starting from the 
same parent point) without improvement of the result. 

2. Number of refinement stages n f for the distance bounds min_ d x and max_ d x . 

3. Maximum directional step increment max_ d> relating to the support of the fuz- 
zy input variable x { ; factor Cj in Eq. (5.18). 

4. Minimum directional step increment min_d x relating to max_d x according to 
point 3; factor c 2 in Eq. (5.19). 

5. Maximum directional distance Ad } for the reuse of existing points instead of 
the newly placed ones, referred to the maximum step increment according to 
point 3; factor c 4 in Eq. (5.31). 

6. Reduction of the maximum step increment for each refinement stage of the 
distance bounds, referred to the respective current maximum step increment 
according to point 3; factor c 5 in 

raa*_d j(new) = c 5 -maxji { . (5.36) 



7. Termination limits for the relative improvement of the result in the last n z steps, 
referred to the maximum difference in the functional values of the objective 
function within one extreme value search; factor c 6 in 



termination occurs when 



min _ Az > max 

^ r=l,...,n 



7 [q] _ 7 [q-d 
z j z j 



7 [q] 7 [Pi 

Z j Z j 


! ; q^p, 


tq-r] . _ [ql 
i ^ Z j 


for maximum search 


[q - r] [ q] 


for minimum search 



(5.37) 



(5.38) 



If the parameter according to point 1 is active, a jump occurs into the next 
refinement step for the distance bounds. If the number of refinement steps 
according to point 2 is also exhausted, the optimization is terminated and the 
optimum point is taken to be localized. Alternatively, termination occurs when the 
criterion according to point 7 becomes active. 

Due to the direct or indirect orientation of all distance dimensions at the support 
of the respective fuzzy input variables (independent of the a-level) a decrease 
in the defined distances with increasing a is avoided. The computational effort and 
the accuracy of the results are thus the same for all a k , i.e., all points defining 
the membership function of a fuzzy result variable are determined to the same 
accuracy. For large a k the permissible domain X^ may be very small compared 
with the support subspace X^ =0 anc * hence also very small compared with the local 
search domain. For an extreme-value search with coarse accuracy requirements 
this may mean that (starting from the first parent point x t0] ) all additional points 
in the permissible domain X^ do not satisfy the requirement for the minimum 
distance min_d x according to Eq. (5.21). The optimization is then (corresponding 
to the selected control parameters) continued with the next refinement step or 
terminated. An orientation of the distance dimensions to the respective permissi- 
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ble domain would lead to an increase in the search accuracy and thus to an 
increase in the computational effort with increasing a k . 

The determination of the variable control parameters for the optimization 
depends on the particular problem concerned. Conducting test runs with different 
objective functions positive experiences have been gained with the following 
parameter combination, which may be suggested, e.g., as default if no informa- 
tion regarding the behavior of the objective function is available: 

- Maximum number of randomly specified offspring points according to point 1 : 
n P = 2 n with n as the number of fuzzy input variables (dimensionality of the 
input subspace) 

- The number of refinement stages according to point 2: n f = 1 

- Maximum step increment according to point 3: 60% of the support, Cj = 0.60 

- Minimum step increment according to point 4: 40% of the maximum step 
increment according to point 3, c 2 = 0.40 

- Maximum distance for the reuse of existing points according to point 5: 20% of 
the maximum step increment according to point 3, c 4 = 0.20 

- Reduction of the maximum step increment according to point 6: 50% of the 
maximum step increment according to point 3, c 5 = 0.50 

- Termination limit for the relative improvement of the result according to point 
7: not used in the test runs 

A reduction of the maximum number n P of randomly specified offspring points 
may lead to the effect that the global optima are not found. The number of ne- 
cessary computations for determining objective function values merely decreases 
slightly. 

The number of refinement stages n f , in contrast to the latter, possesses an 
essential influence on the numerical effort. Each refinement stage requires ap- 
proximately the same number of computations of objective function values. The 
accuracy of the results increases with the number of refinement stages n f , how- 
ever, the greater n f becomes the less the improvement of the solution. 

A distance bound max_d { that has been defined too small (too small values Cj) 
may cause the missing of global optima and leads to an increase of necessary 
evaluations of the objective function. 

Accordingly, a distance bound min_ dj that is determined too small (too small 
values c 2 ) leads to the same effect. If min_d x is defined too large (too large val- 
ues c 2 ) and this yields a local search domain that is constrained too rigorously, the 
global optima may also be missed. 

A too strong reduction of max_d x per refinement stage (too small values c 5 ) 
may lead to an increased numerical effort, as the number of necessary computa- 
tions of objective function values rises. The probability for detecting global optima 
decreases. If the reduction is specified too poor (too large values c 5 ), the compu- 
tational effort is also expected to increase. 

An appropriate determination of the maximum distance Ad ; for the reuse of 
existing points is advantageous, in particular in analyses with a fine a-discre- 
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tization. A large distance (large values c 4 ) reduces the number of necessary 
evaluations of the objective function, but, due to the more extensive usage of 
existing points, simultaneously leads to a repeated picking up of local extreme 
values. The probability for detecting global optima abates. With a decrease of 
Adj (smaller values c 4 ) the number of computations of objecti ve function values in 
total increases. 

If the termination limit for the maximal relative improvement of the result in 
the last n z steps is chosen too small (too small values c 6 ), this termination criterion 
then does not become active. In this case the optimization is continued until the 
other termination stipulations according to the parameters n P and n f are met. The 
computational effort rises without yielding a moderate improvement in the re- 
sult. For a number of steps n z that is defined too large the number of evaluations 
of the objective function also increases. On the other hand, too large values c 6 as 
well as too small numbers n z , however, lead to a precipitate termination of the 
optimization with unsatisfactory results. 

The identification of global optima is not always guaranteed even using well- 
matched parameters. A post computation is thus carried out in order to raise the 
probability for making hits. After the completion of all optimizations for the 
selected a -levels all of the stored results Zj of the points x considered are rechecked 
for optimality, whereby the respective constraints (x l5 ..., x n ) 6 are observed. 
When improving the results the algorithm is restarted at the "best" points found. At 
the end of these additional computations the postcomputation is repeated. When 
no significant improvement is obtained, the a-level optimization is considered to 
be completed. 

The principle of the postcomputation is illustrated in Fig. 5.30 for the a-level 
a k = 0.40. All points x are plotted for which the objective function values z } are 
known from previous optimizations; the point O has not yet been evaluated. The 
optimum points x opt identified in the optimizations on the five a -levels considered 
(here: only for one optimization objective in each case) are denoted by A. All 
points x to be included in the recheck procedure for a k = 0.40 are represented 
by O; these lie in the marked (solid lines) permissible domain (subspace X^). 
A comparison of the results Zj obtained at points O with the current optimum 
obtained so far (at A) yields an improved result at point ©. Repeated optimization 
for a k = 0.40 with the identified point © results in the new optimum point x opt 
indicated by O. The final postcomputation leads to no improvement in the result. 

The combination of the modified evolution strategy with a postcomputation for 
each fuzzy result variable on all selected a-levels leads to a qualitatively improved 
solution of the a-level optimization. The probability of finding global optima 
increases considerably. Based on the inclusion relationship between the subspaces 
and for different a- t and a k according to Eq. (2.45) it may be concluded 
that the magnitudes of the computed optima zj, ak i and zj,a k r behave monotonically 
in relation to the associated a-values a k . In view of the latter the convexity of the 
fuzzy result variables z . is guaranteed. 
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Permissible domains for a k = 0.00, Q.20 t 0.60, 0.80 and 1 .00 

Permissible domain for a k = 0.40 

A Optimum points from adevel optimization 
© Nonpermissible points for a k = 0.40 

O Permissible points for a k = 0.40, points for rechecking ^ for a K = 0.40 
© "Best" point from the post-computation, new starting point 
# New optimum point for a k = 0.40 

Fig. 5.30. Postcomputation for a k = 0.40 

The new modified evolution strategy developed in combination with post- 
computations is considered advantageously compared with "pure" optimization 
methods. Test computations for solving selected, representative problems and 
applications of the new technique to the examples discussed in this book, however, 
only permit derivation of limited qualitative propositions concerning efficiency 
and reliability of the method. A general comparison with other optimization 
techniques is not possible. The huge number of available optimization algorithms 
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and possible objective function types possessing considerably different charac- 
teristics do not permit this comparison. On the basis of the results from exten- 
sive comparative tests of optimization strategies presented in [92] and [176] it 
may be inferred that the modified evolution strategy in combination with post- 
computations, in general, with high probability leads to the global optima and 
requires acceptable numerical effort. 

Proposals for improving the efficiency and reliability of the developed 
optimization technique are: 

- Adaption of the shape of the local search domain to the shape of the current 
subspace 

- Implementation of an adaptive and success-dependent control of the step 
increment 

- Application of a higher-order evolution method with parallelization of the 
descending successions 

- Usage of a step-by-step optimization based on decomposition of the opti- 
mization model (dimension reduction), especially for problems with a large 
number of parameters (fuzzy input variables) 

- Generation of several randomly specified offspring points descending from the 
same parent point and subsequent selection of the ’’best" descendant for deter- 
mining the search direction 

- Coupling of the modified evolution strategy with a diagonal step method 

- Enhancement of the method by adding an adaptively learning algorithm for 
efficiently determining starting points and search directions 



Consideration of Interaction Relationships. If interaction relationships Ij a are 
a priori known, the n-dimensional subspace is then constrained by the accord- 
ing interaction surfaces. For the two-dimensional case this is illustrated in Fig. 
5.31. When prescribing I i a the constraints of the optimization problem alter. The 
modified evolution strategy is to be enhanced accordingly. 
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x 2 i Permissible domain for a 1 = 0,00 as crisp subspace X a 




Lower distance bound for offspring points 



Upper distance bound for offspring points 

O Starting point 

® Improvement of the objective function value z l 

9 No improvement of the objective function value Zj 
• Optimum point 

Fig. 5.31. a-level optimization considering interaction relationships 

Numerical Solution of the Fuzzy Structural Analysis. The quality of the fuzzy 
results, i.e., of the prognosis of fuzzy structural response depends on the realistic 
description of all uncertain input and model parameters, and primarily on the 
quality of the deterministic fundamental solution for the structural analysis. The 
latter has a decisive influence on the prognosis regarding fuzzy structural behavior. 
For this reason a realistic numerical computational model must be applied for the 
deterministic fundamental solution. This must be capable of considering all es- 
sential geometrical and physical nonlinearities. Deterministic algorithms that meet 
these requirements are generally elaborated on an incremental -iterative basis, like, 
e.g., the computational model for the geometrically and physically nonlinear 
analysis of plane bar structures after [116] and [133]. The increments may also 
represent time steps for a dynamic analysis. 

The algorithms of the a-level optimization are therefore numerically designed 
for the coupling with an arbitrary nonlinear computational model that is based on 
an incremental solution technique and provides restart options at each increment. 
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The general procedure of the fuzzy structural analysis possessing these features is 
schematically summarized in Figs. 5.32 and 5.33. 




Fig. 5.32. Flowchart - numerical algorithm of the fuzzy structural analysis based on a-level 
optimization 
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Solution of the current optimization task with the modified evolution strategy 



Definition of the input subspace and the constraints 



Determination of th e starting point 



Does a reusable point exist in the neighborhood of ^ 01 ? 

| Yes 

Do results already exist for the current 

obj e ct i ve i n ere mentor f ai I u re cri te rio n ? 

Yes | No 

Determination of the restart increment 



Import of the Deterministic fundamental solution; 

result z computation and storage of all results z^ for xf 0] 



Determination of anot her (offspring) p oin t xf q+f] 



Does a reusable point exist in the neighborhoo d of % [q+fl ? 

\ Ye s 

Has the current point already been evaluated 
| within the curr ent optimizat ion ? | 

' — I Yes 7 

Do results already exist for the current 

objectiv e i ncrement or failure criterion ? 

Yes | No 

Determination of the 
restart Increment 

i r i 

Import of the Deterministic fundamental solution; 

result Z| computation and storage 

—[ of all results z i for x [q+rl 



Evaluation of the current result z. 



Are termination criteria met ? 

_J No J Yes 

Storage of the optimum point x^ 



Fig. 5.33. Flowchart - modified evolution strategy for the fuzzy structural analysis with 
a-level optimization 
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5.2.4 Fuzzy Finite Element Method (FFEM) 

Fuzzy Finite Elements. If in Eq. (5.7) a finite element model is chosen as 
mapping model, the fuzzy structural analysis then changes to the special form 
named the Fuzzy Finite Element Method. Considering problems that are 
independent of time uncertainty is thereby described with the aid of fuzzy vectors 
x and fuzzy fields x (0), when taking into account time-dependent problems fuzzy 
functions x. (t) and fuzzy processes x (x) are additionally applied. The well-known 
finite element algorithms may be enhanced by introducing this uncertainty. 
Fuzziness may be accounted for in both the principle of virtual displacements and 
the particular variational principle adopted. 

Fuzzy extension is demonstrated exemplarily for structures in M 1 and M 2 as well 
as the principle of virtual displacements. 

For position vectors fi = (0 1? 0 2 , 0 3 ) it is presumed that the coordinates Q { and 
0 2 do not exhibit fuzziness and the coordinate 0 3 representing the thickness of 
the structure may possess fuzziness. 

A displacement field v (0) containing fuzziness is chosen 

v(0) = M(0) * p , 

5(e) =A-p, (5.39) 

P = A -1 • i(e), 

5 (fl) = M(fl) • A' 1 ■ 5 (e) = N(fl) • 5 (e) , 

which is defined depending on the reduced crisp position vector = (0 p 0 2 ). 

With the restriction of a linear relationship between generalized strains and 
displacements the following is obtained 

£(fl) = Bp = B • A -1 • v(e) = H • 5 (e) . 

Moreover, a linear material law is assumed 

ff(fl) - E(ii)-eOi) E(Q)'H'5(e). 

For virtual displacements and generalized strains 

85(E) = M(fl) • Sp = N(fl) • 85(e) 

8£(fl) =H- 85(e) 

is chosen. The virtual internal fuzzy work follows from 
5 A . = | 5e T (0)-o(0) dV 

V 

5 A j = 8i T (e) • | H T • E(fl) ■ H dV • i T (e) , 

V 

with the fuzzy element stiffness matrix 



(5.40) 

(5.41) 

(5.42) 

(5.43) 
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K(e) - j H T • E(0) • H dV . ( 5 . 44 ) 

V 

For the virtual external fuzzy work the following holds under consideration of 
time-dependent fuzzy surface forces as well as mass, inertial, and damping forces 
possessing fuzziness: 



5A a = 5v T (e) • F(e, t) 

+ / oy T (0)-p M (0)dV 

V 

+ / 5v T (fi)-|(0,T)dA o 
o 

- J 5v T (0) • p(0) • V(E, x) dV 

V 

- [ oy T (fi)'d(fi)-m X) dV 

V 



virtual work of nodal forces 
virtual work of mass forces 

virtual work of time- dependent 

surface forces ( 5 . 45 ) 

virtual work of inertial forces 
virtual work of damping forces. 



In 5 A a the time x is introduced as a deterministic value but, in general, it may also 
be characterized by fuzziness. 

Using the familiar abbreviations regarding the element e, the following is 
obtained from 5A i - 5A a = 0 

F(e, t) = F(e, x) + K(e) • v(e, x) + M(e) • V(e, x) + D(e) • i(e, x) . (5.46) 

For the structure, the system of ordinary fuzzy differential equations of second 
order 



M*i+Dv+Ky=F 



(5.47) 



is obtained, which, for the static case, reduces to 

K-y = F. (5.48) 

The system of fuzzy differential equations in Eq. (5.47) may be extended for its 
application in geometrically and physically nonlinear analysis. 



Solution Technique for Time-independent Problems. For treating the time- 
independent problem according to Eq. (5.48) fuzziness is accounted for by fuzzy 
vectors and fuzzy functions. All n p uncertain geometry, material, and load par- 
ameters are described by convex fuzzy variables 
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Pi = (( x i’P Pl ( x i))l x ,eX) 

P 2 = (( X 2>P P2 ( X 2 )) I x 2 eX| 

(5.49) 



Pn,= ((v\ ( v)lv4 

For preparing the problem for a-level optimization all fuzzy fields are formulated 
according to the bunch parameter representation. In compliance with Eq. (2.73) 
a fuzzy field may be described by 

x(0) - x(s , fl) = |(x(0) , n(X a (fi») | p(X(0)) - a V a e (0, 1]} , (5.50) 

in which denotes the a-function sets 

X a m = {x(s,fi) Vs I s e S a \ a e (0,1]}, (5.51) 

with the bounding functions 

x a,(fi)= ka, VflUe©}, (5.52) 

and 

x ar(fi)= { x ear Vfilfie©} (5.53) 

determined from 

x eai = mint^s) | se5 a ], (5.54) 

x ear= max t x e(s) I S e ^ a ], (5.55) 

at all specified points H. 

If full interaction exists between the fuzzy functional values at all points fie© 
of the fuzzy field x(s, £), a point discretization is then not necessary. For such 
fuzzy fields the following holds: 

^(0) =x 1 (s 1 ,fi) =x 1 ((s u ,...,s 1|1| ),0) 
x 2 (0) =x 2 (s 2 ,fi) =x 2 ((s 21 ,...,s 2n2 ),0) 

(5.56) 



X v (0) =x v (s v ,0) =x v ((s vl ,...,s vnv ),fi). 
In the v fuzzy fields a total of 



n f =n,t n 2 + ... + n v 



(5.57) 



bunch parameters appear. 
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In the case that no interaction or an a priori prescribed interaction defined by an 
interaction relationship I i a (Sect. 2.1.11.2) exists between the functional values 
at the discrete points fi l5 ..., fij, 0^ e 0, each fuzzy field is then described in 
discretized form in compliance with Eq. (2.84) 

X^fl) =|x 1 ((s 11 ,fi i ),x 1 ((s 12 ,fi 2 ),...,x 1 ((s lkp ,0 k )J 

X 2 (fi) = |x 2 ((s 2I ,fi j) , x^ ( Sy, 0 2 ) , ... , X 2 ( ( §2 v 0 kp )} 

; (5.58) 

x w (0) ={x w ((s Wjl ,0 i ),x w ((s Wi2 ,fi 2 ),...,x w ((s wJs ,fi kp )}. 

The bunch parameter vectors in ^(0) comprise elements, the vectors in x 2 (0) 
include e 2 elements, and the vectors assigned to x w (0) contain e w elements. The w 
fuzzy fields described at kp discrete points representing, e.g., finite element nodal 
points thus comprise a total of 

n f 2 =(ei + e 2 + ... + e w)-k p (5.59) 

bunch parameters. All fuzzy bunch parameters are convex fuzzy variables. 

All fuzzy structural parameters and all fuzzy bunch parameters of interactive 
as well as of noninteractive fuzzy fields are together introduced into a -level 
optimization, i.e., a total number of 

n e =n p +n f, + n f 2 ( 5 - 6 °) 

are to be considered as fuzzy input variables. These are lumped together in the 
fuzzy vector 



e =(PpP 2 ,...,P v 

Hi’ •••’ Hiv •••’Hi’ *••’ Hn v ’ 
Hi’ '**’Hk p ’ •••’H,i’ •••’H,k p )* 



(5.61) 



Additionally, p fuzzy model parameters may appear in the uncertain mapping 
model M: M (m p h^, ..., m p ). 

Fuzzy structural analysis yields the fuzzy result vectors z = (z p z 2 , ..., Z, 
it may now be expressed by the relationship 



z = M(e). 



(5.62) 



When applying a -level optimization all fuzzy variables contained in e are 
subdivided into the same a -levels a k . For each a -level a crisp subspace E ak pos- 
sessing n e dimensions is to be searched. The subspace may be constrained by 
interaction relationships I i cr After having selected a point in the input subspace 
E ak the assigned point in the result subspace Z a ^ is computed with the determin- 
istic fundamental solution from Eq. (5.48). For this purpose each arbitrary finite 
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element code may be used. The optimum points for each a-level are determined 
with the aid of a-level optimization. The numerical principle for solving Eq. (5.62) 
by a -level optimization is illustrated in Fig. 5.34. 



Fuzzy bunch parameter s u 





Fig. 5.34. Fuzzy structural analysis, numerical solution by a-level optimization 



Solution Technique for Time-dependent Problems. When solving time- 
dependent problems the fuzzy variables 

p = (F’PpW) i xeX ) 

as well as the stationary and nonstationary fuzzy functions 



(5.63) 
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x(t) = x(s,0,x) (nonstationary in 0 and x) 

x(t) = x(s,x) (nonstationary in x, stationary in £) (5.64) 

x(t) =x(s) (stationary in 0 and x) 

may appear. For the functional values of the fuzzy functions at arbitrary points in 
time full a priori interaction is next presumed. If the number of fuzzy variables p 
is designated by n p and if the number of all scalar bunch parameters s is n s , each 
crisp input subspace £ a ^ obtained from a -discretization then possesses n p + n s 
dimensions. 

Solving the system of fuzzy differential equations Eq. (5.47) yields fuzzy results 
v(0j, t)= z(0j, x). These are computed with the aid of a-level optimization and 
numerical time-step integration (see also the first example in Sect. 5.2.5. 1). All 
available integration techniques may be applied for this purpose. 

For x = 0 a starting point is selected from the input subspace E a . The 
coordinates of this point are introduced into the mapping model 

My + Dy + K*Y=F. (5.65) 

At the time point Xj numerical time-step integration yields one element of the 
a-level set Z a ^ of the fuzzy result vector z(fij, Xi). With the aid of a-level 
optimization the optimum points in E are determined, which belong to the 
largest elements Zh,a k r and the smallest elements Zh,a k i of each fuzzy result varia- 
ble z h (0j, Xi) included in z(fij, Xi). 

For computing z(£j, Xi+i) at the time point x i+1 the procedure must - due to the 
interaction within the mapping model - be restarted at x = 0 again. The optimum 
points in £ % for z(£j, xj) and z(fij, Xi+i) are generally not identical. 

In Fig. 5.35 the principle of an a-level optimization for solving time-dependent 
problems is illustrated for the example of a three-dimensional input subspace £ % . 

If no interaction or an interactive relationship I icc defined by an a priori 
interaction exists between the fuzzy parameters at discrete points in space fl. 
(j = 1, ..., kp) and time Xj (j = 1, ..., t), the presented solution technique is to be 
enhanced accordingly. 

On the basis of point and time discretization fuzzy functional values of the 
function x( s, £, x) are determined at discrete points in space fij and time Xj. The 
fuzzy fields in Eq. (5.58) are then to be extended by the dimension time and the 
appropriate fuzzy functional values at the time points For example, for fuzzy 
function x( s, fi, x) the following holds: 



x ((s L 






...X((& v ,fl ,T,) 


X((S! 






-,x((s k .,0 .Xj) 

p k p 


X((s 1 


,t ’ — 1 ’ T t) ’ • * 


•,X((S jit ,fl 


•,x((I kpjt ,0 k ^T t ) 



x(£,H,x) =i 



f • (5.66) 
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a-level sets Realizations of the fuzzy Fuzzy structural responses 

variable z( ^ ? t) z( ft., t) at the time points t 1( t 2 > t 3 

i * ' i 

r 

a-level optimization 

Fig. 5.35. a-level optimization for time-dependent problems - full interaction 

As no full interaction exists, after x t time steps all fuzzy bunch parameters 
Sj 1? ...,s kpt together form the k p *t-dimensional input subspace £ a ^. The dimen- 
sionality of E a ^ increases from time step to time step. For the example of the fuzzy 
function x(s, fl, x) in Eq. (5.66) £ a ^ possesses l*kp dimensions at time Tj, i-kp 
dimensions at time x i? and t*k p dimensions at time x t , provided that k p discrete 
points in space are considered. For each time point X; the optimum points in the 
input subspace £ a ^, which belong to the largest elements Zh,a k r and the smallest 
elements Zh,a k i of each fuzzy result variable z h (0j, Xi) are to be determined by 
applying cc-level optimization and numerical time-step integration. 

In Fig. 5.36 this procedure is shown for the fuzzy variable p and the fuzzy 
function x( s, Q, x) forming the input subspace E 0 assigned to the a-level a = 0. At 
time X! the input subspace £ 0 ( T i) two-dimensional. By applying the mapping 
model M(x t ) the extreme values z ct = 01 (x 1 ) and z cc = 0r (x 1 ) of the fuzzy result varia- 
ble z h (0j, Xj) are computed. 
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At the time point x 2 E 0 (x 2 ) possesses three dimensions. Searching in E 0 (x 2 ) the 
optimum points belonging to z a=01 (u 2 ) and z a=0r (T 2 ) are t0 be determined. The 
mapping model may vary depending on time t, i.e., in general M(i 1 ) * M(t 2 ) 
holds. This provides an opportunity to take account of particular types of model 
uncertainty. 

For the example in Fig. 5.36 it is assumed that full interaction exists between 
the fuzzy functional values at the time points t 2 and x 3 . The dimensionality of 
E 0 (x 3 ) thus remains constant at time t 3 . 




5.2.5 Application of Fuzzy Structural Analysis 

The developed algorithms for fuzzy structural analysis may be applied to almost 
arbitrary problems in structural engineering. Geometrical and physical nonline- 
arities and arbitrary loading processes, e.g., concerning statical or dynamic short- 
term and long-term behavior, may thereby be accounted for. Uncertain damage 
processes and lifetime predictions may also be considered [69, 121, 122]. 
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5.2.5.1 Multistory Frame, Linear Dynamic Analysis - Initial Value 
Problem 

The multistory frame shown in Fig. 5.37 is investigated for a dynamic loading. A 
geometrically and physically nonlinear analysis is carried out. When modeling the 
system it is assumed that the extensional stiffness of all bars and the bending 
stiffness of the horizontal bars of the frame are very high in comparison with the 
bending stiffness of the vertical bars. Hence only the three horizontal displace- 
ments v(l), v(2), v(3), the three velocities v(l), v(2), v(3), and the three accele- 
rations v(l), v(2), v(3) of the horizontal bars of the frame are to be considered in 
the investigation (Fig. 5.37). The masses are modeled as being concentrated in the 
horizontal bars. 



o 

c\i 



o 

h- 

csi 



E 

o 

in 

c\i 



M R3 v<3) 




Horizontal bars: 

E-Ir-co 

E-A* • « 

M r , = 2.0 1 
M R2 = I.Ot 
M R3 = 0.5 1 

Vertical bars: 

l s = 1. 333x1 O^m 4 
E-As-oo 
no masses 



Fig. 5.37. Multistory frame; statical system, stiffness, masses 



Investigation I - Fuzzy Initial Value Problem with Fuzzy Damping 
Parameters . The bending stiffness of the vertical bars is modeled as crisp value 
E-I s with the assumed Young’s modulus 

E = 3- 10 7 kN/m 2 . (5.67) 

For the dynamic investigation the damping is presumed to be velocity propor- 
tional, and the informally uncertain elements d ik of the damping matrix D are 
taken to be fuzzy variables 
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D = 



0 

0 



0 0 

^22 0 

0 d 33 



(5.68) 



The d H are estimated as fuzzy triangular numbers (Fig. 5.38) 



d u = <0.045 , 0.050 , 0.060 > kNs/m, 


(5.69) 


d 22 = <0.040 , 0.050 , 0.055 > kNs/m, 


(5.70) 


d 33 = <0.045 , 0.050 , 0.060 > kNs/m. 


(5.71) 




Fig. 5.38. Fuzzy damping parameters d H 

The fuzziness of the damping parameters may, e.g., be understood as model 
uncertainty of the damping model for structural analysis. 

Starting from a static state the multistory frame is put into vibration by means of 
prescribed initial values for the displacements v 0 (i) and the velocities v 0 (i) of its 
horizontal bars. These initial values are assumed to be 

2 0 = (0,0,0) m, (5.72) 

and 

V 0 = (0, 0,^(3)) m/s. (5.73) 

The initial velocity of the upper horizontal bar of the frame in Eq. (5.73) is uncer- 
tain, it is introduced into the investigation as fuzzy triangular number (Fig. 5.39) 

v 0 (3) = <0.9, 1.0, 1.2> m/s. 



(5.74) 
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Fig. 5.39. Fuzzy initial velocity v 0 (3) of the upper horizontal bar of the frame 

The fuzziness of v 0 (3) may, e.g., be interpreted as data uncertainty for the 
vibration analysis. But it may also be considered as model uncertainty of the mod- 
el loading. 

The free, damped vibration of the system is described with the aid of the system 
of linear, ordinary fuzzy differential equations of first order 

= x = A • x ; x(t) = ( v(t), v(t)) . (5.75) 

The solution is obtained from a numerical time-step integration with time incre- 
ments At = 0.001 s. The implicit time-step operator used in this example has been 
gained from a Pade series [158] in time considering the quadratic terms in both the 
numerator and the denominator polynomials. It resembles the Gellert operator [59] 
and is unconditionally numerically stable. 

The displacements and velocities of the three horizontal bars of the frame are 
fuzzy result variables for each point in time t = t 0 + k* At. The mapping of the four- 
dimensional fuzzy input set onto the six-dimensional fuzzy result set considered 
here additionally depends on a crisp parameter - the time t (Sect. 5. 2.2.2)., 

(d lp d 22 ,d 33 ,v 0 (3),t) - ( v(l), v(2),v(3),v(l), v(2), v(3)). (5.76) 

Monotonicity only exists between v 0 (3) and the result variables, i.e., the optimum 
points lie on the boundary but not necessarily in the corners of the input subspace. 
The mapping according to Eq. (5.76) is not biunique. 

For the fuzzy analysis of the initial value problem the a-levels a x = 0.0 and 
a 2 = 1.0 were chosen. The computation was carried out with the modified 
evolution strategy and different adjustments of the control parameters (Sect. 
5. 2. 3.4), a reference solution was gained with the aid of a multilayer mesh search 
technique. For the purpose of comparison the additional solution method described 
in [19] was applied to the problem. According to [19] it was necessary to extend 
the system of differential equations from Eq. (5.75) by the three conditions 



d u = 0 ; i = 1 3. 



(5.77) 
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Fig. 5 . 41 . Fuzzy displacement v(l) at time t { = 0.120 s and ^ = 0.212 s 






5.2 Fuzzy Structural Analysis 189 



This leads to the modified mapping 

(d II ,d 22 ,d 3 3,v 0 (3),t) - (57g) 

(v(l), v(2), v(3),v(l), v(2), v(3),d u ,d 22 ,d 33 ). 

For each value of the crisp parameter t the biuniqueness of the mapping 
according to Eq. (5.78) is ensured [19]. Boundary points of the result subspace 
always remain in boundary position for a successively changing time parameter t. 
The results obtained from the three solution variants are virtually identical. 

The numerical time-step integration was carried out for t = 0 to t = 0.300 s. The 
fuzzy displacement-time dependency for the lower horizontal bar of the frame 
is shown in Fig. 5.40, the fuzzy displacements v(l) assigned to the time points 
t — tj — 0.120 s and t = t 2 = 0.212 s are displayed in Fig. 5.41. 



Investigation II - Fuzzy Initial Value Problem with Fuzzy Young’s Modulus. 

The analysis of the free, damped vibration of the multistory frame in Fig. 5.37 is 
repeated with modified input data. 

Owing to informal uncertainty the bending stiffness of the vertical bars is now 
described by a fuzzy variable. It is calculated from the crisp moment of inertia I s 
(Fig. 5.37) and the fuzzy Young’s modulus 

E= <2.7- 10 7 , 3.0- 10 7 , 3.2- 10 7 > kN/m 2 , (5.79) 

which is introduced as fuzzy triangular number (Fig. 5.42). 

The elements d ik of the damping matrix D are now accounted for as crisp 
parameters 

djj = 0.05 kN s/m ;i = l,...,3, (5.80) 

d ik = 0 ; i,k = 1, ..., 3 ; i*k. (5.81) 

The initial conditions are prescribed as crisp values. For the displacements v 0 (i) 
of the horizontal bars 

(0,0,0) m (5.82) 

is assumed and the velocities v 0 (i) are taken to be 

Y 0 = (0,0, 1,0) m/s. (5.83) 

The numerical solution of the system of fuzzy differential equations according 
to Eq. (5.75) yields the fuzzy displacements and fuzzy velocities of the horizontal 
bars of the frame for each point in time t = t 0 + k*At. In the following only the 
fuzzy displacements v(l), v(2), and v(3) are accounted for as fuzzy results at each 
time point t. The mapping 

(E,t) - ( v(l), v(2), v(3)) (5.84) 

considered is neither monotonic nor biunique, the optimum points may now also 
lie within the input subspace. 
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Fig. 5.44. Fuzzy displacement v(l) at time tj = 0.125 s and ^ = 0.291 s 



The fuzzy analysis was carried out with eleven equidistant a-levels cq = 0.0, 
a 2 = 0.1, ..., a n = 1.0. For solving the a-level optimization a modified evolution 
strategy was applied. Again a multilayer mesh technique was used for comparison 
purposes. The results from both methods are virtually identical. 

Again the time span from t = 0 to t = 0.300 s is considered. The computed fuzzy 
displacement-time dependency for the lower horizontal bar of the frame is shown 
in Fig. 5.43 for the a-levels cq = 0.0 and a u = 1.0. The fuzzy displacements v(l) 
for the points in time t = t , =0.1 25 s and t = t 2 = 0.291 s are plotted in Fig. 5.44. 




Fig. 5.45. Result subspace for oq = 0 as a parameter curve in the three-dimensional space of 
the displacements of the horizontal bars of the frame at t 3 = 0.099 s 
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Fig. 5.46. Result subspace for oq = 0 as a parameter curve in the three-dimensional space 
of the displacements of the horizontal bars of the frame at t 4 = 0.100 s 

The mapping according to Eq. (5.84) characterizes a time-dependent parameter 
curve in the three-dimensional space of the displacements of the horizontal bars of 
the frame (result space) and the Young’s modulus is the parameter of this curve. 
For the points in time t 3 = 0.099 s and t 4 = 0.100 s the parameter curves are 
illustrated graphically in Figs. 5.45 and 5.46 for a = 0. 

The optimum points obtained from the search for the maximum and minimum 
of v(l) for the a-level a, = 0.0 are indicated. When searching for the minimum 
these points are found within the input subspace, the assigned Young’s modulus 
E optl lies between 2.7 TO 7 kN/m 2 and 3.2 -10 7 kN/m 2 . The optimum points E optr 
gained from maximum search are situated in the corners of the input subspace, 
with the time step from t 3 to t 4 the optimum point E optr jumps from E = 2.7 TO 7 
kN/m 2 to E = 3.2 • 10 7 kN/m 2 , as may be seen in Figs. 5.45 and 5.46. 

The membership function p(v(l)) for t 4 = 0.100 s is plotted in Fig. 5.47. Its left 
branch possesses a vertical part, which is obtained in consequence of the position 
of the optimum points E opt ] from the minimum search within the input subspace. 
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5.2.5.2 Steel Frame, Geometrically Nonlinear Statical Analysis 

The plane frame consisting of rolled steel shapes (Fig. 5.48) is analyzed under 
the given load considering geometrical nonlinearities [114]. 

IPE 360, L - 8.1 5 m IPE 360, L = 8.1 5 m 




Fig. 5.48. Plane frame consisting of rolled steel shapes; construction sketch, statical sys- 
tem, and loading 
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When modeling the structure and the support conditions informal uncertainty 
is taken into account with the aid of fuzzy variables for physical structural 
parameters. The column bases are rigidly connected to the square foundations. The 
characteristic values of the foundation soil are not available as real numbers. For 
the semisolid clay the stiffness is assumed to take values between E s = 5 MN/m 2 
and E s = 20 MN/m 2 . It is specified as the fuzzy triangular number 

E s = <5, 10, 20 > MN/m 2 . (5.85) 

The foundations are idealized as linear elastic elements embedded in the 
foundation soil, thus yielding a fuzzy rotational restraint of the column bases. With 
E s from Eq. (5.85) the fuzzy triangular number 

k^g = <6.67, 13.33, 26.67 > MN m/rad (5.86) 

is obtained. It is presumed that the conditions at both column bases may be 
characterized by the same rotational spring stiffness. 

The endplate shear connections at the corners of the frame are modeled as 
rotational springs and introduced into the analysis as fuzzy triangular numbers 
(Fig. 5.49) 

k (pR = <20.0, 23.4, 25.0 > MNm/rad. (5.87) 

The rotational spring stiffness is assumed to be the same at both corners of the 
frame. 





Fig. 5.49. Fuzzy rotational spring stiffnesses k^ at the column bases and k^ at the cor- 
ners of the frame 

The horizontal translation spring at the right-hand corner of the frame is con- 
sidered to be a crisp value 

k F = 194 kN/m. (5.88) 

The stiffness k F is determined by the rolled steel shape IPE 360 on the right, 
running orthogonal to the frame plane. 
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Investigation I - Linearized, Ideal Fuzzy Bifurcation Load. The linearized, 
ideal bifurcation load v ki -P V0 is computed based on second-order elasticity theory 
presupposing small displacements. For this purpose the horizontal load is taken to 
be P H = 0. The longitudinal force state S 0 resulting from the load P vo is computed 
with the aid of first-order elasticity theory and then proportionally increased by the 
load factor v. If the coefficient matrix (system stiffness matrix) of the equation 
system for computing the unknown node displacement components becomes 
singular and thus the displacements approach infinity, the linearized bifurcation 
load v ki • P vo is then found with the assigned value v ki . 

Consideration of the fuzzy variables k s and k R in the system stiffness leads 
to the transcendental fuzzy eigenvalue problem 

det(K(v ki -So))= 0, (5.89) 

the evaluation of which yields the linearized fuzzy bifurcation load v ki - P vo . 

The nonlinear mapping 

(KpS’Kpr) (^ki) (5.90) 

is monotonic, i.e., the optimum points lie in the corners of the two-dimensional 
input subspace. 

The analysis was carried out with eleven equidistant a-levels. For determining 
the optimum points the modified evolution strategy was applied. The fuzzy result 
from the bifurcation load investigation is shown in Fig. 5.50. 




Investigation II - Fuzzy Displacement. The horizontal displacement Vj(2) of the 
right-hand frame corner is to be computed for a defined loading Vj • P vo . For this 
purpose the deterministic fundamental solution after [116] and [133] is applied. 
The system behavior is analyzed on the basis of second-order elasticity theory 
considering large displacements and moderate rotations, physical nonlinearities are 
not taken into account. The load is incrementally increased. 
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For achieving an initial horizontal displacement of the system the horizontal 
load P H = 1 kN is applied. The vertical load Pyo is then increased with the load 
factor v from zero up to 

vP V0 = 1800 kN. (5.91) 

The fuzzy rotational spring stiffnesses k (?s and are mapped onto the fuzzy 
nodal displacement Vj(2) 

(VVH*i( 2 >)- (5 - 92) 

The mapping is monotonic, the optimum points are comer points of the input 
subspace. 

For computing the fuzzy result eleven equidistant a -levels were used, the a- 
level optimization was solved with the aid of the modified evolution strategy. The 
control parameters were adjusted according to the proposal in Sect. 5. 2. 3.4. 

The fuzzy nodal displacement Vj(2) is shown in Fig. 5.51. 




Fig. 5.51. Fuzzy nodal displacement v L (2) for v • P vo = 1800 kN 

5.2.S.3 Reinfoirced-coincirete Frame, Nonlinear Statical Analysis 

The plane reinforced-concrete frame shown in Fig. 5.52 is investigated with the aid 
of the geometrically and physically nonlinear analysis algorithm after [116] and 
[133]. The effects of different fuzzy variables are considered [118]. 

Concerning the deterministic fundamental model the system is described using 
three bars. Fifty integration increments are chosen for each bar and each cross 
section is subdivided into 60 layers. The geometrically and physically nonlinear 
analysis is carried out using the material laws for reinforcement steel and concrete 
after Oetes. Tension stiffening and the effects of stirrup reinforcement are 
accounted for in the concrete material law [133]. 
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Cross sections: 50 / 35 cm (at! bars) 
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v f>oi* = 0.2 

= 5.00%- 



Fig. 5.52. Reinforced-concrete frame (plane); structure, cross sections, materials, statical 
system with loading 

The simulated loading process is comprised of deadload, horizontal load P H , 
vertical nodal loads P v = v • P vo and the line load p = v • p 0 . After applying dead- 
load the horizontal load P H is introduced; P v and p are then simultaneously 
increased incrementally using the load factor v. 



Investigation I - Fuzzy System Behavior in Consequence of Fuzzy 
Arrangement of the Reinforcement Steel. When modeling the structure it is 
necessary to define the arrangement of the reinforcement steel. The distances h 1? 
h 2 , and h 3 (Fig. 5.53) between the cross-sectional boundaries and the position of 
the reinforcement steel are prescribed at each end of the bars. In the horizontal bar 
of the frame the reinforcement arrangement is also specified in the middle of the 
bar. The distances h,, h 2 , and h 3 are considered to be independent of each other; 
the reinforcement arrangements at the various prescribed locations are also 
independent of each other. Assuming a tolerance of ±5 mm in the laying of the 
reinforcement steel, h 1? h 2 , and h 3 become fuzzy variables. For the case in question 
a simple fuzzification of the values hj is applied, Fig. 5.53 shows the fuzzy 
triangular numbers h { . Thus a total of 21 fuzzy variables enter the investigation. 
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Fig. 5.53. Fuzzy arrangement of the reinforcement steel 

The remaining structural parameters are assumed to be deterministic. The 
rotational spring stiffness relating to the fixing of the columns in the foundation 
soil is specified by 

= 5 MN m/rad. (5.93) 

The described loading process is simulated up to global system failure. The 
fuzzy result values are the horizontal displacement of node 3 v H (3) for all in- 
crements of the loading process and the load factor v g+p (g+p = structural analysis 
under consideration of geometrical and physical nonlinearities) for the fuzzy 
failure load. 

The computation was carried out with the aid of the modified evolution for the 
three a-levels = 0.00, a 2 = 0.50, and a 3 = 1.00. The fuzzy load -displacement 
dependency for v H (3) and the result for v g+p are presented in Fig. 5.54. 




Fig. 5.54. Fuzzy load-displacement dependency for v H (3) and a l = 0.00 and a 3 = 1.00; load 
factor v g+p specifying the fuzzy failure load for global system failure according to the 
geometrically and physically nonlinear investigation 
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The obtained fuzzy failure load may, e.g., be used for a simple safety veri- 
fication based on load level without determining a safety measure. If the actual 
load factor is known as deterministic value extg_v = 6.30, the inequality 

extg_y = 6.30 < <6.27, 6.43, 6.59> = v g+p (5.94) 

containing v g+p approximated by a fuzzy triangular number is then only partially 
satisfied. Without further evaluation the structure is assessed as being not safe. In 
contrast to the latter a common structural analysis based on the assumption of the 
reinforcement in the planned position yields the deterministic failure load charac- 
terized by v g+p = 6.43. The verification criterion 

extgv = 6.30 < 6.43 = v g+p (5.95) 

is fulfilled, the influence of the tolerance when laying the reinforcement steel 
remains concealed. 



Investigation II - Fuzzy Displacement in Consequence of Fuzzy Loading and 
Fuzzy Boundary Conditions. The investigation of the frame is repeated with 
altered structural parameters. The reinforcement arrangement is deterministically 
assumed to be in the planned position. The fuzzy input variables are now the load 
factor extg_v and the rotational spring stiffness k . These informally uncertain 
structural parameters (Fig. 5.55) are modeled as fuzzy triangular numbers 

extg_v = <5.5, 5.9, 6.7>, (5.96) 

and 

kp = <5, 9, 13> MNm/rad. (5.97) 




Fig. 5.55. Fuzzy input variables load factor extg_v and rotational spring stiffness k^ 
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The fuzzy result is the horizontal displacement of node 3 v H (3). The 
investigation was carried out for the a-levels = 0.00, a 2 = 0.144, a 3 = 0.25, 
a 4 = 0.50, a 5 = 0.75, and a 6 = 1.00. The fuzzy load -displacement dependency for 
otj = 0.00 and a 6 = 1.00 is shown in Fig. 5.56, and Fig. 5.57 shows the fuzzy result 

v h (3) - 

For a 1 = 0.00 global system failure already occurs before the attainment of 
v ar = the search for maximum v H (3) yields the result v H (3) ar - «> on this 
a -level. 




Fig. 5.56. Fuzzy load-displacement dependency for v H (3) and a 1 = 0.00 and a 6 = 1.00 




Fig. 5.57. Fuzzy result v H (3) 

Investigation III - Fuzzy Displacement in Consequence of Fuzzy Boundary 
Conditions, Influence of the Deterministic Fundamental Solution. The load 
factor v g+p of the fuzzy failure load for global system failure (for geometrically and 
physically nonlinear behavior) is computed as the fuzzy result variable. In contrast 
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to investigation II, only the rotational spring stiffness according to Eq. (5.97) enters 
the analysis as a fuzzy input variable. The loads P v and p are incrementally 
increased with v until global system failure is attained. For the purpose of com- 
parison the quasicrisp failure load represented by v , under exclusi ve consideration 
of physical nonlinearities, and the fuzzy failure load represented by v , under 
exclusive consideration of geometrical nonlinearities, are computed. The results 
for v g+p , v p , and v g are compared in Fig. 5.58. This example demonstrates the 
decisive influence of the deterministic fundamental solution on the quality of the 
results. Realistic prognoses concerning structural behavior are closely related to 
capable simulation algorithms. 




Fig. 5.58. Load factors v g+p , v p , and v g of the fuzzy failure load for global system failure; 
considered nonlinearities: g = geometrical, p = physical, g+p = geometrical and physical 



S.2.5.4 Presfressed Reinforced Concrete Frame, Nonlinear Dynamic 
Analysis 

The plane reinforced-concrete frame with a prestressed horizontal bar according to 
Fig. 5.59 is investigated under dynamic transient loading [118]. For the dynamic 
fuzzy structural analysis the geometrically and physically nonlinear simulation 
algorithm after [116, 133] is applied as the deterministic fundamental solution. 

The system is modeled using three bars, 49 integration increments are chosen 
for the horizontal bar and 40 integration increments for the columns. Each of 
the cross sections is subdivided into 60 layers. The geometrically and physically 
nonlinear analysis is carried out using the material laws after Ma, Bertero and 
Meskouris, Kratzig according to [113] and [133] for reinforcement steel and 
concrete. Contact forces associated with fracture closure and the effects of stirrup 
reinforcement are accounted for in the concrete material law; tension stiffening is 
neglected in this case. 

The structure is constructed from prefabricated parts and the frame comers are 
rigidly connected on site. The fixture of the columns in the foundation soil is 
modeled by means of linear-elastic rotational springs (Fig. 5.60). 
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Fig. 5.59. Reinforced concrete frame (plane); structure, cross sections, materials 



The simulated loading process, including system modification, is comprised of 
the following components: 

- Simultaneous prestressing of all tendons in the horizontal bar according to the 
specified prestressing force without the effects of deadload, grouting of the 
conduits 

- Application of the deadload of the columns, hinged connection of the columns 
and the horizontal bar at the frame comers, and application of the deadload of 
the horizontal bar 

- Transformation of the hinged joints at the frame comers into rigid connections 

- Application of additional translational mass at the frame corners and along the 
horizontal bar (statical loads P v and p R V in Fig. 5.60) 

- Introduction of dynamic loading (P H (t), p RH (t), and p s H (t) in Fig.5.60) due to the 
horizontal acceleration according to the normalized load-time function 

The stiffness of the rotational springs (the same at each column base) and the 
horizontal acceleration are modeled by the fuzzy triangular numbers and a due 
to informal uncertainty (Fig. 5.61). For the purpose of determining a suitable time 
increment At for the numerical time-step integration the first three natural angu- 
lar frequencies for the linear case and = 9.0 MN m/rad were computed to be 
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0 )j = 14.48 s“\ g) 2 = 68.43 s" 1 , and o> 3 = 108.64 s" 1 . It is assumed that the prescribed 
loading excites the system exclusively at the first natural frequency. The time 
increment for the numerical integration is therefore chosen to be At = 0.025 s. 

The time dependency of the horizontal fuzzy displacement v H (t)of the left-hand 
frame comer up to t = 2.5 s is plotted in Fig. 5.62. For the purpose of comparison 
the results of a linear deterministic investigation for p(v H (t)) = 1.0 are also plotted. 



Pr,h(1) 






Fig. 5.61. Fuzzy input variables and a 
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a - (J = 10 




The fuzzy result for the magnitude of the largest bending moment M s (absolute 
value) at the right-hand column base is plotted in Fig. 5.63 and compared with the 
result from the linear analysis for p(M s ) = 1.0. The stress-strain dependencies for 
the inner concrete layer (® in Fig. 5.59) and the outer reinforcement layer (® in 
Fig. 5.59) for the right-hand column head are displayed in Fig. 5.64 for = 7 
MN m/rad and a = 0.45 g (p = 0) up to t = 2.5 s. The material laws for hysteresis 
material behavior include the effects of material damping. 




Fig. 5.63. Largest fuzzy bending moment M s (absolute value) at the right-hand column 
base 
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Fig. 5.64. Stress-strain dependencies for concrete (layer (D) and steel (layer (D) 



5.2.5.5 Reinforced-concrete Folded-plate Structure, Fuzzy Finite 
Element Method, Physically Nonlinear Analysis 

The reinforced-concrete folded-plate structure shown in Fig. 5.65 is analyzed un- 
der consideration of the governing nonlinearities of reinforced concrete and data 
uncertainty represented by fuzziness [120]. Fuzziness is accounted for in the 
superficial load p, the concrete compressive strength p R , and the position of the 
reinforcement h j . The extension for every plane of the folded-plate structure in M 2 
is crisp. Taking advantage of the symmetric properties in relation to two planes the 
system is meshed using 48 finite elements. Each element, with an overall thickness 
of 0.1 m, was modeled using seven equidistant concrete layers, with two smeared 
mesh reinforcement layers each on the upper and lower surfaces (Fig. 5.65). The 
concrete material law according to Kupfer [95] and Link [102] and a bilinear 
material law for reinforcement steel were applied. Tensile cracks in the concrete 
were accounted for in each element on a layer-to-layer basis according to the 
concept of smeared fixed cracks. The mapping model thus represents a physically 
nonlinear algorithm. The superficial load characterized by fuzziness was increased 
incrementally up to the prescribed service load. Selected result values are observed 
at this stage of loading. Owing to the fuzziness of the uncertain input variables, the 
result variables are also obtained as fuzzy variables. 
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Boundary conditions: 
boundary 2-4-6 
v T = tps = <Pa = 0 

boundary 5 * 6 

v* - % = q>3 = o 

node 1 
v^ = 0 



Concrete C 20/25: 
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Reinforcement S 500: 
layer 8 7.85 crrf/m 

layer 9 2.52 cmftm 

layer 10 2.52cmrVm 
layer 1 1 7.85 cmf^/m 




Fig. 5.65. Folded-plate structure; geometry and finite element model 



Investigation I - Fuzzy Displacement in Consequence of Fuzzy Loading and 
Fuzzy Material Behavior. The superficial load p and the concrete compressive 
strength 0 R enter the analysis as fuzzy structural parameters. The superficial load 
on the folded-plate plane 2 is approximated as a linear fuzzy field with the aid of 
fuzzy interpolation nodes at the corner points 3, 5, and 6. The fuzzy field thus 
depends on the three bunch parameters s t = p(3),s 2 = p(5), s 3 = p(6) 

x 1 (S,fi)= x 1 (s 1 ,s 2 ,s 3 ,0). (5.98) 

Interaction between the fuzzy bunch parameters does not exist and their 
membership functions are chosen to be equal (Fig. 5.65). A crisp function (tra- 
jectory) Xj(s, fi) from the bunch of functions Xj(s , 0) is shown in Fig. 5.66 for one 
a-level and three values e S l a , s 2 e S 2>a , an d s 3 6 S 3a . The uncertain concrete 

compressive strength is accounted for with a stationary fuzzy field. Only one 
bunch parameter s 4 = p r is sufficient for describing this fuzzy field. This bunch 
parameter is specified by the membership function p(P R ) (Fig. 5.67). Applying 
a -level optimization a four-dimensional input subspace £ a ^ is to be searched for 
each a-level. 
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Fig. 5.66. Fuzzy field Xj(2,0) for the superficial load p ; trajectory x^s, 0), fuzzy bunch 
parameters Sj= p(3), s 2 = p(5), S 3 = p (6) 




Fig. 5.67. Fuzzy concrete compressive strength (3 R 

As an example of the results the fuzzy load-displacement dependency for the 
displacement v 2 of node 63 under incremental load increase up to the service load 
(v = 1) is shown in Fig. 5.68. 
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Investigation II - Fuzzy Displacement in Consequence of Fuzzy Loading and 
Fuzzy Arrangement of the Reinforcement. The fuzzy structural parameters in 
this case are the position fijof reinforcement layer 11 and the superficial load p . 
The spatial configuration of these fuzzy structural parameters is to be accounted 
for with stationary fuzzy fields. Two fuzzy bunch parameters s x = fijand 
s 2 = pare thus required, whose membership functions are plotted in Fig. 5.69. In 
this investigation the concrete compressive strength is taken to be a deterministic 
value P R = 2.55 kN/m 2 . 

Representing a characteristic result, again the fuzzy load-displacement depend- 
ency for the displacement v 2 of node 63 is illustrated in Fig. 5.70. 

P(P> 



5.4 6.0 6.6 p [kN/m 1 ] 

Fig. 5.69. Fuzzy bunch parameters and Sj= fijand S 2 = p 
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Fig. 5.70. Fuzzy load-displacement dependency for V 3 of node 63 



5.3 Fuzzy Stochastioc Structural Analysis 1 



If the uncertainty of the input parameters of a structural analysis is described with 
the aid of fuzzy random functions, the following problem is then to be solved for 
a crisp mapping model 

F: X(l) - Z(l). (5.99) 

Applying Eq. (5.99) the fuzzy random functions X(t) (structural input parameters) 
are mapped onto the fuzzy random functions Z(t) (structural responses). As fuzzy 
vectors and real random vectors are special cases of fuzzy random functions, these 
uncertainty models are also accounted for with Eq. (5.99). 

The mapping according to Eq. (5.99) is the symbolic representation of a fuzzy 
stochastic structural analysis. For the deterministic fundamental solution arbitrary 
algorithms of structural analysis may be applied as already explained for fuzzy 
structural analysis. 

If the mechanical behavior of a structure may be described on the basis of the 
nonlinear differential equation 

m t (.) • V + d t (.) • v + k t (.) * v = f t (.) V 1 6 T , (5.100) 

discretization in space then leads to a special form of the fuzzy stochastic structural 
analysis - the Fuzzy Stochastic Finite Element Method (FSFEM), which may be 
characterized by the system of nonlinear differential equations 



in collaboration with Dipl.-Ing. Jan-Uwe Sickert 
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M(.) • v + D(.) • v + K(.) * v = F(-) 
for the overall system. 



(5.101) 



5.3.1 Fuzzy Stochastic Finite Element Method 

The Fuzzy Stochastic Finite Element Method (FSFEM) is based on the repre- 
sentation of uncertain structural parameters in the space of fuzzy bunch parameters 
and an a -level optimization of these fuzzy bunch parameters. 

In the following the basic form of the FSFEM is developed for fuzzy random 
fields. In the case of time dependency this may be formally enhanced for consid- 
ering fuzzy random functions. 



Representation of Uncertain Structural Input Parameters in the Space of 
Fuzzy Bunch Parameters. It is assumed that the uncertainty of the structural 
parameters is accounted for with the aid of fuzzy random fields, real random fields, 
and fuzzy fields. Moreover, fuzzy random vectors, real random vectors, and fuzzy 
vectors may be given additionally at discrete points £ in the parameter space ©. 

Regarding fuzzy random fields an appropriate representation in closed or 
discrete form is required. Owing to the characterization of a fuzzy random field 
as an evaluated set of original functions according to Eqs. (2.214) and (2.215) 
all available representations developed for real-valued random fields, like, 
e.g., covariance decomposition, Karhunen-Loeve expansion, or polynomial chaos 
expansion, may be used as a basis for representing fuzzy random fields. Some 
basic information concerning representation and processing methods for real 
random fields is given in [171]. In view of applying a general, nonlinear numeri- 
cal analysis in terms of the deterministic fundamental solution only a discrete 
representation of fuzzy random fields is considered subsequently. The discre- 
tization may thereby also be realized starting from closed-form representations. 
A variety of discrete representations of real random fields is, e.g., presented in 
[167] and [62]. 

The discretization of fuzzy random fields is explained for the example of point 
discretization methods, which are applicable in a particularly simple way. 
According to Eq. (2.243) each fuzzy random field is the set of the fuzzy random 
vectors at the points £ in the parameter space ©. For each point fl. the fuzzy 
random vector X 0 .= X(£.) belonging to the fuzzy random field X(£) is known. 

When applying the midpoint method for the discretization in space, the mid- 
points of the finite elements, e.g., defined by the center of gravity, are taken to be 
the parameter points £ { . According to the nodal-point method the parameter points 
£. lie on the nodal points of the finite elements. The obvious disadvantage is the 
dependance of the chosen finite element mesh. These methods are particularly 
practicable in the case of strongly correlated fuzzy random fields. 
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At the points Q. the fuzzy probability distribution functions and parameters of 
the fuzzy random vectors X e .= X(0.) are known. 

In the one-dimensional case these represent, e.g., the fuzzy probability distribu- 
tion function F 0 .(x)= F(x,0.) with the fuzzy expected value m x (0.)= E[X(0.)] and 
fuzzy variance a x 2 (0 i )= D^[X(0.)] of the fuzzy random field. 

The dependency between fuzzy random variables X(0 { ) and X(ft 2 ) at different 
points £ } and is characterized by the fuzzy covariance (Eq. (2.235)) 

K(ft l9 fl 2 )= CovtXCft^XCfip] - EKXCft^-m^^ (5.102) 

This model may also be applied for describing the dependency between fuzzy 
random variables representing different dimensions of a fuzzy random vector. 

For a stationary fuzzy random field 

K(0 1 ,0 2 )= d x 2 -k x (L 12 ) (5.103) 

follows from Eq. (2.241) with 6 X 2 being the fuzzy variance of the fuzzy random 
field. The fuzzy covariance is a fuzzy function that only depends on the distance 
||8|| - || S 2 - fijl = L 12 . The dependency of the fuzzy covariance K(fi l9 fi 2 ) on the 
distance L 12 is accounted for with the fuzzy function k x (L 12 ). This fuzzy func- 
tion represents an assumption for the correlation function q (0 ,0 ) according to 
Eq. (2.236). The linear decrease of k x (L 12 ) illustrated in Fig! 5.^1 may be de- 
scribed by 




Fig. 5.71. Fuzzy function k x (L ]2 ) for describing fuzzy correlation of fuzzy random fields 
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The fuzzy correlation length L x is thereby taken into consideration as the fuzzy 
bunch parameter s^L^. When prescribing a fuzzy correlation length instead 
of a deterministic correlation length, the uncertainty of this parameter may be 
accounted for. 

In consequence of the discretization of the fuzzy random field X(0) the fuzzy 
random vectors X 0 . = X(fl.) | i = l,...,p 1 together with their fuzzy probability 
distribution functions F 0 .(x) = Ffoflj) = F^&fl.) are determined at pj points in 
the parameter space ©. The total number of all fuzzy bunch parameters s p s n 
in the fuzzy bunch parameter vectors s i | i = I, p x is denoted by n^ 

Additionally, existing fuzzy fields are discretized according to Sect. 2.1.11.2. 
This leads to the fuzzy vectors x(s.,0.) | i = l,...,p 2 at p 2 points with n 2 fuzzy 
bunch parameters s p ..., s n2 in total, which represent fuzzy input variables. 



Fuzzy random variable X, Real random variable X 2 Fuzzy variable x 3 




Fuzzy bunch parameter ^ Bunch parameter s 2 Fuzzy bunch parameter s 3 






Fig. 5.72. Representation of three uncertain structural parameters in the bunch parameter 
space 
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If, furthermore, real random vectors characterized by F(x, £.) are to be con- 
sidered at p 3 points, the parameters of their probability distribution functions may 
then be interpreted as being real bunch parameters. The total number of these 
bunch parameters s v ..., s n is given by n 3 . 

Finally, n 4 fuzzy bunch parameters s p ..., s n4 may appear from taking account of 
fuzzy covariance. 

Combining all discretization results, a total of n = n, + n 2 + n 3 + n 4 bunch 
parameters Sj are considered in the FSFEM analysis. These bunch parameters are 
combined in the fuzzy bunch parameter vector Sj. 

The fuzzy bunch parameters all together constitute the space of the bunch 
parameters, in which the uncertain structural input parameters are completely 
described. A three-dimensional bunch parameter space is illustrated in Fig. 5.72. 
The three bunch parameters are assigned to the fuzzy random variable X 1 with its 
fuzzy probability distribution function F(xj) = F(s 1 , Xj) , the real random variable X 2 
with its probability distribution function F(x 2 ) = F(s 2 , x 2 ), and the fuzzy variable 
x 3 = s 3 with the membership function p(x 3 = s 3 ). 

An a -discretization of the fuzzy random variable Xj yields the a-level set S 1>(lk 
representing the interval s 1)(Xk . Each crisp element s^ from this a-level set specifies 
precisely one original X , ■ of Xj . 

a-level Optimization in the Space of the Fuzzy Bunch Parameters. It is now 

intended to compute the structural responses Z(0) according to Eq.(5.99) as fuzzy 
random vectors Z 0 ^= Z(0 r ) | r= with the fuzzy probability distribution 

functions F 0 (z) = F(z,0 r ) = F(a r ,z,0 r )at points £ r in the parameter space ©. 
For this purpose q L fuzzy bunch parameter vectors o r are to be determined, 
which comprise a total of bunch parameters a 1 ,...,d m) . The m 4 fuzzy bunch 
parameters are combined in the fuzzy vector o. The fuzzy stochastic structural 
analysis characterized by Eq. (5.99) has thus been transformed into the mapping 

(5.105) 

The mapping model may be denoted in the form 

(Oi,...,a mi ) - f(s 1 ,...,s n ). (5.106) 

On this basis Eq. (5.105) may be treated with the aid of a-level optimization 
(Sect. 5.2.3) in compliance with the procedure for fuzzy structural analysis. 

The mapping model is to be established by a probabilistic structural analysis. 
Associated with a finite element approach this leads to the Stochastic Finite 
Element Method (SFEM). 

An a -discretization of the fuzzy bunch parameters s 1? ...,s n belonging to fuzzy 
probability distribution functions F(s.,x,0.) yields the a-level sets S 1>(Ik ,...,S nijCtk 
for the level a k (Fig. 5.73). These a-level sets together with the a-level sets 
Sh,a k I h = n \ + I* ...,nform the n-dimensional crisp subspace S^. If one element 
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is selected from each a -level set, one crisp point s is then obtained in the sub- 
space £ ttk . 

With each set of crisp elements s { . e S 1>ak , ... , s n] j e S nb0Lk constituting the vector 
s. e S. precisely one trajectory F e . jQO 6 F e . >0Lk (x) | i= l,...,pj with the membership 
value p(F 0 . j(x))= p($.) > a k is simultaneously selected from each of the pj fuzzy 
probability distribution functions F 0 .(x) (Fig. 5.74). The trajectories F e j(s) are 
real-valued probability distribution functions. Each a-function set F 0 ak (x) 
comprises all trajectories of the fuzzy probability distribution function F e (x) at 
the point fl. e © for the level a k . 

Having selected one crisp point Sj from the subspace S a one real probability 
distribution function (trajectory) is known for each fuzzy random vector 
X 0 =X(0.). Moreover, one element from the respective a-level set (for the same 
level a k ) of each bunch parameter belonging to the fuzzy vectors, fuzzy fields, real 
random vectors, and fuzzy covariances is to be selected. Based on a finite element 
approach one stochastic structural analysis may now be carried out for the crisp 
bunch parameter vector s.e^ defined. 





Fig. 5.73. a-level optimization and FSFEM 
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Elements of the fuzzy bunch parameter vector § 



e s i,a fc „} ^ S r j 6 S r ^ 




i 

1.0 ■ 


l F,(2) 1 

f // ■ • • 

/Ji Trajectory F i,( 2 ) 


F q .(z) 

a-function set F„. i(li (z) 


j t Trajectory F q i (z) 


0.0 


J Jt a-function set F, ai (z) 

- fc. 0.0 . 


JJj 


z 


z 




Result subspace of the F tij (z) e 


<*> w e 1, « 




°1J e °1.a. • • • 


^ ^m 1h a k 



Elements of the fuzzy bunch parameter vector o 
Fig. 5.74. Mapping model of the FSFEM, mapping for the oc-level a k 

The trajectories of the fuzzy probability distribution functions F(o r ,z,0 r ) of 
the result vectors Z 0 = Z(fi r ) | r = are designated by F e j(z) | r = 1,...^. 
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For each defined a-level a k these are elements of the assigned a-function sets 
(z) e F 0 (Xk (z). For determining the a-function sets F 0 ak (z) the following 
functional relationship concerning the trajectories may then be stated: 

(F 0pj (z) | r = l,...,q,) = g(F<y(x) | i = l pn). (5.107) 

The solution of Eq. (5.107) may, e.g., be obtained with the aid of an efficient 
approach based on Monte Carlo Simulation (MCS). Sophisticated algorithms are 
presented in [173]. Based on the trajectories F 0 j(x) sample vectors are thereby 
generated one after the other. Each sample vector comprises exactly one realiza- 
tion of each original X 0 ■ , respectively, and thus represents a crisp input vector 
for one deterministic structural analysis. The deterministic fundamental solution 
required for this purpose may be an arbitrary, linear or nonlinear finite element 
code that is able to solve the system of differential equations 

M-S + F. (5.108) 

The application of MCS results in a sample of result values for each trajectory 
F 0 j(z) of the fuzzy random result vectors Z 0 = Z(0 r ). Statistical evaluation of 
these samples yields the trajectories in bunch parameter representation. For each 
a-level a k the obtained bunch parameters are elements of the assigned a-level sets 
°i 6 a i,a k > •••> 6 °m 1 ,a k °f the fuzzy bunch parameters d p ...,d mi constituting the 

fuzzy vector a. Once the smallest and largest elements of the a-level sets 
a i,a k >*“’ a m 1 ,a k have been determined for each a-level a k , the fuzzy bunch 
parameter vectors d v ...,o q| and hence the fuzzy probability distribution functions F(z,0 r ) 
= F(o r ,z,0 r )are then known. The search for the smallest and largest elements of 
the bunch parameters is realized by applying a-level optimization (Fig. 5.74). 



5.3.2 Application of the Fuzzy Stochastic Finite Element Method 

5.3.2.1 Numerical Simulation of the Structural Behavior of a Textile- 
reinforced Specimen 

Eight test specimens of the type shown in Fig. 5.75 were produced and subjected 
to uniaxial loading [77]. 

Each test specimen consists of fine grade concrete and reinforcement compris- 
ed of 66 parallel-laid AR glass filament yams. Each glass filament yam is com- 
prised of a bunch of 800 filaments with a diameter of 13.5 pm. Due to the fact 
that the material properties exhibit significant uncertainty the experiments for 
each test specimen yield a different a - e curve (Fig. 5.76). In the region Ila 
all curves exhibit a slight increase. 
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Reinforcement concrete ratio: V f = 1.371% 
- BO 000 N/mm 2 




AR glass filament 
yarn reinforcement 
NEG-ARG310-01 




1 Fine grade 
concrete layer 



Reinforcement 



layers 



Fig. 5.75. Experimental specimen and finite element model 




Fig. 5.76. Uncertain experimental stress-strain curve, test series B 1-004 [77], 
NEG-ARG3 10-01, V f = 1.371% 
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If deterministic material parameters for the fine grade concrete and filament 
yam are assumed in the numerical simulation of the tests, the same stress value 
occurs in region I in all elements of the FE model. The sustainable tensile stress for 
the fine grade concrete is therefore attained simultaneously in all elements. In 
region Ha the curve determined in this manner would mn parallel to the e axis. A 
realistic numerical simulation is only possible provided the uncertainty in the 
sensiti ve material parameters is taken into consideration. For this reason the tensile 
strength of the fine grade concrete is treated as an uncertain parameter and 
modeled as an isotropic fuzzy random field. 

The fuzzy random field is discretized using p midpoints of the elements. 
Accordingly, correlated fuzzy random variables Xj | i = 1, ..., p are known at 
p points. Owing to the assumed stationarity the associated fuzzy probability 
distribution functions Fj(x) = F(s,x) for all p fuzzy random variables X { are 
identical. The following formulation is chosen 



Fj(s,x) 




In x-ln 6.268 +0.56 u 2 



f 



/ 

exp 

V 



2 



du. 



(5.109) 



The standard deviation is introduced as a fuzzy bunch parameter in the form of 
the fuzzy triangular number d u = = < 5.995, 6.991, 7.987 > • 10" 2 . The corre- 

lation between the discretized fuzzy random variables is accounted for by the cor- 
relation function 



k x (L„) = < 



1 - 



"12 



if L 12 g [0,L x ] 
otherwise 



(5.110) 



with the fuzzy correlation length L x = s 2 = <100, 200, 300>mm. 

Under consideration of nonlinear material properties the Fuzzy Stochastic Finite 
Element Method yields the o - 8 relationship as a one-dimensional fuzzy random 
field for a depending on prescribed 8. According to the definition Eq. (2.243) each 
functional value represents a fuzzy random variable (Fig. 5.77). The empirical 
fuzzy probability distribution functions are plotted for two strain values. In region 
Ha the numerically determined curves exhibit the required positive slope. 
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Fig. 5.77. Numerically determined o - £ curve as one-dimensional fuzzy random field in 
comparison with the test series B 1-004 [77] 

5.S.2.2 Reinforced-concrete Plate, Physically Nonlinear Analysis 

The uniaxial reinforced-concrete plate (Fig. 5.78) is analyzed under consideration 
of data uncertainty and the governing nonlinearities of reinforced concrete [180]. 
A physically nonlinear deterministic fundamental solution on the basis of mixed 
hybrid finite elements with assumed stress distribution is used. Endochronic ma- 
terial laws are applied to the concrete and reinforcement steel. Tensile cracks in 
the concrete are accounted for in each element on a layer-to-layer basis accord- 
ing to the concept of smeared fixed cracks. Each finite element consists of 12 con- 
crete layers (of 0.01 m thickness each) and two uniaxial smeared reinforcement 
layers. 

The loading process (Fig. 5.79) consists of the deadload, a superficial load, and 
a nodal load P = 1 kN in the center of the plate. 

Uncertain input parameters are both the time-dependent, superficial load and the 
concrete compressive strength in the whole plate. These are modeled as special 
fuzzy random functions. 
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Fig. 5.78. Reinforced-concrete plate; geometry and finite element model 



Investigation I - Fuzzy Random Crack State. The investigation aims at the 
determination of the fuzzy random crack state under service load. The fuzzy ran- 
dom superficial load is described with the aid of the product Vj(t) *X p consisting 
of the crisp, time-dependent load factor v^x) and the time-invariant fuzzy random 
variable X p with perfect correlation and full interaction in time. The latter is 
considered to be Gumbel distributed with the fuzzy expected value m x = E[X p ] 
(Fig. 5.79) and the crisp standard deviation o x = 0.1 kN/m 2 . The associated fuzzy 
probability distribution function is formulated in bunch parameter representation 



F(s,x p ) = exp(-exp(-Sj(x p -s 2 ))), 


(5.111) 


1.28255 


(5.112) 


s i “ 


°x 




s 2 =E(X)- 0 - 577216 . 

^ C 


(5.113) 
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The fuzzy expected value E[X p ] is given in the form of the fuzzy triangular 
number 

m x = E(Xp) = <0.9, 1.0, 1.1> kN/m 2 . (5.114) 

The concrete compressive strength P c is modeled as a perfectly correlated, 
Gaussian random field X p with the expected value E[X p ] = 20 N/mm 2 and a 
coefficient of variation v = 0. 10. The concrete tensile strength P t is calculated from 
the compressive strength with an endochronic concrete material law and under 
consideration of the strain velocity. Between the concrete compressive strength p c 
and the concrete tensile strength P t a relationship exists in the form 

P t =f(P c )- (5.115) 

Therefore the tensile strength is also a random variable. Because of the perfect cor- 
relation the introduction of a random variable that mirrors the random fluctuations 
of all elements at once is sufficient. 




Fig. 5.79. Fuzzy random loading process; fuzzy random crack state 
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The time is increased incrementally up to x = 2000 days. At each time 
increment the crack state is computed with the aid of the Fuzzy Stochastic Finite 
Element Method. The solution of Eq. (5.107) is obtained from Monte Carlo 
simulation. Each trajectory F cr0] j(x) is computed on the basis of a sample con- 
sisting of 100 sample elements. The statistical evaluation yields the trajectories 
F ff#(y (T) as empirical probability distribution functions and the assigned fuzzy 
expected value as fuzzy bunch parameter. 

The empirical fuzzy probability distributions F a .(x) that indicate the fuzzy 
probability with which the first cracks occur in the concrete layers depending on 
time t are shown in Fig. 5.79. The first cracks in layer 1 already occur when 
applying the nodal load. After 2000 days the lower three layers are cracked in one 
direction for all simulated realizations, whereas layer 4 still remained uncracked 
for some realizations. 

In consequence of the multiplicative combination of v^x) and X p the uncer- 
tainty of the loading process as well as the uncertainty of the crack state increases 
in time. This may be recognized by means of the growing distance between the 
empirical fuzzy probability distribution functions bounding the a -level a = 0. A 
common probabilistic analysis, which does not consider the fuzziness of the 
expected value m x , only yields one crisp empirical distribution function for each 
layer, respectively (marked by a = 1 in Fig. 5.79). 



Investigation II - Fuzzy Random Displacement. Uncertain input parameters are 
the fuzzy random loading process according to Fig. 5.79 and the concrete 
compressive strength. Now the latter is modeled as a partially correlated fuzzy 
random field in extension of investigation I. This is discretized with the aid of 
fuzzy random variables in the centroids of the eight finite elements. This discre- 
tization method is chosen with regard to the special properties of the nonlinear 
finite element algorithm applied. The correlation of the fuzzy random variables is 
computed by evaluating the fuzzy correlation function according to Eq. (5.104) 
with the fuzzy correlation length Lx = <2, 4, 10> m. Additionally, the position of 
the reinforcement in the tensile zone is modeled as a fuzzy variable a (Fig. 5.78), 
i.e., without randomness. Thus the space of the fuzzy bunch parameters possesses 
three dimensions. 

The displacement v^^ in the plate center after x = 2000 d is chosen as 
the fuzzy random result variable 

z= (e m ,T =2000d). (5.116) 

The fuzzy bunch parameter v (fl^) representing the fuzzy mean value computed 
for Z is shown in Fig. 5.80. The empirical fuzzy probability distribution function 
of Z is plotted in Fig. 5.81. 
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Fig. 5.81. Empirical fuzzy probability distribution function of the fuzzy random displace- 
ment 



5.3.2.3 Reinforced-concrete Folded-plate Structure, Physically Non- 
linear Analysis 

The reinforced-concrete folded-plate structure shown in Fig. 5.82 is computed 
under consideration of the governing nonlinearities of reinforced concrete, of a 
random superficial load, and fuzzy randomness associated with the concrete 
compressive strength [123, 125] (Fig. 5.83). 

The dimensions for every plane of the folded-plate structure in M 2 are crisp. The 
system is meshed using 48 hybrid finite elements with assumed stress distribution. 
Each element, with an overall thickness of 0.1 m, was modeled using seven 
equidistant concrete layers, with two smeared mesh reinforcement layers each on 
the upper and lower surfaces (Fig. 5.83). 
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Boundary conditions: 
boundary 2-4-6 

v T = <P2 = <Pz = 0 

boundary 5-6 
= (pa = 0 

node 1 

Vs = 0 

Concrete C 20/25i£ 
layers 1-7 



Reinforcement S 500: 
layers 7,85 cm*/m 
layer 9 2,52 cmftm 

layer 10 2.52 cm 2 /™ 
layer 11 7.85 crr^/m 



Fig. 5.82. Reinforced-concrete folded-plate structure; geometry and finite element model 



A nonlinear concrete material law and a bilinear material law for reinforcement 
steel were applied. Tensile cracks in the concrete were accounted for in each 
element on a layer-to-layer basis according to the concept of smeared fixed cracks. 
The superficial load with randomness was increased incrementally up to the 
service load. Selected result values were computed at this stage of loading. Under 
consideration of the fuzzy randomness and randomness of the uncertain input 
variables, the result variables are also fuzzy random variables. 

The fuzzy randomness of the concrete compressive strength is modeled using a 
correlated, isotropic fuzzy random field in M 2 of the planes of the folded-plate 
structure. The correlation of the discretized variables of a folded-plate plane 
is taken into account by prescribing the fuzzy correlation function from Eq. (5.110) 
with the fuzzy correlation length L x shown in Fig. 5.83. One realization of the 
correlated fuzzy random field for the concrete compressive strength is illustrated 
graphically in Fig. 5.84. According to Eqs. (2.212) and (2.213) each realization 
is a fuzzy function. The discretized fuzzy random variables of different folded- 
plate planes are not correlated. The fuzzy expected value and the crisp standard 
deviation (Table 5.2) are the same for every discrete fuzzy random variable. 
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Isotropic fuzzy random field 

for the concrete compressive strength 




Fuzzy expected Fuzzy correlation 

value = s 1 [N/mm 2 ] length L* = [m] 




Standard deviation: a p = 1.5 N/mm 2 




Fig. 5.83. Uncertain input variables 

The fuzzy random field is discretized in the centroids of the finite elements. 
This discretization variant is chosen under consideration of the special properties 
of the applied nonlinear finite element algorithm. The principal stress criterion 
(crack criterion) is evaluated in the element centroid, i.e., the discretization point. 

The following relationship between the tensile and compressive strength of 
concrete is adopted 

p t = 0.092 • P c . (5.117) 

Therefore a perfect correlation is assumed between the compressive strength and 
the tensile strength as well as between the strengths of the elements of the layers 
in a finite element. 

The superficial load is modeled as a real-valued, perfectly correlated random 
field. The parameters are listed in Table 5.2. 

For the numerical analysis with the Fuzzy Stochastic Finite Element Method the 
a-levels a = 0 and a = 1 are considered. The displacement v of node 63 in the 
direction of X 3 is selected as a representative result from the computation. The 
approximated membership function of the fuzzy mean value and the empirical 
fuzzy probability distribution function of the displacement are shown in Fig. 5.85. 
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Table 5.2. Parameters of the (fuzzy) random fields 





Concrete compressive 
strength p c [N/mm 2 ] 


Superficial load 
p [kN/m 2 ] 


Model 


Fuzzy random function 


Random function 


Type of distribution 


Normal distribution 


Normal distribution 


Expected value 


< 24.5, 25.5, 26.5 > 


6.0 


Standard deviation 


1.5 


0.3 


Correlation length 


<2.0, 4.5, 20.0 > 


00 
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In fuzzy probabilistic safety assessment of structures fuzzy random vectors are 
introduced for the mathematical description of the uncertainty characteristic fuzzy 
randomness. The failure and survival of a structure may be assessed with the aid of 
the probability measure for fuzzy random vectors, which has been introduced in 
Sect. 2.3. 1.2; the fuzzy failure probability and fuzzy survival probability are to be 
determined. 

As the fuzzy probability P(A.) has been defined as being the set of the 
probabilities Pj(Aj) of all originals Xj of the fuzzy random vector X, the failure 
probability and survival probability are to be calculated for each original. This is 
possible by applying algorithms of the First Order Reliability Method [107, 166, 
182, 189, 190]. 

For each (one-dimensional) fuzzy random variable X that is taken to be a fuzzy 
probabilistic basic variable a fuzzy probability distribution function F(x) must be 
known. Since F(x) represents the set of the probability distribution functions Fj(x) 
(trajectories) of all originals X j5 a virtually infinite number of originals are to 
considered for the numerical solution. The parameters of the fuzzy probability 
distributions are thus represented by a-discretization and the governing originals 
are determined with the aid of a -level optimization. 

Once one original from each fuzzy probabilistic basic variable is known, the 
assigned failure probability may be calculated, e.g., by means of the First Order 
Reliability Method. This yields one element P f with the membership value p(P f ) 
from the fuzzy set P f representing the fuzzy failure probability. The consideration 
of all originals of the fuzzy random variables requires the enhancement of the First 
Order Reliability Method to develop the Fuzzy First Order Reliability Method 
(FFORM) [115, 119, 124] (Fig. 6.1). 

In FFORM, data uncertainty is accounted for with fuzzy random variables. 
With the a-level a = 1 real random variables are included as a special case. The 
fuzziness of the fuzzy random variables leads to the joint fuzzy probability density 
function f (x) in the original space of the fuzzy probabilistic basic variables. 
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Fuzzy probabilistic basic variables Data uncertaintyf(x), level curves 




Fig. 6.1. Idea of the fuzzy probabilistic safety assessment with FFORM 

The original space of the fuzzy probabilistic basic variables is subdivided into 
a survival region and a failure region by the limit state surface. The additional 
consideration of model uncertainty as fuzziness yields a fuzzy limit state surface 
separating a fuzzy survival and a fuzzy failure region. The fuzzy survival region is 
then described by the fuzzy set X s and the fuzzy failure region by the fuzzy set X f . 

By integrating the joint fuzzy probability density function f (x) on the fuzzy 
failure region X f the fuzzy failure probability P f may be computed. Based on 
Fuzzy First Order Reliability Method it is possible to determine a fuzzy design 
point x B and a fuzzy reliability index (3 . 



6.2 Original Space of fine Fuzzy Probabilistic Basic 
Variables 

6.2.1 Fuzzy Probabilistic Basic Variables and Joint Fuzzy Probability 
Density Function 

The original space of the basic variables (x-space) is constituted by n fuzzy 
probabilistic basic variables X j5 which are represented in a Cartesian coordinate 
system with n axes 
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Each fuzzy probabilistic basic variable is described by its fuzzy probability 
density function ? i (x i ) . The parameters of the fjCXj) are fuzzy numbers, and as a 
rule they are coupled by interactive dependencies. The fuzzy probability density 
functions f (x f ) of all X are lumped together on the original space to form the 
joint fuzzy probability density function f (x), which assigns one fuzzy functional 
value f (x) to each point in the x-space, respectively. The joint fuzzy probability 
density function comprises all combinations of trajectories f t j (x i ) belonging to the 
originals of the fuzzy probabilistic basic variables X. Each combination yields 
one crisp joint probability density function f(x). The membership values p of the 
functional values f(x) e f(x) are determined by the max-min operator of the 
extension principle. The set of all trajectories ( crisp joint probability density 
functions) established from the originals together with their membership values 
represents the joint fuzzy probability density function f(x) . 

Using the fuzzy numbers p t (Xj) for the parameters of the fuzzy probability 
distributions of the X, the joint fuzzy probability density function is the result of 
the mapping 

{p t CXj);i = l n;t = l r,} - f(i). (6.1) 

Owing to the close relation or partial equivalence between fuzzy parameters of 
fuzzy random vectors (Sect. 2.3. 1.4) and fuzzy functional parameters of fuzzy 
probability distributions the denotation p t (X) is here used for both. 

An example of a joint fuzzy probability density function f(x) formed by two 
fuzzy random variables is shown in Fig. 6.2. Level curves belonging to constant 
functional values f(x) = c are plotted for the membership level p(f(x)) = L 
Additionally, the support, i.e., the bounding of the membership level p(f(x)) = 0 is 
illustrated for the lowest level curve. 

*2 




Fig. 6.2. Joint fuzzy probability density function f (x) , level curves for constant f (x) = c 
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If all originals of different fuzzy probabilistic basic variables are stochastically 
independent of each other, the multiplication theorem of probability theory may be 
applied for determining the joint fuzzy probability density function 

f (i) = f,(x,) • f 2 (x 2 ) •...•f j (x j ) f n (x n ) . (6.2) 

This is to be carried out on an original-by-original basis. 

Dependencies between the X { may be taken into account original-by-original in 
compliance with the treatment of real random variables, e.g., with the aid of a 
correlation matrix. Such dependencies are not considered in the following. These 
are not relevant for developing the new safety assessment method and may easily 
be included in the FFORM algorithm (Sect. 6.6). 

Real- valued random variables together with fuzzy random variables may be 
introduced as basic variables, these are simultaneously accounted for. In contrast 
to fuzzy random variables, real random variables possess only one original. For the 
special case that all basic variables possess only one original, the joint fuzzy 
probability density function f (x) reduces to the real- valued joint probability densi- 
ty function f(x). 



6.2.2 Fuzzy Limit State Surface 

The limit state surface is specified by the computational model. Uncertain 
computational models with fuzzy model parameters (Sect. 1.1) result in a fuzzy 
limit state surface g(x) = 0 in the original space of the basic variables. The space 
of the fuzzy probabilistic basic variables is subdivided into a fuzzy survival region 2£ s 
and a fuzzy failure region X f by the fuzzy limit state surface. The fuzzy function 
g(x)= 0 may be expressed in the form 

(gGO = o) = { (g(x) = 0, n(g(x) = 0)) I x e X} . (6.3) 

A fuzzy limit state surface g(x p x 2 )= 0 on M 2 is shown in Fig. 6.3. The g(x) = 0 
form a bunch of functions with the membership values p(g(x) = 0); these are 
elements of the fuzzy set g(x)= 0 and represent crisp limit state surfaces. 

In order to compute the elements g(x) = 0 it is necessary to discretize the fuzzy 
model parameters, i.e., selection of an a-level and selection of elements from the 
cc-level sets. By this means, possible values of the fuzzy model parameters are 
defined. These values serve as input data to a (nonlinear) analysis algorithm with 
which the crisp limit state surface g(x) = 0 may be computed. The respective 
analysis algorithm is referred to as the deterministic fundamental solution. The 
quality of the deterministic fundamental solution has a decisive influence on the 
results of the safety assessment; thus the system behavior of the structure has to be 
realistically, numerically simulated. 
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Fuzzy limit state surface 
g(x 1t x 2 ) = o 



1.0 



MW. 



Fig. 6.3. Fuzzy limit state surface g(x)= 0 for two basic variables 



In general, a sophisticated nonlinear structural analysis algorithm is applied as 
deterministic fundamental solution, like, e.g., the numerical simulation of the 
behavior of plane reinforced-concrete bar structures presented in [1 16] and [133]. 
Each single application of the fundamental solution yields one crisp limit state 
point. The computation of several crisp limit state points (for the same, retained 
values from the fuzzy model parameters) leads to one numerically approximated 
crisp limit state surface, which represents one element g(x) = 0 of the fuzzy set 
g(x)= 0. 

The assessment of the points x in the space of the fuzzy probabilistic basic 
variables regarding failure and survival is carried out using membership functions. 
The fuzzy survival region X s is characterized by the membership function 



pU) = p(g(x)>0) 



1 V 2L | g(x) a = 1 >0 

p(g(x)=0 + 5) otherwise | 8 - +0 



(6.4) 



and the membership function of the fuzzy failure region X f is given by 

I 1 V x | g(x) , < 0 

HU f ) = H(gG0sO) = M(ga0= 0) otherwise ' ' 



(6.5) 



The membership functions determined by Eqs. (6.4) and (6.5) for assessing 
failure and survival are plotted in Fig. 6.4 for the two-dimensional case. 

The membership values p(x s ) and p(x f ) assess the propositions x e X s and 
x e X f for all points x e X. The survival and failure regions overlap in the region 
of the fuzzy limit state surface g(x)= 0. 
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Fuzzy survival region 



g(*i 



Mix,) 



1.0 + 



9(x„ x^, = 0 

x 2 4 



Fuzzy failure region^ 

9(x„ x 2 ) = 0 



Fig. 6.4. Fuzzy limit state surface g(x) = 0, fuzzy survival region X s , and fuzzy failure 
region X f 



6.2.3 Fuzzy Design Point 

In the original space of the basic variables the joint fuzzy probability density 
function f (x) is plotted together with the fuzzy limit state surface g(x) = 0. The 
sought fuzzy failure probability P f is obtained by integrating f (x) over the fuzzy 
failure region X f with g(x) < 0. Analogous to the First Order Reliability Method, 
this integration is carried out in the space of the standard normal distribution 
(y-space) and leads to the fuzzy design point and fuzzy reliability index. 

The search is for that point on the limit state surface for which the joint fuzzy 
probability density function takes its maximum functional value, this is the most 
probable failure point. The fuzzy design point x B indicates that combination of 
values of the basic variables X. that leads to failure with the highest probability. 
The influence of the indi vidual basic variables on the failure event is recognizable. 
The assigned failure mode is the governing one. The fuzzy design point x B may 
also be used for the determination of partial safety factors. 

Different combinations of uncertain input and model parameters result in 
various shapes of the fuzzy design point x B . 

Case I. If no model uncertainty (i.e., only data uncertainty) enters the 
investigation, the fuzzy design point then lies on a crisp limit state surface 
g(x) = 0. Uncertainty with the characteristic fuzziness exists exclusively in the 
joint fuzzy probability density function f (x) . This fuzziness becomes visible in the 
fuzzy design point. It may only appear in the direction of the limit state surface, 
i.e., x B does not possess fuzziness perpendicular to g(x) = 0. This situation is 
shown in Fig. 6.5 for two fuzzy probabilistic basic variables. The fuzzy design 
point x B is plotted depending on the coordinate s, which runs along g( x) = 0. 
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Fig. 6.5. Fuzzy design point x B on a crisp limit state surface g(x) = 0, no model uncertainty 

For g(x) = 0 each element f(x) of the joint fuzzy probability density function, 
i.e., each combination of originals of the n fuzzy probabilistic basic variables X 
yields one (crisp) element x B of the fuzzy design point with the membership value 
p(x B ). These elements together with their membership values constitute the fuzzy 
set x B representing the fuzzy design point. The fuzzy design point is the result of 
the mapping of the r { fuzzy parameters p t of the fuzzy probability distributions of 
the Xj onto the coordinates of the design point 

{p t (X i );i = l,...,n;t = l,...,r i j- x B . (6.6) 



Case II. Model uncertainty with the characteristic fuzziness leads to the fuzzy 
limit state surface g(x) = 0; the fuzzy design point x B , in general, additionally 
exhibits uncertainty perpendicular to the limit state surface (Fig. 6.6). This 
fuzziness is described by means of the coordinate t. For each element x B °f the 
fuzzy design point x B the coordinate t runs in the direction of the gradient of that 
element f(x) of the joint fuzzy probability density function f (x) that belongs to x B . 
The coordinate s runs along the assigned element g(x) = 0 of the fuzzy limit state 
surface g(x)= 0; s and t are perpendicular to one another. As a rule, model 
uncertainty also causes a portion of the fuzziness of x B in the direction of s. Only 
in special cases may the fuzziness of x B be separated into data uncertainty in 
direction s and model uncertainty in direction t. 
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Fig. 6.6. Fuzzy design point x B on a fuzzy limit state surface g(x) = 0 caused by model 
uncertainty 

If model uncertainty appears, the mapping according to Eq. (6.6) is to be 
extended by taking account of q additional fuzzy model parameters m. 

{p t (X i ),m j ;i = l, f %,n;t = l,...,r i ;j = l,...,q} - x 0 . (6.7) 

Each combination of elements of the fuzzy model parameters m. yields precisely 
one element of the fuzzy limit state surface g(x) = 0 and each combination of 
elements of the fuzzy parameters p t (Xj) yields precisely one element (trajectory) 
of the joint fuzzy probability density function f(x). The evaluation of all combi- 
nations of elements of g(x) = 0 and the originals of the X (i.e., the trajectories 
f(x) of f (x ) ) yields the elements of the fuzzy design point x B with the membership 
values p(x B ). 

Case III. If data uncertainty may be described by real random variables alone, i.e., 
the joint fuzzy probability density function possesses only one element, the map- 
ping in Eq. (6.7) then reduces to 

{m j ;j = l,...,q} - x B . (6.8) 

Although no fuzzy random variables enter the investigation in this case, the 
computation of the fuzzy design point may be executed as a special case of the 
procedure described. 

For all cases discussed, interaction between all involved fuzzy variables is to be 
accounted for when determining x B . 
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6.3 Transformation) of Fuzzy Random Variables 

Fuzzy random variables, like real random variables, may be transformed into other 
(fuzzy) random variables. For FFORM a special form of transformation is 
necessary: every fuzzy probabilistic basic variable X must be transformed into the 
standard normal space. This requires assignment of one (real-valued) standardized 
random variable Yj to each arbitrarily distributed fuzzy random variable X, 
respectively, 

VY, (6.9) 

When considering real-valued random variables X, the values x e X are 
mapped onto the values y 6 Y 

x- y. (6.10) 



The transformation function 



y = t(x) (6.ii) 

describes the relationship between x and y, and t(x) is required to be differentiable 
and monotonic. The mapping in Eq. (6.10) is reversible, the assignment 

x - y (6.12) 

is biunique. Regarding the transformation 

X- Y (6.13) 

the following holds for the functional values of the probability distribution 

functions of X and Y 



F(x) = 0 NN (y) . (6.14) 

With the aid of Eq. (6.14) the transformation function t(x) may also be designated 
by 

y - O nn (F(x)) (6.15) 

with <D nn 1 being the inverse function of the probability distribution function <3> NN 
of the standard normal distribution. 

For considering fuzzy random variables X as fuzzy sets of real-valued random 
variables X Eqs. (6.10) to (6.15) are enhanced. 

The fuzzy random variable X has the fuzzy probability distribution function 
F(x); the standard normal distribution 0 NN (y) for the new random variable Yj is 
defined as a crisp probability distribution function, however. For this reason, the 
transformation relationship between X { and Yj contains uncertainty with the 
characteristic fuzziness. The uncertain transformation of crisp values xeX leads 
to fuzzy variables ye Y 



x- y. 



(6.16) 
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Hence the transformation function is a fuzzy function 

y=t(x). (6.17) 

With the aid of the distribution functions for X and Y the fuzzy transformation 
function t(x) may be denoted by (Fig. 6.7) 

y - O nn (F(x)) . (6.18) 

The transformation of the fuzzy random variable X into the standardized 
random variable Y is realized by transforming all originals of X. Each original is 
mapped onto Y by means of the transformation function according to Eq. (6. 1 1) or 
(6.15). The set of the transformation functions for all originals together with the 
membership values of these originals constitutes the fuzzy transformation function 
t(x). 

Differentiability and monotonicity are complied with for each element t(x) of 
the fuzzy transformation function t(x). Though biuniqueness of the mapping is 
ensured for the individual originals, it does not apply to the fuzzy transformation 
according to Eq. (6.16). The inverse transformation of a crisp value y 6 Y, which 
may also represent an element of a fuzzy variable y , may only be carried out if the 
assigned original is known. Otherwise, starting from a value y or y this leads to a 
fuzzy value x containing all possible values x that might belong to y or y . 




Fig. 6.7. Transformation of fuzzy random variables into standardized random variables 
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6.4 



Basie 



The standard normal space (y-space) is constituted by n standardized basic vari- 
ables Yj. These result from the transformation of the n fuzzy probabilistic basic - 
variables X { according to Eq. (6.9). The are represented in a Cartesian 
coordinate system with n axes y 4 . At each point y_ the standard normal joint 
probability density function <p NN (x) possesses a crisp functional value. 

6.4.1 Standard Normal Joint Probability Density Function and Fuzzy 
Limit State Surface 



The transformation of the fuzzy probabilistic basic variables X { with Eq. (6.9) 
leads to the standardized basic variables Y { with the probability density functions 



<p NN (y.) = <p NN (y) 




(6.19) 



and the probability distribution functions 

t = y 

0 NN (y.) = S> NN (y) = f <p NN (t)dt . (6.20) 

t=— oo 

The (p NN (yj) are combined to form the joint standard normal probability density 
function 

<p NN (y) = <p NN (y,) • <p NN (y 2 ) • - • <p NN (y,) • - • <p NN (y n ) (6.21) 

in the standard normal space. The standardized probability distribution is a real- 
valued probability distribution without fuzziness. The joint probability density 
function is shown in Fig. 6.8 by means of level curves for the two-dimensional 
case. 

The coordinates Xj of the points x from the x-space are transformed into fuzzy 
values y { by applying Eq. (6.16), i.e., each crisp point x becomes a fuzzy point y 
in the y-space 

x- y. (6.22) 

The application of the transformation according to Eq. (6.22), in particular to the 
limit state points x or x, always leads to fuzzy limit state points y in the standard 
normal space consequently. For this reason, the limit state surface in y-space is 
always obtained as fuzzy limit state surface h(y) = 0 (Fig. 6.8). Even a crisp limit 
state surface g(x) = 0 becomes a fuzzy limit state surface h(y) = 0 in the y-space 

g(x) = 0 - h(y) = 0, (6.23) 
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g(x) = 0 - h (y) = 0 . (6.24) 

In the standard normal space the survival region is obtained as fuzzy set Z s of all 
points y for which h(y)>0 applies. The failure region Z f is characterized by 
h(y) < 0 . Regarding the membership functions of Z s und Z f the following holds in 
compliance with Eqs. (6.4) and (6.5) 



p(y s ) - p(h(y)>0) 



and 



1 

p(h(y)=0 + 5) 



V2L | h(y) a= , >0 



otherwise | 8 - +0 



(6.25) 



H(y f ) 



|i(h(j;)<0) 



| 1 Vy | h(y) a = 1 <0 

lp(h(y)=0) otherwise 



(6.26) 



These assess the propositions y e Z s and ye Z f for all points y e Y of the standard 
normal space. The fuzzy limit state surface h(y) = 0 represents the overlapping 
region of Z s and Y f . 




Fig. 6.8. Joint standard normal probability density function (p NN (y) (level curves) and fuzzy 
limit state surface h(y) = 0 
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In the y-space the uncertainty appears separated according to its charac- 
teristics. The joint standard normal distribution exclusively describes uncertainty 
with the characteristic randomness, whereas the fuzzy limit state surface h(y) = 0 
only possesses uncertainty with the characteristic fuzziness. In the transformation 
from the x- space into the y-space the uncertainty of the structural parameters (data 
and model uncertainty) is separated according to the characteristics fuzziness and 
randomness. 

The randomness of the fuzzy probabilistic basic variables X is completely 
transferred to the standardized basic variables Y i# i.e., to the joint standard normal 
distribution, with the transformation from Eq. (6.9). The function cp NN (x) only 
describes data uncertainty. 

The whole fuzziness of the X moves to the coordinates of all points trans- 
formed into the y-space, i.e., to limit state points, as may be recognized from 
Eq. (6.18). When transforming the crisp limit state surface g(x) = 0 according to 
Eq. (6.23), each element (trajectory) of the joint fuzzy probability density function 
f (x) yields precisely one element h(^) = 0 of the fuzzy limit state surface h(y) = 
0. The fuzzy limit state surface h(y) = 0 possesses data uncertainty. 

The model uncertainty in the fuzzy limit state surface g(x) = 0 remains in the 
limit state when transformed according to Eq. (6.24) and reappears in h(y) = 0. In 
this mapping all elements of g(x) = 0 are transformed into the y-space with 
Eq. (6.23), i.e., each element g(x) = 0 of g(x) = 0 is combined with all elements 
(trajectories) of f (x) one after the other in this transformation. 

The fuzziness in h(y) = 0 therefore partially results from the fuzzy probabilistic 
basic variables X and partially from the fuzzy limit state surface g(x) = 0. The 
fuzzy limit state surface h(y) = 0 contains both data uncertainty and model 
uncertainty with the characteristic fuzziness, it is the result of the mapping 

{p t (X i ),m j ;i = l,...,n;t = l,...,r i ;j = l,...,q} - h(y) = 0. (6.27) 



6.4.2 Fuzzy Design Point and Fuzzy Reliability index 

The fuzzy failure probability P f is obtained by integrating <p NN (y) over the failure 
region Y f with h(y) < 0 in the standard normal space 

P f = P(y e Z f ; y C Y s ) = f ... f ... f <p NN (y) dy . (6.28) 

In the framework of the First Order Reliability Method Eq. (6.28) is not directly 
evaluated, instead of this the fuzzy design point y B and fuzzy reliability index P 
are determined (Fig. 6.9). 
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h(y) = o 



h(y)<0 



h(y)>0 

-2 - 

ip NN (y) = 10- 

<p w (y) = 

(pNN(y) = 1 O' 4 

(P^(y) = 



Fig. 6.9. Fuzzy limit state surface h(y) = 0 with fuzzy design point y B and fuzzy reliability 
index j3 

The fuzzy reliability index p - interpreted geometrically - is the shortest dis- 
tance of the fuzzy limit state surface h(y) = 0 from the coordinate origin in the 
standard normal space. The assigned uncertain point on h(y) = 0 is referred to as 
fuzzy design point y B . 

For the conversion of the fuzzy reliability index p into the fuzzy failure 
probability P f the relationship 

P f = O nn (-P) (6.29) 

is used. This yields "exact” values for P f if the fuzzy limit state surface h(y) = 0 
represents a linear fuzzy function, i.e., if every element of h(y) = 0 is a linear 
function. In the case of a nonlinear fuzzy limit state surface h(y) = 0, the approx- 
imation solution 

P f ,N = ^(-P) 3 ^ ( 6 - 30 ) 

is obtained. 

The fuzzy design point y B and fuzzy reliability index (5 are determined by 
solving the optimization problem 




(6.31) 
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As for constraints, y e (h(y) = 0) is to be complied with. The objective in 
Eq. (6.31) is satisfied by y = y B for which the following holds 

lly B ll = P • ( 6 - 32 ) 

When the angles between the coordinate axes y-, and the vector y B are designated 
by tyi (Fig. 6.9) and the fuzzy sensitivity factors (fuzzy weighting factors) 



a- = cos vj/j 


(6.33) 


are introduced, the relationships 




y B = a ■ P , 


(6.34) 


and 




E«i = i 


(6.35) 



i = 1 



may be stated. The interaction between the fuzzy variables involved must therefore 
be taken into account. The fuzzy sensitivity factors Sj are a measure of the effect 
of the fuzzy probabilistic basic variables on the fuzzy reliability index. 

For solving the optimization problem according to Eq. (6.31) the generally 
nonlinear fuzzy limit state surface h(y) = 0 is linearized in the fuzzy design point y B . 
For this purpose, h(y) = 0 is expanded in a Taylor series that is broken off with the 
linear terms. The fuzzy limit state surface is then replaced by the tangential fuzzy 
hyperplane I(y) = 0 in y B 



l(x)= h(y B ) + 



ah(y) 



i = 1 






y = y B 



fy- y Bi ) • 



(6.36) 



With the column vector 
H(Xb) 

Eq. (6.36) reads 



<3h(y) 




3h(y) 




f’h(y) 






9 * * 




5 • 

2 = y B 


a y n 


z=y-Bj 



(6.37) 



1(30= h(y B )+ H T (y B )« (y- y B ) . (6.38) 

The fuzzy reliability index (3 is computed as the shortest distance of the tangential 
fuzzy hyperplane T(y) = 0 from the coordinate origin. With Eq. (6.38) 



h(y B )- H t ($ b )- y B 
(h t S b )- HGb )) 1 



(6.39) 



is obtained. The fuzzy sensitivity factors are computed according to 
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a = 



-H(Sb) 

( h t <s b ) • m B )f 



(6.40) 



The linearization according to Eq. (6.36) requires the fuzzy design point y B to 
be known. As y B is not available a priori, however, y B and P are iterati vely deter- 
mined. At first an assumption is made for y B , which is then stepwise improved by 
applying the iteration rule 



[r+1] /M V _ /M v 

y B = fi(y B )* P(x B ) > (6.41) 

with r being the iteration step counter. The terms on the right-hand side of 
Eq. (6.41) are obtained from Eqs. (6.39) and (6.40). After the completion of the 
iteration the fuzzy design point y B and fuzzy reliability index P are determined. 

The numerical computation of y B and P is carried out by evaluating all 
elements of h(y) = 0, which have been determined with Eq. (6.27). The algorithms 
of the First Order Reliability Method are therefore applied. For each element of 
h(y) = 0 a crisp value P as an element of p and a crisp point y B as an element of 
y B are obtained. The membership values of the elements of h(y) = 0 are 
transferred to the values P and y B computed for p and y B . The set of the elements 
P together with the membership values p(P) forms the fuzzy reliability index p and 
the set of the elements y B together with p(y B ) yields the fuzzy design point y B . 

With Eq. (6.27) each element of h(y) = 0 is defined by one combination of 
elements of all fuzzy variables entering the investigation. The fuzzy parameters of 
the distributions of the fuzzy probabilistic basic variables and the fuzzy model 
parameters are mapped onto the fuzzy design point and fuzzy reliability index 

{p t (X i ),m j ;i = l,...,n;t = l,...,r i ;j = l,...,q} - y B , (6.42) 

{p t (X i ),m j ;i = l,...,n;t = l,...,r i ;j = l,...,q} - j) . (6.43) 

When computing y B and p from an evaluation of h(y) = 0 the interaction 
between the fuzzy limit state points in standard normal space must be taken into 
consideration. Special elements of the fuzzy limit state points belong to each 
element of h(y) = 0. The elements of the fuzzy limit state points must therefore not 
be arbitrarily combined and lumped together to form a possible, but not necessarily 
existent element of h(y) = 0. Only those elements of h(y) = 0 may be evaluated 
that are obtained from the m. and p t (Xj) with Eq. (6.27). The ’’boundaries” of 
h(y) = 0, which are shown as dashed lines in Fig. 6.9, do not generally belong to 
these elements. 

The representation of a fuzzy design point y B is shown in Fig. 6.10 for two 
basic variables; the corresponding fuzzy reliability index p is plotted in Fig. 6.1 1. 
The interval bounds for the a -level set P a are obtained for each membership level 
a as the minimum and maximum distance of the corresponding a-level set of 





244 6 Fuzzy Probabilistic Safety Assessment 










6.5 Safety Verification 245 



The computed reliability index P completely reflects the uncertainty with the 
characteristic fuzziness entering the investigation. The uncertainty of the safety 
level characterizes the sensitivity of the safety of the structure in relation to the 
introduced fuzziness. In order to assess the sensitivity of structural safety a 
measure for the uncertainty of the fuzzy reliability index is necessary. For this 
purpose, e.g., the modified Shannon entropy measure according to Sect. 2.2.4 may 
be applied, the uncertainty of p is measured with 

P-P„-0.r 

H U (P ) = -k- / [ M (P)-ln(|i(p)) + (l-n(p))-ln(l-ji(P))]dp , (6.44) 

P = -0,1 

with a fixed k value. 

By this means the sensitivity of the safety of the structure with regard to 
fuzziness becomes comparable for different problems. The modified entropy 
according to Eq. (6.44) enables a comparison to be made between the uncertainty 
determined in different investigations for p. This permits, for example, an 
assessment of the sensitivity of a structure with regard to different failure modes. 
Different structural designs may be directly compared in relation to failure criteria. 
Moreover, their robustness may be assessed in relation to the fuzzy values 
introduced. 



The safety verification has to ensure that the requirements concerning protection of 
persons and material assets are met. The measure values computed for the safety or 
reliability of a structure are compared with permissible or required values 
prescribed. For assessing the results from probabilistic investigations such compar- 
ative values exist in terms of the permissible failure probability zul_ P f and the 
required reliability index erf_$. 

In fuzzy probabilistic safety assessment the existing safety level is described by 
the fuzzy values P f for the failure probability and p for the reliability index. The 
assessment of these fuzzy values is carried out by comparison with the values 
req _ P or perm__ P f to be complied with, as stipulated in currently applicable 
standards [217, 218]. The safety verification 

P f < perm_? i , (6.45) 



or 



P > req _ P , 



must be satisfied. 



(6.46) 





246 6 Fuzzy Probabilistic Safety Assessment 



In Eq. (6.46) a real number is compared with a fuzzy value, i.e., the verification 
cannot be uniquely assessed as fulfilled or not fulfilled in all cases. Basically, a 
distinction must be made between three cases (Fig. 6.12): 



1. The verification according to Eq. (6.46) is fulfilled when none of the elements 
of P are smaller than req_ p, i.e., when 

Pa-0,1 * re( l - P (6-47) 

holds. 

2. The verification according to Eq. (6.46) is not fulfilled when all elements of P 
are smaller than req_ p, i.e., when 

Pa = 0,r < re< 7-P (6-48) 

holds. 

3. The verification according to Eq. (6.46) is partially fulfilled when the value for 
reqjfi is an element of the fuzzy set p , i.e., when 

erf_$e P A (3 a=0 | * req_\] (6.49) 

holds. 




Fig. 6.12. Basic cases for the safety verification 

If the safety verification is only partially fulfilled (Eq. (6.49)), a subjective 
decision must be made. The fuzzy set P is separated into two subsets p } and P 2 at 
the point P = req_fi (Fig. 6.13). The elements of the subset 

Pi= {(P,p(P))|p6P;P>r^_p} (6.50) 

to the right of reqjfi fulfill the verification according to Eq. (6.46), whereas the 
elements of the subset 

p 2 = {(p,n(p))|pep;p<re*_p} (6.51) 

to the left of req_ P do not fulfill the verification. The subsets and |V, are the 
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intersections of fuzzy set (3 and the crisp set of the accepted (for j3 t ) and not 
accepted (for P 2 ) values for (3 according to the definition of the required safety 
level. 

The subjective assessment of the computed fuzzy safety level (3 may be backed 
up by the assessment of the subsets j3j and p 2 . It is known that the membership 
values p(P) of the fuzzy sets p t and p 2 assess the degree to which the values of P 
belong to Pj or to p 2 . By applying the maximum operator it is possible to measure 
the fuzzy sets p L and P 2 . The maximum membership values of Pj and p 2 are 
introduced as measures for these subsets (Fig. 6.13) 

n, - sup [n(p)] , (6.52) 

PeP, 

p 2 = sup [p(|3)] . (6.53) 

(M 2 

The measure value p j assesses the proposition "the safety verification is fulfilled" 
whereas the measure value p 2 assesses the proposition "the safety verification is not 
fulfilled". The measure values p , and p 2 may be interpreted as the possibility with 
which the verification according to Eq. (6.46) is either fulfilled or not fulfilled, 
respectively (Sect. 2.2.3). 

By subjectively prescribing a value for pj that must be complied with or a 
tolerable value for p 2 a decision may be made as to the acceptability of the partial 
fulfillment of the safety verification. If, for example, pj = 0 is demanded, the safety 
verification for the whole range of Eq. (6.49) is fulfilled. In the case of a 
conservative stipulation of the tolerable value P 2 = 0 the safety verification for the 
whole range of Eq. (6.49) is not fulfilled. 

Moreover, starting from a partially fulfilled safety verification an uncertain 
structural design that completely fulfills the safety requirements may be derived as 
explained in Chap. 7. 




Fig. 6.13. Subjective assessment of the fuzzy safety level with the measure values p, and P 2 
for the subsets pj and (3 2 
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The Fuzzy First Order Reliability Method is described as a fuzzy analysis with the 
mapping of Eq. (6.43). The fuzzy parameters p t (X.) of the fuzzy probability 
distributions of the fuzzy probabilistic basic variables and the fuzzy model 
parameters m. enter the fuzzy analysis as fuzzy input variables. The fuzzy result 
value is the fuzzy reliability index P . The algorithm that maps the fuzzy input 
values p t (Xj) and nri onto the fuzzy result P is referred to as the mapping model. 
This represents the probabilistic fundamental solution; in the case of FFORM, the 
algorithms of the First Order Reliability Method. 

Each of the fuzzy input variables p t (X { ) and m. is assigned to an axis of the 
multidimensional Cartesian coordinate system, that describes the space of the fuzzy 
input variables. Their Cartesian product forms the fuzzy input set for the mapping 
in Eq. (6.43). The mapping model assigns precisely one element of the fuzzy result 
P to one point in each case from the space of the fuzzy input variables. 

In order to determine the membership function of the fuzzy reliability index (3 
the a-level optimization (Sect. 5.2.2) is applied (Fig. 6.14). The fuzzy input 
variables p t (X { ) and m. are subdivided into a-level sets P t ,i,a k and Afj t(Xk by 
a -discretization (Sects. 2.1.3 and 2.1.9) and mapped onto the elements of the 
a-level sets /? ak of the fuzzy result p. The a-level optimization solves this 
problem for all selected a-levels. The mapping in Eq. (6.43) possesses no special 
properties such as, e.g., monotonicity, which could otherwise be exploited. For the 
optimization problem, which has to be solved several times, the modified evolution 
strategy described in Sect. 5. 2.3. 4 is therefore applied. The general computation 
procedure is schematically shown in Fig. 6.15. 

The numerical evaluation of the mapping in Eq. (6.43), i.e., the determination 
of the optima p ak j and p ak>r for all selected a-levels a = a k , requires the repeated 
computation of crisp values P for special combinations of (crisp) elements from the 
fuzzy input variables p t (X 4 ) and fm. Each of these computations represents a 
system analysis according to the First Order Reliability Method (Fig. 6.15). 

At first, a crisp point is selected from the space of the fuzzy input parameters 
p t (Xj) and fhj. In order to evaluate this point two disjoint subspaces are 
considered for the p t (Xj) and fm. The coordinates p t (Xj) of the selected point 
determine precisely one original of each fuzzy probabilistic basic variable X { and 
hence precisely one element (trajectory) f(x) of the joint fuzzy probability density 
function f(x). The coordinates nij of the selected point determine exactly one 
combination of crisp elements of the fuzzy model parameters for entering the 
structural analysis and hence precisely one element g(x) = 0 of the fuzzy limit state 
surface g(x) = 0. The element g(x) = 0 is described with the aid of an approx- 
imation function, which takes account of several, purposefully computed limit state 
points in the x-space (Sect. 6.2.2). The approximation is thereby iteratively 
improved, in particular in the neighborhood of the assigned design point in the 
x-space, until a predefined termination limit is attained. 
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Pu e P , JA m, e M ijk 



FORM algorithm 




Fig. 6.14. Mapping of the fuzzy input parameters p t (Xj) and onto the fuzzy reliability 
index (3 with oc-level optimization 

The problem described by the f(x) and g(x) = 0 is transformed into the standard 
normal space and solved. The result is a crisp value for the reliability index p. The 
computed value P is checked for optimality and taken to be a temporary result for 
Pa k ,i or Pa k , r if indicated. 

The computational procedure is stopped when special termination criteria of the 
cc-level optimization are met. If all criteria are met, the fuzzy reliability index p is 
determined. Otherwise, a new crisp point is directed selected from the space of the 
fuzzy input parameters p t (Xj) and m. and the computation of a crisp P is repeated 
(Fig. 6.15). 
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The general procedure of the fuzzy probabilistic safety assessment with FFORM 
is summarized in the schematically illustrated algorithm shown in Figs. 6.15 and 
6.i6. 

The quality of the fuzzy result (3 depends on the realistic description of all 
uncertain input and model parameters, and primarily on the quality of the 
deterministic fundamental solution for the structural analysis. The determination of 
limit state points in the x-space, which must be performed repeatedly in each 
computational sweep, has a decisive influence on the safety prognosis. For this 
reason, a realistic numerical computational model must be applied for the 
deterministic fundamental solution, like, e.g., the computational model for the 
geometrically and physically nonlinear analysis of plane bar structures after [116] 
and [133]. 
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Fig. 6.15. Flowchart - FFORM algorithm with oc-level optimization for the computation of 
the fuzzy reliability index p 
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{ 

Solution of the current optimization task with the modified evolution strategy 




T 



Fig. 6.16. Flowchart - solution of the optimization tasks according to the a-level 
optimization within the FFORM algorithm by means of the modified evolution strategy 
(simplified representation of the optimization algorithm) 
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6.7 Application of FFORM 

6.7.1 Steel Girder, Physically Nonlinear Statical System Behavior 

It is proposed to determine the structural reliability of the steel girder shown in 
Fig. 6.17 [119]. System failure is considered according to first-order plastic hinge 
theory, the ultimate limit state is described with the aid of the kinematic law of 
plasticity theory for irreversible loading. On attaining the system ultimate load, the 
cross section at point k is completely plasticized; Fig. 6.17 shows the correspond- 
ing failure mechanism. 




Fig. 6.17. Steel girder; statical system with loading; governing failure mechanism 



The geometry of the structural model is determined by the deterministic values 
lj and 1 2 . The load that can be carried by the system is 



p Tr = M P r 



yi 2 

Vi 2 



(6.54) 



Regarding the existent load P only informally uncertain statistical data are 
available, P is thus modeled as fuzzy random variable X 1 . 

The functional type of the fuzzy probability distribution of P is assumed to be 
an extreme value distribution of Ex-Max Type /. The expected value m X] and the 
standard deviation a x , are obtained from the evaluation of the informally uncertain 
statistical data, they are determined as fuzzy triangular numbers m x ,= < 47, 50, 
52 > kN and 6 X ,= < 4.5, 5.0, 6.0 > kN (Fig. 6.18). The fuzzy probability density 
function f and the fuzzy probability distribution function F^Xj) defined by 
these specifications are shown in Fig. 6.19. 
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Fig. 6.18. Fuzzy expected value m X] and fuzzy standard deviation 6 Xl of the fuzzy 
probability distribution of the load P 




Fig. 6.19. Fuzzy probability density function f and fuzzy probability distribution 
function F^Xj) of the load P 



When assuming ideally plastic material behavior and a deterministic cross 
section, the structural resistance characterized by the fully plastic moment M p] is 
exclusively determined by the yield stress f y 

M pi = f y 'W pl . (6.55) 

As for the yield stress f y , statistical data are available, but these are associated with 
the manufacturing conditions (reproduction conditions for sample elements, influ- 
ences on the production process) in different steel factories in the particular case. 
Place and time of manufacture of the girder cannot be identified without an 
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element of doubt, the reproduction conditions and influences associated with the 
manufacture are therefore unknown. Owing to the uncertain information con- 
cerning reproduction conditions and influences the yield stress f is described as 
fuzzy random variable X 2 . 




Fig. 6.20. Fuzzy standard deviation d X2 of the fuzzy probability distribution of the yield 
stress f 





Fig. 6.21. Fuzzy probability density function f 2 (x 2 ) and fuzzy probability distribution 
function F 2 (x 2 ) of the yield stress f 
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Concerning the functional type of the fuzzy probability distribution of f y , a 
logarithmic normal distribution is chosen. Additionally, the minimum value 
x 02 = 19.9 TO 4 kN/m 2 and the expected value m X2 = 28.8 TO 4 kN/m 2 are known. 
The standard deviation is computed by evaluating statistical data under consid- 
eration of nonconstant reproduction conditions. This leads to the fuzzy triangular 
number dx 2 = < 2.20, 2.64, 2.80 > TO 4 kN/m 2 according to Fig. 6.20. The assigned 
fuzzy probability density function f 2 (x 2 ) and fuzzy probability distribution 
function F 2 (x 2 ) are shown in Fig. 6.21. 

All nondeterministic parameters entering Eq. (6.54) are considered as fuzzy 
random variables in this example, model uncertainty is not present. The structural 
reliability of the system is calculated on the basis of FFORM (fuzzy probabilistic 
safety assessment). 

The problem is formulated in the original space of the fuzzy probabilistic basic 
variables Xj and X 2 . These are independent of each other, the joint fuzzy 
probability density function is obtained from the multiplication 

f(x) = f (X,,x 2 ) = f^x,) • f 2 (x 2 ) , (6.56) 

which is to be carried out original-by-original. 

The load P and the yield stress f y in Eq. (6.54) are replaced by the crisp 
coordinates x x und x 2 of the uncertain input variables X 1 and X 2 . This leads to the 
crisp, linear limit state surface 

g(— ) = g(x p x 2 ) = X 2 - — *' * 2 — • x, = 0. (6.57) 

Wpifli+y 

The fuzzy probabilistic basic variables (for P) and X 2 (for f y ) are defined on 
the coordinate axes for Xj and x 2 by means of fuzzy probabilities. The values for 
and 1 2 are listed in Fig. 6. 17, the plastic moment of resistance is W pl = 3.66* 10' 4 m 3 . 

The failure region is specified by g( x) < 0, the value of the integral 

P f = J J f (x p x 2 ) dx 2 dxj (6.58) 

x p x 2 I g(x 1; x 2 )<0 

is to be computed. An illustration of the situation in the x-space is given in 
Fig. 6.22. 





6.7 Application of FFORM 257 



k x 2 [10* kN/m*] 




Fig. 6.22. Joint fuzzy probability density function f(x p x 2 ) and limit state surface 
g(x p x 2 ) = 0 in the x-space 



The fuzzy probabilistic basic variables X { and X 2 and the (crisp) limit state 
surface g(x p x 2 ) = 0 are transformed into standard normal space with 



and 



0> 



,NN" 



y 2 = 



[exp(-exp(-a(x, -b))] , 
ln (x2-Xo2)-m u 



(6.59) 

(6.60) 



Results are the (crisp) joint probability density function <p NN (y 1( y 2 ) of the standard 
normal distribution and the nonlinear fuzzy limit state surface 



h(y) 



' 0,2 



+ + 



V1 2 



Wp.o.+y 



l.ln^lnjd)^))]- 



0. 



(6.61) 



The function 0 NN (yj) thereby represents the probability distribution function of the 
standard normal distribution of y { and O nn is its inverse function. The fuzzy 
variables a, b, m u , and o u are the fuzzy parameters of the fuzzy probability 
distribution functions of the load and yield stress. The following holds 

71 



a = 



(6.62) 
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The iterative evaluation of the function bunch according to Eq. (6.61) with the 
aid of the algorithm described in Sect. 6.6 leads to the fuzzy reliability index |3 
shown in Fig. 6.24 (see also Figs. 6.23 and 6.25). The computation was carried out 
for the a-levels a { = 0.0, a 2 = 0.5 and a 3 = 1.0. The membership function p(p) is 
weakly nonlinear, P may thus be stated as fuzzy triangular number 

p = <3.131, 3.614, 4.1 13> (6.66) 

as a good approximation. The assigned fuzzy failure probability is also determined 
approximately as fuzzy triangular number 

P f = < 1.95- 10“ 5 , 1.51 • 10- 4 , 8.71 • l(r*> . (6.67) 

The elements of the parameters of the fuzzy probability distributions that belong 
to the value P = 3.131 are m Xl = 52 kN and o x ,= 6.0 kN for the load X { and a X2 = 
2.80 * 10 4 kN/m 2 for the yield stress X 2 . The value P = 4,1 13 is obtained with the 
parameter combination m x ,= 47kN, a x ,= 4.5 kN, and o X2 = 2.20 TO 4 kN/m 2 . 

Additionally, the fuzzy design point y B was completely determined (Fig. 6.25) 
and entered in Fig. 6.23. The fuzzy sensitivity factors a ] and a 2 may be 
recognized by means of the fuzzy angles ty, and t[r 2 indicated in Fig. 6.23. 

For interpreting the solution of the problem in the x-space (Fig. 6.22) the fuzzy 
design point y B is inversely transformed into the original space of the fuzzy proba- 
bilistic basic variables under consideration of all interactive relationships. The 
result x B is illustrated approximately in Fig. 6.26 as a fuzzy triangular number on 
the coordinate axis s running along g(x L , x 2 ) = 0. 




Fig. 6.24. Fuzzy reliability index p 





Fig. 6.25. Fuzzy design point y B and fuzzy reliability index p 




40 50 60 70 80 x, [kN] 



Fig. 6.26. Fuzzy design point i B in the original space of the fuzzy probabilistic basic 
variables 
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The safety verification is carried out by comparing the fuzzy reliability index P 
with required values req_ p. The safety level to be complied with is specified as 

req_ p = 3.8 , (6.68) 

in compliance with [217] and [218]. 

The safety verification 

P > req _ p (6.69) 

is only partially fulfilled; a subjective assessment of the comparison according to 
Eq. (6.69) is necessary. For this purpose, the fuzzy set p is disjointed into the 
subsets (Fig. 6.27) 

P, = {((3,n(p))|pep;p>r^_p} , (6.70) 

and 

p 2 = {(P,p(p))|PeP;p<r^_p} , (6.71) 

as described in Sect. 6.5. The fuzzy set p 2 comprising all elements P 6 P that do 
not satisfy the safety verification dominates in comparison with p r With the 
membership function p( p) the measure values 



Mi = SU P [m(P)] = °- 5 , 


(6.72) 


PeP, 




M 2 = sup [p(P)] = 1.0 


(6.73) 



(3ep 2 

are obtained. The safety verification is assessed as being fulfilled with = 0.5, but 
not fulfilled with p 2 = 1-0. 

When subjectively assessing the partially fulfilled safety verification according 
to Eq. (6.69) a decision as to whether the safety verification may be considered to 
be fulfilled is made on the basis of expert knowledge with the aid of p p p 2 , p 1? 
and p 2 . 




3.131 3,800 4,113 3.131 3,614 3.800 4.113 



Fig. 6.27. Subjective assessment of the fuzzy safety level with the measure values \i Y and ^ 
for the subsets and (3 2 
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In probabilistic safety assessment particular subjective decisions are already 
made when determining the (crisp) probability distribution functions for the 
probabilistic basic variables, in fact without being able to evaluate the effects on 
the safety verification. 



6.7.2 Reinforced-Concirete Frame, Non II inear Statical System Behavior 

The plane reinforced-concrete frame from Sect. 5. 2.5. 3 (Fig. 6.28) is investigated, 
the structural reliability in relation to global system failure is to be assessed [124]. 
For the deterministic fundamental solution the geometrically and physically non- 
linear algorithm presented in [133] is chosen and the First Order Reliability 
Method matched to the latter according to [116] is applied as the probabilistic 
fundamental solution. 

The effects of uncertainty with different characteristics are considered in the 
investigation and different modeling variants for uncertain parameters are 
compared. For assessing the structural reliability the fuzzy probabilistic safety 
concept FFORM presented in this chapter is chosen, the results are compared with 
those given by a common probabilistic method. The influence of the deterministic 
fundamental solution is demonstrated. 




Reinforcement steel: Concrete: 



f ym = 420 N/mnf 
f um = 620 N/mm 2 

Ey m = 2.0%O 

C - 7.5% 

V P0iS.“ 0.3 



20 N/mnf, = 1.97%* 

W. = 2.3 N/mnrf\ v Pol5 . = 0.2 

f cr0S1 = 4.0 N/mnf, £ Cfesl = 5.00%* 
E m = 20 328 N/mm 2 



Fig. 6.28. Reinforced-concrete frame (plane); structure and statical system with loading 
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The system is modeled using three bars. Fifty integration increments are chosen 
for each bar and each cross section is subdivided into 60 layers. The geometrically 
and physically nonlinear analysis is carried out using the material laws for 
reinforcement steel and concrete after Oetes. Tension stiffening and the effects of 
stirrup reinforcement are accounted for in the concrete material law [133]. 

The simulated loading process is comprised of deadload, horizontal load P H , 
vertical nodal loads P v = v*P V0 , and the line load p = v*p 0 . After applying dead load 
the horizontal load P H is introduced; P v and p are finally increased incrementally 
using the load factor v until global system failure occurs. 



Investigation I - Data Uncertainty. When modeling the frame, the rotational 
spring stiffness (for constraining the column bases in the foundation soil) must 
be defined. For this purpose an existing sample is considered, for which 
information concerning the recording of the sample and its numerical treatment is 
only available in an incomplete form. 

The loading also possesses uncertainty; this is assigned to the load factor v. For 
the loading and hence for v only a sample may be considered the values of which 
cannot be assessed without an element of doubt regarding their correctness, owing 
to limited information. 

The available samples for v and are informally uncertain; both parameters are 
modeled as fuzzy random variables. Assuming that k^has the same value for both 
supports, the two fuzzy probabilistic basic variables X { for v and X 2 for k^ enter 
the safety assessment. Uncertainty with the characteristic fuzziness is not present 
and it is not necessary to take account of model uncertainty. 

The functional types of the fuzzy probability distributions of v and k^ are taken 
to be specified. For the load factor v an extreme value distribution of the Ex-Max 
Type I is adopted and the rotational spring stiffness k^ is introduced into the 
investigation with a logarithmic normal distribution. The parameters of the fuzzy 
random variables are modeled as fuzzy triangular numbers. The load factor v is 
specified by rh X) = < 5.7, 5.9, 6.0 > and o Xl = < 0.08, 0.11, 0.12 >; for the 
rotational spring stiffness k^ the values m X2 = < 8.5, 9.0, 10.0 > MNm/rad and 
a X2 = < 1.00, 1.35, 1.50 > MNm/rad are adopted. The minimum value of the 
logarithmic normal distribution is assumed to be a crisp value with x 02 = 0 
MNm/rad. The corresponding fuzzy probability density functions f ^Xj) for v and 
f 2 (x 2 ) for k^ are shown in Figs. 6.29 and 6.30, respectively. 

In the original space of the fuzzy probabilistic basic variables Xj and X 2 the 
f^Xj) and f 2 (x 2 ) are combined to form the joint fuzzy probability density function 
f(Xj,x 2 ). The (crisp) limit state surface g(x„ x 2 ) = 0 is determined numerically 
(Fig. 6.31). The fuzzy design point x B , determined at a later stage, is also entered 
in the figure. 
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Fig. 6.29. Fuzzy probability density function f^Xj) for the load factor v 




0 5 6 7 8 x 1 



Fig. 6.31. Joint fuzzy probability density function f (x p x 2 ) , limit state surface g(x p x 2 ) = 0 
and fuzzy design point x B 
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For the transformation of the problem into the standard normal space and the 
computation of the fuzzy reliability index the probabilistic and deterministic 
fundamental solution are applied in combination with the a-level optimization 
according to Sect. 6.6. The analysis is carried out for the five a-levels = 0.00, 
a 2 = 0.25, a 3 = 0.50, a 4 = 0.75, and a 5 = 1.00. The fuzzy reliability index P 
(Fig. 6.32) may be represented to a good approximation by the fuzzy triangular 
number 

p = <3.851, 4.662, 6.684> . (6.74) 

The evaluation of further a-levels is not necessary. The corresponding fuzzy 
failure probability is computed as an approximation 

P f = <1.16- 10" 11 , 1.57- 10" 6 , 5.88- 10 -5 > . (6.75) 

The smallest element p = 3.851 of the fuzzy set P is obtained with the parameter 
combination m x ,= 6.0, o x ,= 0.12, m X2 = 8.5 MNm/rad, and g X 2 = 1.5 MNm/rad 
whereas the parameters m x ,= 5.7, o Xl =0.08, m X2 = 10.0 MNm/rad, and o X2 = 1.0 
MNm/rad belong to the largest element p = 6.684. 

The fuzzy limit state surface h(y p y 2 ) = 0 and the fuzzy design point y B are 
shown in Fig. 6.33. The fuzzy reliability index p and the fuzzy angles tJ/j and tjt 2 
for determining the fuzzy sensitivity factors a Y and 6^ are entered in the figure. 
The fuzzy design point x B that was inversely transformed into the x-space is 
approximately represented in Fig. 6.31 by a fuzzy triangular number on the coor- 
dinate axis s running along g(x 1? x 2 ) = 0. 

The safety verification is fulfilled with req _ P = 3.8 

p - <3.851, 4.662, 6.684> > 3.8 - req _§ . (6.76) 




Fig. 6.32. Fuzzy reliability index p 
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Fig. 6.33. Joint probability density function (p NN (y 1; y 2 ) of the standard normal distribution 
and fuzzy limit state surface h(yj,y 2 ) = 0 in the standard normal space 



Investigation II -Data and Model Uncertainty. The safety assessment of the 
frame is repeated with different modeling of the structural parameters. As an 
alternative, the rotational spring stiffness is described by the fuzzy triangular 
number 

- <5, 9, 13> [MNm/rad] . (6.77) 

This modeling equals the problem description already used in the example for 
fuzzy structural analysis in Sect. 5.2.5. 3, investigations II and III, Fig. 5.55. 

In contrast to investigation I the rotational spring stiffness is now introduced as 
fuzzy model parameter k^ into the reliability analysis. Only the load factor v is 
again treated as fuzzy probabilistic basic variable Xj ; the modeling of v remains 
unaltered. 

The ultimate limit state is characterized by the load factor v for the fuzzy 
failure load at global system failure. This is computed as a fuzzy result of a fuzzy 
structural analysis according to Sect. 5.2; the result obtained with the a-levels 
a l = 0.0, a 2 = 0.2, a 3 = 0.4, a 4 = 0.6, a 5 = 0.8, and a 6 = 1.00 is shown in Fig. 6.34 
(see also Fig. 5.58). 
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7.34 7.50 



Fig. 6.34. Load factor v for the fuzzy failure load at global system failure 




Fig. 6.35. Fuzzy probability density function f ^Xj) and fuzzy limit state surface 



In the x-space a one-dimensional problem is formed (Fig. 6.35). The fuzzy 
failure region is bounded by v; the fuzzy limit state is described by 

g(Xj) = V - Xj = 0 . (6.78) 

When integrating the fuzzy probability density function f j(x t ) the load factor of 
the fuzzy failure load v is adopted as fuzzy integration limit 

P f = Jf^x^dXj. (6.79) 

X J = V 

The transformation into the standard normal space with the limit state 

h(y,) = v y - y, = o (6.80) 

directly yields the fuzzy reliability index (Fig. 6.36) 

P = v . 

K y 



(6.81) 
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Fig. 6.36. Fuzzy reliability index (3 

The fuzzy failure probability, computed approximately as a fuzzy triangular 
number, is 

P f = <2.05- 1(T 14 , 9.20- lCT 8 , 5.65- 10“ 3 > . (6.82) 

The safety verification 

P * reqjfr (6.83) 

is only partially fulfilled. For the subjective assessment of Eq. (6.83) the subsets Pj 
and p 2 are constructed and the measure values pj = 1.0 and p 2 = 0.355 are 
determined (Fig. 6.37). 

The safety verification is assessed as being fulfilled with = 1.0 and as not 
fulfilled only with ^ = 0.355; in overall terms, however, it might be assessed as 
fulfilled. 

m 

Mi = 1.0 
0.0 

2.534 3.800 5.214 7.557 2.534 3.800 7.557 

Fig. 6.37. Subjective assessment of the fuzzy safety level with the measure values pj and ^ 
assigned to the subsets pj and p 2 
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A comparison of the fuzzy results pj from investigation I and (3 U from 
investigation II shows that the computed values of p, and p„ are of comparable 
magnitude. The fuzzy reliability index p^ from investigation II, however, 
possesses larger uncertainty (fuzziness) than P r In order to numerically compare 
the uncertainty of pj and p n the modified Shannon entropy measure according to 
Sect. 2.2.4 is applied. From Eq. (6.44) the results 



H(p,)= 1.410-k , 


(6.84) 


H (p„) = 2.480 -k 


(6.85) 



are obtained. 

The reason for this effect is the different modeling of the rotational spring 
stiffness k 9 as a fuzzy random variable in investigation I and as a fuzzy variable in 
investigation II. The uncertainty of in investigation I is described with a 
component of randomness and a component of fuzziness. In contrast to this, only 
fuzziness is included in investigation II. Hence, more uncertainty with the char- 
acteristic fuzziness is introduced in investigation II. This fuzziness is reflected in 
the results p T and P n . 

Investigation III - Comparable Probabilistic Safety Assessment and Influence 
of the Deterministic Fundamental Solution. Investigation I is modified in such a 
way that the rotational spring stiffness k^ as well as the load factor v is modeled as 
real-valued random variables (without fuzziness). The probabilistic safety 
assessment may then be carried out using FORM. The parameters of the random 
variables, as assessed in investigation I with the membership value p = 1, are used. 
Hence, the load factor v is characterized by m X| = 5.9 and a x , =0.11, and the 
rotational spring stiffness k^ is determined with m X2 = 9.0 MNm/rad, o X2 = 1.35 
MNm/rad, and x 0 2 = 0 MNm/rad. With an extreme value distribution of Ex-Max 
Type I for v and a logarithmic normal distribution for k the reliability index 

P - 4.662 (6.86) 

is obtained (Fig. 6.32). 

The influence of uncertainty in the determination of the parameters m X| , o X] , 
m X2 , and g X 2 is neglected in the probabilistic method. The uncertainty when 
specifying the functional types of the probability distributions of the probabilistic 
basic variables is also not taken into consideration. This uncertainty also has a 
significant influence on the results of the safety assessment, however, as demon- 
strated by the following comparison. 

For the load factor v an extreme-value distribution of the Ex-Max Type / or a 
normal distribution is adopted according to choice, whereas a normal distribution, 
a logarithmic normal distribution, and a beta distribution are available as options 
for the rotational spring stiffness k r For the beta distribution a maximum value of 
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X max,2 = 12 MNm/rad is specified. The parameters m Xl , c Xl , m X2 , a X2 , and x 0 2 are 
retained with the (crisp) values stated above. 

The FORM investigation leads to different safety prognoses for the different 
combinations of functional types of the probability distributions of v and k r The 
computed reliability index is shown in Table 6.1 for all possible combinations of 
functional types. The safety verification is fulfilled for the combinations one, two, 
four, and five whereas it is not fulfilled for the combinations three and six. 



Table 6.1. Functional types of the probability distribution functions of v and and 
assigned reliability index p 



Functional type of the probability distribution for 
the load factor v the rotational spring stiffness 


Combi- 

nation 


Reliability 
index P 


Extreme-value 


Normal distribution 


1 


4.172 


distribution 
Ex-Max Type I 


Logarithmic normal distribution 


2 


4.662 


(Gumbel) 


Beta distribution 


3 


3.643 




Normal distribution 


4 


4.205 


Normal distribution 


Logarithmic normal distribution 


5 


5.778 




Beta distribution 


6 


3.663 



An alternative fuzzy probabilistic safety assessment using FFORM may simul- 
taneously account for all combinations given in Table 6.1. For this purpose fuzzy 
compound distributions for v and are assumed. For the load factor v the fuzzy 
probability density function 

f l( X l) = ‘ f Ex-Max( X l) + S 2 ’ f Nv( X l) (6-87) 

with 

a 2 - <0, 1, 1> , (6.88) 

and 

a 2 = 1 - a, (6.89) 

is adopted. The rotational spring stiffness k is described by 

f 2 ( X 2^ a 3 ^NV^ X 2^ a 4 ' ^LNV^ X 2^ a 5 ' ^B^ X 2^ ’ (6.90) 

a 3 = <0, 0, 1> , 
a 4 = <0, 1, 1>, 



and 



(6.91) 

(6.92) 
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a 5 <0, 0, 1>. (6.93) 

The interaction between a 3 , a 4 , and a 5 is specified by 

S 3 + 5 4 + 5 5 = 1 • (6.94) 

The evaluation of the a-levels a x = 0 and a 2 = 1 yields the fuzzy reliability 
index 



p = <3.643, 4.662, 5.778>. (6.95) 

The uncertainty arising from the specification of the functional types of the proba- 
bility distributions of v and are included in this result. 

The safety verification 

p = <3.643, 4.662, 5.778> > 3.8 - req__ p (6.96) 

is only partially fulfilled . 

Moreover, the quality of the deterministic fundamental solution has a significant 
influence on the safety assessment. The consideration of all essential geometrical 
and physical nonlinearities (in this case for reinforced concrete) is a necessary 
precondition in order to arrive at realistic results for the structural reliability. 

Based on the example of the reinforced concrete frame, the influence of 
different nonlinearities on the results of the FORM analysis is investigated. For this 
purpose the reliability index P is determined with the aid of different mechanical 
models. 

The load factor v is again modeled using an extreme-value distribution of 
Ex-Max Type l with m X| =5.9 and o Xl = 0.1 1. For the rotational spring stiffness 
a beta distribution with m X2 = 9.0 MNm/rad, a X2 = 1.35 MNm/rad, a minimum 
value x 0 2 = 0 MNm/rad, and a maximum value x max 2 = 12 MNm/rad is adopted. 

Under consideration of all essential geometrical and physical nonlinearities the 
reliability index 

P g+p = 3.643 (6.97) 

is obtained (see combination three in Table 6.1); the safety verification is not 
fulfilled . 

If, on the other hand, only the physical nonlinearities are taken into consider- 
ation, the safety verification given by 

P p = 6.845 (6.98) 

is fulfilled. 

The consideration of geometrical nonlinearities alone in fact leads to 

P g > 10, (6.99) 

and hence also to a fulfilled safety verification. 

The evaluated limit state surfaces g(x 2 , x 2 ) = 0 are shown in Fig. 6.38 for the 
three investigated variants in the original space of the basic variables. The decisive 
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influence of the deterministic computational model is reflected in the large 
differences between the corresponding limit state surfaces. 




Fig. 6.38. Limit state surfaces g(x p x 2 ) = 0 in the x-space for different computational 
models 





In fuzzy structural analysis according to Eq. (5.2) fuzzy input vectors x are 
mapped onto fuzzy result vectors z , i.e., 

x - z. (7.1) 

If a-level optimization is applied for solving Eq. (7.1), a set of input points Xj from 
the support subspace X a=0 of the x and a set of result points Zj from the support 
subspace Z a=0 of the z are obtained. The result points Zj are assigned to the input 
points Xj by means of the mapping model according to Eq. (5.6) on a point-by- 
point basis 

Z. = f(2L.) . (7.2) 

As a result from a-level optimization, the inverse assignment is also available 
point-by-point 

X. = f _1 (z.) • (7.3) 

The dependencies in Eqs. (7.2) and (7.3) virtually permit designing structures 
directly with the aid of cluster analysis methods. This initial situation is shown in 
Fig. 7.1 for points Xj and z { in the two-dimensional support subspaces Z a=0 and 

Z a = 0- 

The n-dimensional support subspace X a=0 is formed by n one-dimensional 
supports x k a = () , k = 1, ..., n, and the m-dimensional support subspace Z a=0 is 
constituted by m one-dimensional supports z ] a=0 , j = 1, ..., m. The elements of the 
supports x u e x ltO=0 , ..., x iin e x n a=0 as well as z u e z ltO=0 , ..., z im 6 z m>a=0 describe 
the points X; = (x u , ..., x in ) and Zj = (z u , ..., z- m ) in the support subspaces Z a=0 and 
Z a=0 . The points x 4 are lumped together in the discrete point set M x and the points 
^ are combined to form the discrete point set M z . 

The elements x u , ..., x in represent the design parameters d u , ..., d in to be 
determined. These describe, e.g., geometrical properties or material parameters. 
The elements z u , ..., z im are result variables, such as stresses, deformations, or a 
reliability index. These are referred to as restricted parameters r u , ..., q m if they 
comply with the constraints CT h , h = 1, ..., q according to the design requirements. 
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Fig. 7.1. Point sets M x and M z in the support subspaces X a=0 and Z a=0 

As not all points are restricted parameter vectors, the point set M z is sub- 
divided into two disjoint subsets comprising only permissible points £ or only 
nonpermissible points r. . As a consequence the point set M x also becomes 
decomposed due to the dependencies in Eqs. (7.2) and (7.3). The resulting disjoint 
subsets of M x contain only permissible points or only nonpermissible points d. . 

A cluster analysis is separately applied to both the permissible points d ; and the 
nonpermissible points d .. The obtained clusters comprised of permissible points 
represent alternative structural design variants [13, 126]. The clustering in a two- 
dimensional support subspace X a=0 is shown in Fig. 7.2. 

The conceptual idea presented may also be applied to fuzzy probabilistic safety 
assessment. In this case the reliability index or failure probability is the restricted 
parameter and structural model parameters as well as parameters of probability 
distributions represent design parameters. Furthermore, the concept of structural 
design based on clustering for the first time provides a tool for designing structures 
directly and independent of the computational model, i.e., every arbitrary nonlinear 
structural analysis algorithm may be taken as a basis. 






Support x^.q 
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Clusters with permissible points Clusters with 





points points 

z t.a=o 



Fig. 7.2. Constraining result variables and clustering of the assigned permissible and 
nonpermissible input points 
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7.2 ©m the Application of Cluster Analysis Methods 

7.2.1 Introductory Remarks 

For generating permissible and nonpermissible clusters established cluster analysis 
algorithms are taken as a basis [76, 85]. 

The aim of these algorithms is to generate clusters from a given set of data, 
which are also referred to as objects. Objects that are similar to each other are 
lumped together to form one cluster, whereas objects that are dissimilar are 
assigned to different clusters. Each cluster should only contain objects of high 
similarity , i.e., the distances d(i,j) between its objects and Dj should be as small 

as possible. Objects from different clusters are characterized by dissimilarity , the 
distances between these objects should be as large as possible. 

In structural design with clusters the points in the support subspace Z a=0 are the 
objects. The degree of similarity within the clusters and the degree of dissimilarity 
between different clusters are maximized simultaneously to generate an optimal 
cluster configuration. For measuring similarity and dissimilarity different metrics, 
such as the Euclidean distance or an L r metric, may be adopted to define the dis- 
tances d(i,j). 

The distribution of the objects and thus the configuration of the clusters in the 
support subspace X a=0 depend on the physical units of the structural parameters 
representing design parameters d u , ..., d in . By means of standardization, i.e., 
transformation of the unit-dependent data into a dimensionless representation, an 
attempt may be made to bypass this dependency. However, it is known that 
standardization does not solve the problem satisfactorily. For structural design with 
clusters standardization is thus not applied. 

For determining clusters from point sets a variety of methods exist. These 
methods may be subdivided into two main groups, crisp cluster methods and fuzzy 
cluster methods. The essential distinction between these groups is that the 
assignment of objects to clusters is either crisp or fuzzy. Fuzzy cluster methods are 
particularly suitable for designing structures. These yield fuzzy clusters containing 
objects that uncertainly belong to the clusters. The degree with which the objects 
belong to the particular clusters are expressed by membership values p e [0, 1]. 
One object may simultaneously be assigned to different clusters C v with 
different membership values. These membership values must comply with the 
requirement 

E hv = 1 • (7-4) 

V = 1 

In addition to fuzzy cluster methods the application of crisp cluster methods is 
also shown subsequently. The latter is characterized by the fact that each object 
belongs precisely to one cluster. Two selected methods for determining crisp 
clusters as well as fuzzy clusters, which have proved to be suitable for structural 
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design with clusters, are described in the following two sections. These may be 
replaced by other cluster methods if required. 

Cluster analysis algorithms require the definition of a particular number of 
clusters in advance. The existing data set is usually clustered repeatedly for a 
different number of clusters. The results are then compared based on quality 
measures to determine the most suitable number of clusters. When assessing the 
quality of a cluster configuration, however, the absolute value of the quality 
measure should not be taken into consideration as the sole criterion. Additionally, 
the relative improvement in the quality measure with an altering, prescribed 
number of clusters should be accounted for. 



7.2.2 k-medoid Cluster Method 

The k-medoid cluster method [85] belongs to the partitioning methods, it is a crisp 
cluster method. Applying this method k clusters are constructed. The number k 
must be predefined in the particular case considered. In the result each object 
belongs to exactly one of the k clusters. As not all values of k lead to a useful 
clustering, it is advisable to run the algorithm several times with different values of 
k and to select the "best” k using numerical criteria. 

After having defined the number k clusters, k representative objects are selected 
in a first stage (Fig. 7.3). The remaining objects are then assigned to the rep- 
resentative objects selected to form k clusters. This clustering is the basis for 
initializing the second stage. 




0 10 20 x, 



Fig. 7.3. Clustering based on the k-medoid method 
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In the second stage an attempt is made to improve the set of representative 
objects and hence to improve the clustering based on this set. This is done by 
considering all pairs of objects ( □ i? dj) for which object D { has been selected as a 
representative object and object Dj has not. The effect of a swap on the quality of 
the clustering is then analyzed, i.e., object Dj is no longer selected as a represent- 
ative object but object Dj is. 

The result of a clustering based on the k-medoid method is shown in Fig. 7.3 for 
the two-dimensional case. The objects and the obtained clusters for k = 4 are illus- 
trated graphically. For measuring dissimilarity the Euclidean distance was applied. 

In the following, two numerical criteria are discussed, which permit assessment 
of the quality of clustering gained by applying the k-medoid cluster method. 



Separation. According to [85] the separation of a cluster is defined by 

SP(C V ) = min d(q, q) | q 6 C v ; q <f c v , (7.5) 

in which d (Dj, Dj) is the distance between objects O i and Dj from different 
clusters. 

The average separation of all k clusters may be computed with 

ASP= 1 ESP(C V ). (7.6) 

k v - i 

This is a measure of the quality of the clustering, higher values of ASP charac- 
terize a better cluster configuration. 



Silhouette Coefficient. The silhouette coefficient SC [85] assesses both the simi- 
larity of objects within the same cluster and the degree of separation between 
different clusters. It is defined by 



with 




m v i = 1 maxta^bj] 



EC- 



(7.7) 



(7.8) 



bj - min ^ ; i * j , (7.9) 

m v representing the number of objects of cluster C v , and k being the number of 
clusters. 

The closer to the upper bound unity the value SC is obtained, the better the 
cluster configuration is assessed, i.e., a value SC close to unity indicates a clear 
cluster structure. Moreover, according to [85], values of SC < 0.25 signal that the 
k-medoid method does not represent a suitable cluster method with regard to the 
data set considered. 
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7.2.3 Fuzzy Cluster Method 

For designing structures with the aid of cluster analysis the fuzzy cluster method 
presented in [85] is used as a basis. In this method the determination of the cluster 
configuration is formulated as a nonlinear optimization problem with equality and 
inequality constraints. Again this method aims at the determination of clusters for 
a predefined number k of clusters. 

To obtain simultaneously a high similarity between objects within the same 
cluster and a high dissimilarity between objects from different clusters the 
objective function 



CF= £ 



n n 




i = lj = l 



,/V-dfc.iy 




(7.10) 



is minimized by iteratively improving the membership values and p jv . These 
membership values denote the degree with which the objects and Dj belong to 
the cluster C v , k is the number of clusters, and n is the number of all existent 
objects. The exponent r e [1, °°) controls the influence of the membership values 
sought. For large values r, i.e., r - the result of the cluster analysis exhibits a 
strong fuzziness characterized by equal membership values Pj V = 1/k for all ob- 
jects. In contrast to this, a value r close to unity results in an almost crisp cluster- 
ing. For applications the exponent r = 2 is frequently chosen. 

The membership values and p jv of the objects and dj in Eq. (7.10) are the 
results to be determined. An object dj may be assigned to different clusters with 
different membership values. 

The constraints of the optimization problem are given by 

p iv > 0; i = l,...,n ; v = l,...,k , (7.11) 

and 

£ M iv = 1; i = l,-,n. (7.12) 

V = 1 

The cluster configuration is iteratively determined. At first, the membership 
values Pj V for i = 1, ..., n and v = 1, ..., k are initialized properly, e.g., with p iv - 1/k 
for all objects. Then, the value of the objective function according to Eq. (7.10) is 
minimized iteratively. As a result, each object gets its membership values and each 
cluster possesses a prototype in the sense of an (artificial) "main object". In the 
case that an object belongs to several clusters, the constraint according to 
Eq. (7.12) takes effect. The distribution of the membership values computed for 
the data set from Fig. 7.3 and k = 2 is illustrated graphically in Figs. 7.4 and 7.5. 
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Fig. 7.4. Membership values for the assignment of the objects to the first cluster 




Fig. 7.5. Membership values for the assignment of the objects to the second cluster 
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The quality of a fuzzy clustering may be assessed by means of the following 
numerical criteria. 



Partition Coefficient. This very simple criterion checks the membership values of 
the objects for values close to unity and zero. These membership values 
characterize a predominant assignment of the objects to only one cluster each. The 
more uncertain an assignment is obtained, the worse the cluster configuration is 
assessed to be. 

The partition coefficient [76] is defined as 

PC=-f£EM i¥ 2 . (7.13) 

n v =i i=i 

in which k is the number of clusters and n denotes the number of all existent 
objects. 

The normalized partition coefficient , PCN, takes values from the interval [0, 1] 

PCN = 1 — (l-PC) | k> 1 . (7.14) 

k- 1 

An appropriate clustering is characterized by a normalized partition coefficient 
close to unity. 



Separation Degree. With the aid of this measure the separation of the clusters is 
assessed. The distance between the clusters and the data assigned to the particular 
clusters, respectively, is related to the distance between different clusters. The 
separation degree [76] is computed with 



SD 



E 

i = 1 v= 1 V ' 




D p/ n Pw eC ' 



c K ;C V n p„ 



(7.15) 



The objects D Pv and D Pw denote prototypes of clusters, k is the number of clusters, 
and n is the number of objects Dj. The numerator in Eq. (7.15) evaluates the 
similarity of objects assigned to the same cluster in each case, this is desired to 
take a small value preferably. On the other hand, the denominator evaluates the 
dissimilarity between data from different clusters. For this purpose, use is made of 
the dissimilarity between the cluster prototypes [H Pv and D Pw , which is desired to 
be large. Combining these facts, a small value SD indicates a suitable cluster 
configuration. 
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7.3 Composoftootn) of Fuzzy Cluster Design 

7.3.1 Mapping Spaces 

Structural design with clusters is based on two spaces containing points known 
from fuzzy structural analysis or fuzzy probabilistic safety assessment based on a- 
level optimization; it may be applied in combination with arbitrary, nonlinear 
computational models. 



Space of the Design Parameters. The n design parameters to be defined are 
determined in the space D n . The n-dimensional space D n is formed by the supports 
x k> a = 0 , k = 1, n of the fuzzy input variables x k of the a-level optimization 
(Sect. 5.2.3). For this purpose the assignment D x = x 1>a=0 , ..., D n = x na=0 holds, i.e., 

D n = D x x...xD a = x la=0 x...xx na=0 . (7.16) 

In the space D n a distinction is made between permissible and nonpermissible 
design-parameter values. Permissible design-parameter values yield result values 
that comply with all design constraints CT h . The elements of each one-dimensional 
set Dj, ..., D n may represent both permissible design-parameter values d } , ..., d n and 
nonpermissible design-parameter values d p ..., d n , i.e., the following holds 

dj e D p d n e D„ , (7.17) 

(7.18) 



Moreover, discrete (known), real-valued permissible design-parameter values 
d u , ...,_d in and discrete (known), real-valued nonpermissible design-parameter 
values dj p ..., d in are defined on the sets D l9 ..., D n 



d U 6 Z) l’-’ d i,n e£, n’ 

A^D x ,...,d, n eD n . 



(7.19) 

(7.20) 



Permissible design-parameter values and nonpermissible design-parameter 
values may be lumped together in n-tuples defining points in the space D n : 



- n-tuple d = (d l9 .. 


•> d „) : 


arbitrary permissible point d in D n 


i 

S3 

3 

rT 

IP-1 

II 

JP! 


d n ): 


arbitrary nonpermissible point d in D n 


- n-tuple dj = (d u , . 


d i,n): 


discrete (known) permissible point in D n 


- n-tuple 2. = (dj,, 


..., d in ): 


discrete (known) nonpermissible point d . in D n 



All discrete permissible points dj are lumped together in the discrete set Af d , 
whereas all discrete nonpermissible points d. are lumped together in the discrete 
set M a : 



Mr 



={“. 4 



(7.21) 
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M d = {d P ... > d 1 ,...,d Rd }, (7.22) 

in which n d is the number of permissible points dj and n d denotes the number of 
nonpermissible points d.. 

The elements of the sets M d and M d comprise all discrete (known) points in the 
space D n , which are lumped together in the point set 

M x ={M d ,M d }. (7.23) 

This point set is known as an intermediate result from a-level optimization. 

In structural design based on clustering the sets of known points M d and M d are 
separately introduced into cluster analysis, i.e., clusters exclusively formed by 
permissible points and clusters exclusively formed by nonpermissible points are 
obtained. Permissible design-parameter values d l9 ..., d n then lie within the clusters 
generated from the set M d . 



Space of the Restricted Parameters. The m-dimensional space R m is constituted 
by the supports z j?cc = 0 , j = 1, ..., m of the fuzzy result values z. of the a-level 
optimization. With the assignment R { = z 1>a = 0 , ..., R m = z ma = 0 the space R m is 
obtained from 



R m = R, x ... x R 

— 1 m 



Z. n X ... X z 
1 , a = 0 m, a = 



(7.24) 



The elements of every one-dimensional set ..., R m may be restricted 
parameter values r„ ..., r m as well as nonrestricted parameter values r p ..., r m . 
Hence, the following holds 

r i eR \’ -’ T m eR m’ 0-25) 



r 



eR t 



’ r m 6 R rr 



(7.26) 



Furthermore, discrete (known), real-valued restricted parameter values r u , ..., 
r i m as well as discrete (known), real-valued nonrestricted parameter values r { { , ..., r m 
are defined on the sets /? l5 ..., R m 






(7.27) 

(7.28) 



The restricted parameter values meet all requirements according to the design 
constraints CT h . 

The values of the restricted parameters and the nonrestricted parameters are 
lumped together in n-tuples characterizing permissible and nonpermissible points 1 
in the space R m : 



- n-tuple r = (r„ ..., r m ): 

- n-tuple r = (7,, ..., rj: 

- n-tuple r, = (r u , ..., r im ): 

- n-tuple I. = (r u , ..., r j m ): 



arbitrary permissible point r in R m 
arbitrary nonpermissible point ? in R m 
discrete (known) permissible point £ in R m 
discrete (known) nonpermissible point r in R m 
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All permissible points £ are lumped together in the discrete set M r , whereas all 
nonpermissible points 7 are lumped together in the discrete set M r : 



M, 




» I. 

i 




(7.29) 



w r ={r 1 ,...,i i ,....i 5r }. (7-30) 

in which n r denotes the number of permissible points £ and n r is the number of 
nonpermissible points 7. . 

The sets M x and M r contain all discrete points in the space R m that are known as 
intermediate results from a-level optimization. At this stage of the structural- 
design process the separation of these points regarding permissibility and 
nonpermissibility has not yet been realized. This assignment is carried out directly 
with the aid of design constraints CT h . After having separated all known points into 
fj and 7 with the aid of the design constraints, the overall discrete set 



M z ={M r ,M r } (7.31) 

is constituted. 

The total number of discrete points known from a-level optimization is the 
same in both spaces D n and R m , i.e., the following holds 

n d + S d = n r + f v (7.32) 



The following relationships exist between the discrete point sets M x and M z : 

1. The elements d; and £ as well as the elements d. and 7 are linked pairwise by 



the mapping model according to Eq. (5.6) 


l 


*. = f w.)- 


(7.33) 


f i = w . 


(7.34) 


The inverse assignment 




d. = f-‘(r.) , 


(7.35) 


d, = f-'(r ,) 


(7.36) 



is present as a result from a-level optimization. 



7.3.2 Algorithmic Procedure 

The numerical procedure for fuzzy cluster design may be summarized in an 
algorithm comprising the following seven steps: 



Step I. After the initialization of the spaces D n and R m the final results and 
intermediate results from a-level optimization are taken as the basis for fuzzy 
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cluster design. The supports of the fuzzy input variables x k are assigned to the 
one-dimensional sets D } , D n 



D 



n 



X n,a=0 



(7.37) 



The elements of the sets D u ..., D n taken into account by this means must represent 
values that are technically reasonable and practically realizable. 

The supports of the fuzzy result variables z. are assigned to the one-dimensional 
sets /?], ..., R m 

= Z l,a-0 



R 



m 



Z 



m,a=0 



(7.38) 



Step II. The points in R m known from a-level optimization are evaluated by 
checking the design constraints CT h . This permits the separation of these points 
into the subset M r comprising all points £ proved to be permissible and the 
subset M r containing all nonpermissible points T. As a result the discrete set 
M z = {M r , M x } is known. 



Step III. The permissible points dj and the nonpermissible points d. , which belong 
to the points £ and r. , are determined in D n . For this purpose the inverse 
assignment according to Eqs. (7.35) and (7.36) is used, which is stored as a result 
from a -level optimization. Hence the discrete sets M d and M d according to 
Eqs. (7.21) and (7.22) are known. 



Step IV. The set M d is decomposed into k , permissible clusters and on the set A? d 
k 2 nonpermissible clusters are determined. To find an appropriate cluster 
configuration requires a procedure comprised of two stages. At first, clustering is 
carried out for a varying number of clusters k d , k 2 e N . For this purpose, e.g., the 
k-medoid cluster method described in Sect. 7.2.2 or the fuzzy cluster method 
according to Sect. 7.2.3 may be applied. In the second stage the obtained cluster 
configurations, which differ from each other regarding the number of clusters, are 
assessed based on numerical quality measures to select the most suitable 
clustering. Cluster configurations obtained by applying the k-medoid method may 
be assessed with the aid of the criteria according to Eqs. (7.6) and (7.7). Cluster 
configurations resulting from fuzzy cluster analysis may be assessed by means of 
the criteria in Eqs. (7.14) and (7.15). In addition to the values of these quality 
measures, their relative variation when changing the number of clusters is taken 
into consideration. 
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Step Y. The k { permissible clusters C v are taken as the basis for constructing 
modified one-dimensional sets D/ v] , ..., D n [v] with v = 1, ..., kj of the first 
generation. These clusters are reduced by the intersections between the permissible 
clusters and the nonpermissible clusters. The remaining, reduced clusters C vred 
comprise only permissible parameter combinations to a high probability. The 
boundaries of the k { reduced permissible clusters are then used to form the sets 
D/ v] , ..., D n [v] . Each of the k { reduced permissible clusters yields one sequence of 
sets Dy * ] , ..., D n [vJ , i.e., a total of k Y sequences are generated 

- Reduced permissible cluster C lred - Df\ ..., D n [1] 

- Reduced permissible cluster C 2jred D/ 21 , ..., D n [2] 

[k 1 [k 1 

- Reduced permissible cluster C kl>red - 1 , ..., D n 1 

Each sequence ..., D n [v] represents an alternative structural design variant. 
These design variants may intersect each other. 



Step VI. Clustering permissible points and generating reduced permissible clusters 
do not guaranty that all design variants include permissible design-parameter 
values exclusively. For the purpose of verification an a-level optimization is thus 
carried out for each design variant. This procedure starts with assigning the sets 
D/ v] , ..., Z) n [v] with v = 1, ..., k { to supports of modified fuzzy input variables 



[V] 



v l,a=0 



d™ 



^n,a=0 



[v] = D [v] 



(7.39) 



The supports x l a=0 [v] , ..., x na=0 [v] are taken as the basis for defining modified 
membership functions for the x k [v] . The results of structural design based on 
clustering do not primarily depend on these membership functions but on the 
supports. Arbitrary shapes of membership functions may thus be constructed in 
general. As simple shapes are usually preferred, e.g., fuzzy triangular numbers may 
be used. Their mean values may be determined, e.g., by considering the cluster 
centers, the representative objects, the prototypes, or other specifically selected 
points. Moreover, the curves of the membership functions may be oriented to, e.g., 
the membership values of the points resulting from fuzzy cluster analysis, the local 
density of points in the cluster, or other characteristics and properties of the cluster. 
Generally speaking, all concepts of fuzzification may be applied (Chap. 3). 

Based on the modified fuzzy input variables Xj [v] , ..., x n [v] generated in this way 
modified fuzzy result variables Zj [v] , ..., z m [v] for v = 1, ..., k { are computed with 
the aid of a-level optimization. 



Step VII. For each of the k { structural design variants the support subspace Z a=0 [v] 
is determined and all points in Z a=0 [v] obtained from a-level optimization are 
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evaluated by means of the design constraints CT h . If not all points comply with the 
requirements according to the design constraints CT h , the design variant is 
considered as not permissible. If all design variants are not permissible, the cluster 
configuration has to be improved. In this case, the procedure of structural design 
based on clustering is repeated starting with Step II. This yields modified design 
variants of the second generation. 

If the design constraints CT h are complied with by all points from the support 
subspaces Z a=0 [v] of several design variants, k d = kj - k d permissible design 
variants exist with k d indicating the number of nonpermissible design variants. 
Each element of the sets D, M , ..., D n [vl represents one permissible design parameter 
value. 



7.3.3 Assessment of the Results from Fuzzy Cluster Design 

Structural design based on clustering leads to k d permissible design variants. Each 
of these design variants is characterized by the following variables (Sect. 7.3.2, 
Steps VI, VII): 

- Fuzzy input variables x t [v] , ..., x n [v] with the supports x l cc=0 fv] , ..., x ncc=0 |vl 
for v = 1, ..., k d 

- Fuzzy result variables z { [v \ ..., z m [v] with the supports z l a=0 [v] , ..., z ma=0 |v| 
for v = 1, ..., k d 

All elements of the supports z l cc = 0 |vJ , ..., z ma = 0 [v| meet the requirements according 
to the design constraints CT h and all elements of the supports x u = 0 [v] , ..., x na = 0 M 
are permissible design-parameter values. 

For assessing the alternative, permissible structural design variants arbitrary 
criteria may be formulated and combined with each other. The following two 
criteria represent examples. 

Criterion I - Constraint Distance. The fuzzy result variables Zj [v] , ..., z m [vJ are 
defuzzified with the aid of suitably chosen methods (Sect. 2.1.10). This leads to the 
crisp values z 10 lv] , ..., z m0 |v] for the results. The distances between these crisp values 
and the design constraints CT h represented by perm_ z- w] are used as a criterion 

m 

A V = w j * \perm_zW - z j0 [vl | (7.40) 

j = i 

for the distinction between the design variants. The weighting factors Wj are 
introduced for taking account of the importance of the assigned constraints. 

A small weighted distance A v characterizes a structural design that exploits the 
constraints to a high degree. On the other hand, a large weighted distance indicates 
a structural design providing some reserves, e.g., in load-bearing capacity. 
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Criterion II - Robustness. The robustness of a structural design is assessed on the 
basis of the sensitivity of the result variables (structural responses or safety 
measures) with regard to fluctuations of the input variables (structural parameters). 
With the aid of Shannon’s entropy measure (Sect. 2.2.4) the criterion of robustness 
is defined as 







(7.41) 



with H u (.) representing the modified Shannon’s entropy according to Eq. (2.149). 
A small value B v indicates a low sensitivity, i.e., a robust structural design. 



7.4 Examples 



7.4.1 Steel Girder, Structural Design tor Time-dependent Load 

Structural design based on clustering is demonstrated for the example of the steel 
girder shown in Fig. 7.6. The design is carried out in a two-dimensional space D 2 
of design parameters and a one-dimensional space R 1 of restricted parameters. The 
procedure of fuzzy cluster design may therefore be illustrated graphically in an 
almost complete manner. 




^ 2 




M 



3 




Dynamic load 

P(t) = P,‘COS ( O, -t) + Pj-cos ( Qj*t) 
= P 2 = 1 0 kN 
0 1 =44 s' 1 
Q 2 = 66 s -1 



Steel girder 

Young’s modul us E = 2. 1 • 1 0® kN/m 2 

Moment of inertia I = 1 ,5'1 CT® m 4 

Rotational masses are neglected 



Fig. 7.6. Steel girder, statical system, and loading 





7.4 Examples 289 



The steel girder is excited to vibrate by a time-dependent load P(t). Fuzzy 
structural parameters are the nodal mass M(l) = < 2, 10/3, 6 > t, the continuously 
distributed mass p = < 1/3, 5/9, 1 > t/m, and the distance = < 3, 4, 7 > m. 
Assuming full interaction between M(l) and ju according to 

M(l)*2 = p* 12m , (7.42) 

these masses may be lumped together to the global mass of the structure 

M = M(l) + p*12m = <6, 10, 18 > t . (7.43) 

Hence, only two fuzzy input variables enter the fuzzy structural analysis. 

Fuzzy structural analysis with the fuzzy input variables M and 1 { yields the 
time-dependent fuzzy results v(l,t) and cp(l,t) (Fig. 7.6). These are combined to 
compute the displacement norm 



v(t) 



N 



v(l.t) 2 

l 2 



<p(l,t ) 2 

.2 



(7.44) 



with 1 = 1 m and r = 1 rad. The maximum value maxjv of v(t) appears periodically 
in time intervals of 0.2856 s. 

The global mass M and the distance are chosen as design parameters, for 
which permissible values are determined with the aid of fuzzy cluster design. A 
requirement is stated concerning the maximum displacement norm maxjv , this 
must comply with the design constraint 

CTj! maxjv < 5 • 10~ 3 . (7.45) 

The membership function of maxjv and the constraint CTj are shown in Fig. 7.7. 

The space of the restricted parameters is one-dimensional, i.e., R 1 = R l holds. 
The set follows from the support max_v a = 0 according to 

R x = max_v a=0 . (7.46) 

Permissible points x x e R 1 and nonpermissible points r { 6 R 1 resulting from a-level 
optimization are illustrated symbolically in Fig. 7.7. 

The space of the design parameters D 2 is initialized by the supports of the fuzzy 
input variables M and 1 , (Fig. 7.8) 

D 2 = D ] xD 2 \ D l = M a=0 ; D 2 = 1, a=0 • (7.47) 

From fuzzy structural analysis 385 permissible points dj and 164 nonpermissible 
points d. are known in the space D 2 . The same number of permissible points r { and 
nonpermissible points r i simultaneously exist in R l . 
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R ! = max_v Qm 0 



Fig. 7.7. Fuzzy result max_w , design constraint CT l5 and restricted parameter values 



Structural Design Using tine k-medoid Cluster Method. With the aid of the 
k-medoid cluster method an appropriate cluster configuration is intended to be 
determined separately for the permissible points dj and the nonpermissible points 
d. • In order to find these configurations the prescribed number k of clusters is 
varied within a reasonable interval, e.g., between k = 2 and k = 20. The cluster 
configurations obtained are assessed with the numerical quality measures discussed 
in Sect. 7.2.2. Regarding the permissible points dj the number of clusters is chosen 
to be kj = 12 (Fig. 7.9). For the nonpermissible points d. k 2 = 6 clusters are 
determined. The intersections between the permissible clusters and the nonpermis- 
sible clusters are taken into consideration when generating alternative design 
variants. The configurations of the permissible and nonpermissible clusters are 
plotted in Fig. 7.8, the intersections may be recognized clearly. 

The bounds of the k { = 12 permissible clusters reduced by the intersections are 
taken as the basis for generating modified sets D/ v] and D 2 [v] with v = 1, ..., 12 and 
hence for defining alternative design variants. 

However, not all permissible clusters are used to derive design alternatives, but 
clusters possessing large dimensions are preferably taken as a basis. Furthermore, 
clusters may also be merged artificially to obtain a supercluster with larger cluster 
dimensions. In the example clusters C 5 , C 7 , and C 10 are considered suitable for 
further treatment. Cluster C 8 is not included in this consideration as partial 
nonpermissibility is expected to be discovered in a subsequent fuzzy structural 
analysis owing to its position close to a considerable number of nonpermissible 
points. Moreover, merging clusters C 4 and C 5 the larger supercluster C 45 is 
constituted (Figs. 7.8 and 7.10). 
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18.00 M [t] 
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SC T 

ASP Silhouette coefficient 




2 4 6 8 to 12 14 16 18 20 Number of 

clusters k. 

Fig. 7.9. Assessing cluster configurations for the permissible points d, 




Fig. 7.10. Clusters selected for alternative design variants and assigned modified sets D, |v| , 
D 2 m , first generation 
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As a result, four sequences of modified sets Dj [vl and D 2 [vJ exist, which represent 
four alternative design variants of the first generation: 



- Cluster C 5 : 




[5] 


Z ) 2 151 


- Cluster C 7 : 




m 

L > 


d 2 171 


- Cluster C 10 : 




[10] 


D 2 m 


- Cluster C 45 : 


D t 


[4,5] 

l > 


D 2 i4 ' 5] 



For verifying these structural design alternatives modified fuzzy result variables 
are computed with the aid of a-level optimization. For this purpose the modified 
fuzzy input variables 

- M [5] and T/ 5] 

- M [?1 and 1 [7] 

- M [10] and 1 , [10] 

- M [4 ’ 5] and T 1 [4,5] 

shown in Fig. 7.11 are constructed as fuzzy triangular numbers on the basis of the 
clusters selected (Sect. 7.3.2, Step VI). The mean values of the modified fuzzy 
input variables, i.e., the values assessed with the membership p = 1, are defined 
with regard to the center of gravity of the point sets. Applying a-level optimization 
yields the modified fuzzy result variables 

- max_v [5] 

- max_v [7] 

- max_v [W] 

- rnax_ v ’ 1 

shown in Fig. 7.12. All elements of the assigned supports 

- max_v a J 5 ' 

- max_v a J 1] 

- max_v a J mi 

14 51 

- max_y a J 

must comply with the design constraint CT l5 i.e., the maximum displacement norm 
of max_y - 5*10 -3 must not be exceeded. The elements of the support max_v a = Q [1] 
meet this requirement only partially. 
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■ y i- x h 

Permissible Nonpermissible 
points points 



Fig. 7.12. Modified fuzzy result variables 

Based on these results two ways may be followed. First, the further consider- 
ation may be limited to the design variants derived from clusters C 5 , C 10 , and C 45 , 
which have proved permissible. Second, all points known in cluster C 7 are again 
introduced into a cluster analysis to obtain a new design variant (second gener- 
ation) within the bounds of cluster C 7 and hence to keep four design variants for 
the further design process. 

Following the second way, cluster C 7 is introduced into a clustering of second 
generation to obtain permissible subclusters, which satisfy the design constraint 
CT, completely. This subclustering starts exclusively with the points known in 
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cluster C 7 from both the initial fuzzy structural analysis and the fuzzy structural 
analysis for the purpose of verification of the design variant according to cluster 
C 7 . Permissible and nonpermissible points of the support max_v a=0 [7] are distin- 
guished according to the constraint CT { and the assigned permissible and 
nonpermissible points in the space D 2 are determined (Fig. 7.13). The k-medoid 
cluster method is then applied separately to the permissible points dj and the 
nonpermissible points d. in D 2 . Varying the predefined number of clusters 
systematically assessing the cluster configurations obtained with the aid of quality 
measures yield the numbers k x = 2 as preferable for the permissible clusters and 
k 2 = 5 as suitable for the nonpermissible clusters. The investigation of the two 
permissible clusters C 7l and Cj 2 reveals that cluster C ?2 possesses several intersec- 
tions with nonpermissible clusters, whereas cluster C 7l does not (Fig. 7.13). 

The fourth design alternative may now be developed from subcluster C 7] in 
Fig. 7.13. According to this subcluster of second generation the sets and 
D 2 [1{] are defined. For verifying the assigned design alternative the modified fuzzy 
input variables M [?l] = < 6.0, 6.35, 6.7 > t and 1 j^ 1 = < 3.0, 3.3, 3.6 > m are con- 
structed from subcluster C 7l . Applying a-level optimization yields the assigned 
modified fuzzy result maxJv Ul] shown in Fig. 7.14. All elements of the support 
R^ 1 * = mwc_v a=0 [7 ' ] now comply with the requirements according to the design 
constraint CTj. 



Permissible clusters n Nonpermissible dusters 




7.0 M 



Fig. 7.13. Clustering of the points in cluster C 7 , new design variant of second generation 
with and D 2 [?l] 
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Fig. 7.14. Modified fuzzy result variable max_v 

The four design variants gained from cluster analysis are characterized by the 
following design parameters: 



Design Variant I - Obtained from Cluster C 5 . 

- Me [10.8, 13.5] t - d, e M [51 = < 10.8, 12.5, 13.5 > t 

- 1, e [4.2, 4.8] m - d 2 e T / 51 = < 4.2, 4.5, 4.8 > m 

Design Variant II - Obtained from Cluster C 7| . 

- Me [6.0, 6.7] t - d, e M [7 >' = < 6.0, 6.35, 6.7 > t 

- 1, e [3.0, 3.6] m - d 2 e I / 7 ' 1 = < 3.0, 3.3, 3.6 > m 

Design Variant III - Obtained from Cluster C 10 . 

- Me [8.0, 11.5] t - d, e M [10] =< 8.0, 9.5, 11.5 > t 

- 1, e [5.0, 5.5] m - d 2 e l/ 101 = < 5.0, 5.25, 5.5 > m 

Design Variant IV - Obtained from Cluster C 4 5 . 

- Me [8.9, 13.5] t - d, e M [4 ’ 51 = < 8.9, 11.2, 13.5 > t 

- 1, e [4.2, 6.2] m - d 2 e \ j 14 - 51 = < 4.2, 5.7, 6.2 > m 

These design variants are assessed with the aid of the criteria discussed in 
Sect. 7.3.3. 

According to criterion I the distances between the defuzzified values of the 
fuzzy input variables maxjv [5] , max_v [1{] , max_v l 10 ^ , and mwcjv^ and the value 
max_y - 5TCT 3 to be complied with according to the design constraint CT L are 
compared. These distances are listed in Table 7.1 for different defuzzification 
methods. The smallest and the largest constraint distances obtained in each case 
are marked. These indicate the design variants that may be assessed as being the 
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most conservative one and the less conservative one. In overall terms, design 
variant IV obtained from cluster C 4 5 represents the most conservative design alter- 
native, whereas design variant III obtained from cluster C ]0 yields defuzzification 
results closest to the design constraint CT j. 

The robustness assessed with criterion II is also computed for all design variants 
and listed in Table 7.2. The largest robustness, i.e., the smallest measure value B v , 
is determined for design variant IV assigned to cluster C 45 and design variant I 
belonging to cluster C 5 proves to be the most sensitive one. 

Combining the results from the assessments based on criteria I and II design 
variant IV derived from cluster C 4 5 is considered as being the most suitable 
alternative, which may be selected to be taken as the basis for designing the 
structure. 



Table 7.1. Assessment of the design variants, criterion I - constraint distance 







Defuzzification results 






max_v 0 [5] 


mwc_v 0 [1[] 


max_v 0 [i0] 


f4 51 

max_v 0 l ’ 1 


Centroid method 


3.37 


3.17 


3.39 (max) 


3.11 (min) 


Chen method 


4.00 (min) 


4.10 


4.60 (max) 


4.30 


Level rank 
method 


3.30 (max) 


3.00 


3.10 


2.97 (min) 


Table 7.2. Assessment of the design variants, criterion II 


- robustness 








Design variant (cluster) 






I(C 5 ) 


II(C 7| ) 


III (C 10 ) 


IV (C 4 , 5 ) 


Robustness 


0.039 33 


0.005 35 


0.004 58 


0.001 37 


measure B 


(max) 






(min) 



Structural Design Using Fuzzy Cluster Method. The two-dimensional space D 2 
of the design parameters M and 1 { is again formed by the supports D l = M a = 0 = 
[6.0, 18.0] t and D 2 = l l ct = 0 = [3.0, 7.0] m of the initial fuzzy input variables 
(Figs. 7.8 and 7.15). For fuzzy cluster analysis the same set of permissible points 
dj and nonpermissible points d. , which has already been introduced into k-medoid 
clustering, is taken as the basis. 

Alternative cluster configurations are determined for a prescribed number of 
2, 3, ..., 20 clusters by applying the fuzzy cluster method according to Sect. 7.2.3. 
Based on the numerical quality measures discussed in Sect. 7.2.3 the number = 7 
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n [2.3,4] 

H 1 

Pi = M q .o 



Fig. 7.15. Cluster configuration in the space D 2 based on fuzzy cluster method 

is assessed as being suitable for the clusters of the permissible points and k 2 = 6 
is selected as an appropriate number of clusters comprised of nonpermissible points 
d.. 

Considering a minimum value of ram_p v = 0.25 for the membership p v 
assessing the degree with which the points d t or d. belong to the particular clusters 
C v the crisp cluster configuration shown in Fig. 7.15 is obtained. 

Clusters C 2 , C 3 , and C 4 are closely adjacent and even partially intersecting; 
merging these clusters to form the supercluster C 2 34 is thus considered advan- 
tageous. The supercluster C 2 3 4 with the assigned sets D/ 2,3,41 and D 2 l2,3,4] represents 
the only design variant that is investigated in this example. 

For verifying this design variant modified fuzzy result variables are computed 
by means of a-level optimization. The modified fuzzy input variables M 12,3,41 and 1 1 f2,3,4] 
entering the fuzzy structural analysis for this purpose are illustrated graphically in 
Fig. 7.16. 
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7.4.2 Reinforced-concrete Frame, Structural Design with FFORfW 

The reinforced-concrete frame shown in Fig. 7.18 is designed on the basis of a 
safety analysis according to the Fuzzy First Order Reliability Method (FFORM) 
presented in Chap. 6. Two FFORM analyses (Sect. 6.7.2) as well as several fuzzy 
structural analyses (Sect. 5. 2. 5. 3) were already carried out for this structure. 




Reinforcement steel: Concrete: 



f ym = 420 N/mm 2 f^ = 20 N/mm 2 , > 1.97% a 

f um = 620 N/mm 2 fan, = 2.3 N/mm 2 , v Pois = 0.2 

= 2.0%o f cres ,= 4.0 N/mm 2 , e cres( = 5.00%o 

= 7.5% E m = 20 328 N/mm 2 

v Pois. = 0-3 



Fig. 7.18. Reinforced-concrete frame (plane); structure, cross sections, materials, statical 
system with loading 

The structure is initially stressed by deadload and the horizontal load P H . The 
line load p = v-p 0 and the vertical nodal loads P v = v*P v0 are simultaneously 
increased with the load factor v up to global system failure. Geometrical 
nonlinearities as well as all essential physical nonlinearities related to reinforced 
concrete (e.g., crack formation, concrete compression cracking, hysteretic material 
behavior of concrete and reinforcement steel) are taken into consideration. 

Based on the data available the load factor v and the rotational spring stiffness 
k^ are modeled as fuzzy random variables. Hence two fuzzy probabilistic basic 
variables enter the investigation 

v-X,, k^X 2 . 



(7.48) 
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For determining a permissible structural design the fuzzy reliability index p 
must completely comply with the requirements stipulated in currently applicable 
standards [217, 218], i.e., the value req_$ = 3.8 must not be exceeded. 

The fuzzy random variable Xj is assumed to follow a fuzzy probability 
distribution of Ex-Max Type I (Gumbel) according to Eqs.(4.3), (4.4), and (4.5) 
(Fig. 7.19). For describing the fuzzy random variable X 2 a logarithmic normal 
distribution 



F(x 2 ) 



with 




/ 



,(t-Xo, 2 ) 



exp 



(ln(t 




2o„ 



dt, 
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(7.49) 



(7.50) 



(7.51) 



is presumed (Fig. 7.20). Interaction of the functional parameters must be accounted 
for. 

The fuzzy probability distribution functions depend on the fuzzy variables m Xl , 
a X] , rhx 2 , and o X2 , which are specified by the following fuzzy triangular numbers: 



m x = <5.70, 5.90, 6.30> , 

= <0.08, 0.11, 0.15>, 

1 (7 521 

m x = <8.50, 9.00, 10.00> MNm/rad, v ‘ ; 

A 2 

o X2 - <1.00, 1.35, 1.50> MNm/rad. 

The minimum value of the logarithmic normal distribution of X 2 is assumed to be 
crisp with x 0 2 = 0 MNm/rad. 

In this design problem the parameters m Xl , o Xl , m X2 , and o X2 are chosen as 
design parameters. 
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Fig. 7.19. Fuzzy probability density function of the fuzzy probabilistic basic variable X { 
representing the load factor v 




Fig. 7.20. Fuzzy probability density function of the fuzzy probabilistic basic variable X 2 
representing the rotational spring stiffness 




~ Pq-0 



Fig. 7.21. Fuzzy result (3 , design constraint CT 1? and restricted parameter values 
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Fuzzy probabilistic safety assessment according to FFORM with the fuzzy input 
variables from Eq. (7.52) yields the fuzzy reliability index P characterized by its 
membership function p(P) plotted in Fig. 7.21. Assigning the support p a=0 to the 
set R x and subdividing this set into permissible and nonpermissible parameter 
values according to the constraint 

Cly P :> 3.8 (7.53) 

initialize the one-dimensional space of the restricted parameters R 1 = = P a=0 . On 

this basis the set of crisp result values Pi e P obtained from a-level optimization is 
subdivided into permissible points £ and nonpermissible points r . . 

The supports of the four fuzzy input variables from Eq. (7.52) are consequently 
comprised of both permissible and nonpermissible design-parameter values. These 
constitute the four-dimensional space of the design parameters 



D 4 = D x x D 2 x D 3 x D 4 , 

with 



(7.54) 



d 2 = 
d 4 = 



m Xj,a=0 ’ 
a X p a=0 ’ 
m X 2 ,a=0 ’ 
°X 2 ,a=0 * 



(7.55) 



From a-level optimization 414 permissible points dj and 195 nonpermissible points 
d. are known in the space D 4 . 

The fuzzy cluster method according to Sect. 7.2.3 is now applied in the space 
D 4 . The number of clusters is varied within the interval k e [1, 10] and the cluster 
configurations obtained are assessed on the basis of the numerical quality measures 
stated in Sect. 7.2.3. According to the measures separation degree and normalized 
partition coefficient a clustering with k 1 = 6 permissible clusters is considered as 
being suitable (Fig. 7.22). Furthermore, the number of nonpermissible clusters is 
chosen to be k 2 = 7. 

Prescribing a minimum value of mm_p iv = 0.25 for the membership value 
describing the degree with which the points dj or cl. belong to the particular 
clusters C v a cluster configuration without intersections between permissible and 
nonpermissible clusters is obtained. 

From the cluster configuration modified, one-dimensional sets Dj [v] , D 2 [v] , D 3 tv] , 
and D 4 [v] are generated, which contain only design parameters that meet the design 
requirement, i.e., that lead to result values Pj > 3.8. 
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Fig. 7.22. Assessing cluster configurations for the permissible points 



The one-dimensional sets D/ vl , D 2 lv] , D 3 M , and Z) 4 [v] are thus known. As the one- 
dimensional sets assigned to clusters C 1? C 2 , C 5 , and C 6 are very small, i.e., their 
smallest and largest elements are very close to each other, these clusters are not 
taken as a basis for generating alternative design variants. Moreover, clusters C 3 
and C 4 are approximately congruent, i.e., D/ 31 ~ D/ 41 , D 2 [3] « D 2 |4] , D 3 [3J ~ D 3 |4] , and 
D 4 [3J ~ D 4 [4] , these clusters are merged to constitute the supercluster C 3 4 . This yields 
the sets 

D/ 3 ’ 4] = [5.85,6.00], 

D 2 [3A] = [0.08,0.11], 

D 3 [3l4] = [8.50, 10.00] MNm/rad , (7 ' 56) 

£) 4 13 - 41 = [1.30,1.50] MNm/rad. 

Owing to the assignment in Eq. (7.55) modified supports m Xl ,a=o [v] , o Xl ,a=o lvl , 
m X2 ,a=o [vl , and o X2 , a =o [v] and hence modified fuzzy input variables m Xl [v] , o Xl [vJ , 
m X2 [v] , and d X2 [v] are also known with the modified sets D { [v \ D 2 [v] , D 3 [v] , and D 4 [vl : 



m x [3 ’ 4J = <5.85, 5.90, 6.00> , 
o y [34] = <0.08, 0.10, 0.11 >, 

A i 

m Y 1341 = <8.50, 9.50, 10.00> MNm/rad, 

a 2 

S x [3 ' 4] = <1.30, 1.40, 1.50> MNm/rad. 
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For verifying this design variant FFORM is applied again with the modified 
fuzzy input variables from Eq. (7.57). The membership function of the modified 
fuzzy reliability index p [3,4] obtained is plotted in Fig. 7.23. All elements of the 
support P a=0 C3 4] comply with the design constraint CT j. 

The modified fuzzy input variables define modified fuzzy probability distribu- 
tion functions for the modified fuzzy random variables Xj and X 2 (Figs. 7.24 and 
7.25). To ensure a permissible structural design, the final design parameters must 
be elements of the modified fuzzy input variables. This may be realized by 
acquiring more information about X x and X 2 . For example, additional prior 
information or additional sample elements drawn subsequently may be accounted 
for with the aid of the Bayes theorem or a larger sample may be taken as the basis 
for an interval estimation of the parameters. On inverting or iteratively solving this 
problem it may be inferred to what extent particular additional information must be 
obtained to meet the design requirements for the parameters. This necessary 
information extent usually concerns a minimum sample size. 




Fig. 7.24. Fuzzy probability density function of the fuzzy probabilistic basic variable 
X/ 3 ’ 4] representing the load factor v [3,4] 
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Fig. 7.25. Fuzzy probability density function of the modified fuzzy probabilistic basic 
variable X 2 ^ 3,41 representing the modified rotational spring stiffness k (p L3,4] 
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